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Abstract—Predicate logic is the premier choice for specifying
classes of relational structures. Homomorphisms are key to
describing correspondences between relational structures. Ques-
tions concerning the interdependencies between these two means
of characterizing (classes of) structures are of fundamental inter-
est and can be highly non-trivial to answer. We investigate several
problems regarding the homomorphism closure (homclosure) of
the class of all (finite or arbitrary) models of logical sentences:
membership of structures in a sentence’s homclosure; sentence
homclosedness; homclosure characterizability in a logic; normal
forms for homclosed sentences in certain logics. For a wide
variety of fragments of first- and second-order predicate logic,
we clarify these problems’ computational properties.

I. INTRODUCTION

The homomorphism preservation theorem states that, for any
first-order sentence ®, the property of being a model of @ is
preserved under homomorphisms' if and only if ® is equiva-
lent to an existential positive sentence. For arbitrary models,
this correspondence goes back to Los, Tarski, and Lyndon in
the 1950s, whereas Rossman showed only rather recently that
it also holds when considering finite models only [22].

Classes of homclosed first- or second-order sentences are
ubiquitous in computer science. In databases, they often serve
as intuitive query languages and check for the presence of
a certain “pattern” in a given database [24]. In particular,
existential positive sentences, which can be expressed as so-
called unions of conjunctive queries, are encountered very
frequently in practice. Homclosed classes of finite structures
also appear naturally in other areas of computer science;
for example, the complement of any constraint satisfaction
problem, viewed as a class of finite structures, is homclosed.

This paper poses and comprehensively answers the following
four fundamental questions concerning homclosures:

1) Homclosure membership. Given a sentence ® from some
logic and a finite structure 2, we want to decide whether
2A belongs to the homclosure of ®. How difficult is this
problem computationally? We are interested both in the
combined complexity (where both 2l and ® are given) and
in the data complexity (where 2 is given and ® is fixed).

2) Homclosedness. Given a sentence ® from some logic, we
want to decide whether ® is homclosed. How difficult is
this problem computationally?

'Henceforth, we will simply call such a ® (and its model class) homclosed.
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3) Homclosure characterizability. Given a sentence ® from
some logic, does there exist a sentence ¥ (from the same
or a different logic) such that the class of ¥’s models is
precisely the homclosure of the class of ®’s models?

4) Homclosed normal forms. For which logics exists a
‘syntactic normal form’, i.e., a subset of easily recognizable
sentences such that an arbitrary sentence from that logic is
equivalent to a sentence in normal form if and only if the
former is homclosed?

This paper provides answers to these questions for (fragments
of) first- and second-order logic of varying expressivity, with
a particular emphasis on very expressive but decidable for-
malisms (including the two-variable fragment, the guarded
(negation) fragment, and the triguarded fragment), popular
formalisms in database theory (such as existential positive
sentences and tuple-generating dependencies), and diverse
prefix classes. We next summarize our findings and methods.
Our results hold both for the finite- and the arbitrary-model
case, so we will not make this distinction here, even if distinct
proofs are sometimes required.

As for Question 1), Section IV presents results regarding
decidability and combined complexity. We show that the
homclosure membership problem is generically interreducible
with the considered logic’s satisfiability problem in a wide
variety of cases, thus tightly tying decidability and complexity
of homclosure membership to satisfiability; the reduction
from the former to the latter is shown by logically encoding
model colorings, inspired by similar ideas from constraint
satisfaction. As notable exception, we find that for tuple-
generating dependencies, the problem is undecidable despite
satisfiability being trivial. Regarding the data complexity of
homclosure membership, we find that question intimately
related to Question 3), since in the presence of a logical char-
acterization of a sentence’s homclosure, checking homclosure
membership boils down to model checking against the char-
acterizing sentence. Along those lines, Section VI provides
a variety of results, the most striking of which is probably
Theorem 47, asserting polynomial time data complexity of
checking membership in the homclosure of sentences in the
guarded (negation) fragment of first-order logic.

Regarding Question 2) addressed in Section V, we find that un-
der fairly weak assumptions, the satisfiability problem for the
logic under consideration can be reduced to its homclosedness
problem. Yet, a similar reduction can be found from satisfi-
ability in the “dual” logic, identifying several prefix classes
where homclosedness is undecidable, despite satisfiability be-



ing decidable. For the remaining cases, we propose a generic
reduction from homclosedness to unsatisfiability, based on the
notion of spoiler — a homomorphism from a model to a non-
model, i.e., a witness for non-homclosedness — and a way of
creating spoiler-detecting sentences. Again, tuple-generating
dependencies need to be coped with differently; we find that
for the plain version, homclosedness is NP-complete, while
adding disjunction turns the problem undecidable.

For Question 3), which we focus on in Section VI, it is im-
portant to note that already for very basic first-order sentences
(including tuple-generating dependencies), their homclosure
is not expressible in first-order logic, and even the question
whether a given first-order sentence is expressible in any logic
with a decidable model checking problem is undecidable. On
the other hand, we show that the homclosure of any sentence
from the Bernays-Schonfinkel class can even be characterized
in existential positive first-order logic. Using elaborate model-
theoretic characterizations based on types, we are able to show
that the two-variable fragment, the triguarded fragment and the
Godel class allow for homclosure-characterization in second-
order logic (in fact, even in decidable fragments thereof), while
sentences in the guarded and the guarded negation fragment
can be homclosure-characterized even in first-order logic with
least fixed points. Employing arguments from descriptive
complexity we show that these characterizability results are
optimal in a certain sense.

Question 4) is dealt with in Section VII. For fragments of
first-order logics, we exploit the homomorphism-preservation
theorem to settle the case for all fragments fully encompassing
existential positive first-order logic. We can also give a syn-
tactic normal form for Bernays-Schonfinkel subclasses with a
bounded number of quantifiers. For fragments with a decid-
able homclosedness problem, we can resort to this (usually
costly) check to identify normal form sentences. A few cases,
however, remain open. Finally, turning to full second-order
logic, we are indeed able to establish a normal form for
sentences whose models are closed under homomorphisms,
too. As opposed to first-order logic, however, this normal form
can be even computed from the given second-order sentence
in polynomial time.

Detailed proofs can be found in the appendix.

II. PRELIMINARIES

We assume the reader to be familiar with standard notions
regarding model theory, first- and second-order logic, decid-
ability, and complexity theory.

Structures and Homomorphisms. We let capital Fraktur
letters denote structures and the corresponding capital Roman
letters their domains; i.e., A denotes the domain of 2A. We
assume that structures have non-empty domains. A structure
is called finite if its domain is finite. We work with signatures
7 that consist of finitely many constant and predicate symbols
(written in typewriter font, often simply called constants and
predicates for brevity), and let ar(P) denote the arity of a

predicate P € 7. For convenience, we assume that our signa-
tures contain at least one constant symbol; this is not a severe
restriction since we may always add a new constant symbol to
the signature without affecting our results. The size || of a
finite 7-structure 2( is the number of bits needed to represent
2l up to isomorphism, and bounded by (|7| + 1)(|A| +1)™*!
where m is the maximal arity of the predicates in 7.

A homomorphism h: A — B from a 7-structure 2 to a

T-structure B is a function h: A — B where

o for every predicate symbol P € 7, (a1,...,aup)) € P*
implies (h(a1), ..., h(aue))) € P®, and

« for every constant symbol ¢ € 7, we have h(c*) = c®.

A homomorphism h: 20 — ‘B is called strong if for every

predicate symbol P € 7 we have (a1, ..., aup)) € P* exactly

if (h(a1),...,h(axm))) € P®. We use the common symbols

— and — for injective and surjective homomorphisms, re-

spectively, and add a horizontal stroke (=, <>, =») when they

are strong. Injective strong homomorphisms are also called

embeddings.

Given a class C of T-structures, let C— denote the homomor-
phism closure of C, i.e., the class of all 7-structures into which
some structure 2l € C has a homomorphism. We use C=" and
C™ analogously. We write C <~ for the class obtained by
removing all infinite structures from C .

Given a 7-structure 2 and some o C 7, let |, denote the
o-reduct of 2. Moreover, for some constant-free signature
p disjoint from 7, we let 2 - p denote the 7TWp-structure
expanding 2 in which every element P of p is mapped to
the full relation A*(®). Likewise, we let 2 - 5 denote the
TWp-structure expanding 2 in which every element of p is
mapped to the empty relation.

For a signature p of only constants, let O » denote the one-
element p-structure (i.e., the up-to-isomorphism unique struc-
ture with all constants mapped to the only element), while
O , denotes the |p|-element p-structure where each constant is
interpreted separately. For a signature 7 = p & o of constants
p and predicates o, we let J, = 55,, -0 and §, = bp 5.2 We
omit signature subscripts if they are clear from the context.

Logics. We give a brief description of the logics we study
in this paper. By default, equality is not allowed in a logic L;
the variant of I where equality = is allowed is denoted by
L_. First-order logic (FO_) formulae are built from atomic
formulae using existential quantification 3, universal quantifi-
cation V, negation —, conjunction A, and disjunction V in the
usual way. We use the symbol = for implication and < for
equivalence as the usual shortcuts for better readability. All the
considered logics are fragments of second-order logic (S0),
which extends first-order logic by second-order quantifiers,
of the form 3P or VP for a predicate symbol P. A formula’s
quantifier rank is the maximal nesting depth of its quantifiers.

*Note that J, has a homomorphism into every T-structure, and every
T-structure has a homomorphism into §-, i.e., {JT}_’ is the class of all
T-structures, whereas §, € C for every non-empty class C of 7-structures.

3As = can be axiomatized in SO, we do not distinguish SO from SO_.



o A term is either a variable or a constant symbol (as per our
assumption that the signature may contain constant symbols
but no function symbols of arities greater than zero).

e We use bold variable/term/element symbols (e.g., x, y, or
t, or a) to denote finite sequences of such entities (e.g.,
Z1,...,Ty) of appropriate length. Whenever order and mul-
tiplicity are irrelevant, we take the liberty to consider such
sequences as sets, justifying expressions like = U y.

« For a (sub)formula ¢, we write ¢|[x] to indicate that all free
first-order variables in ¢ are from . We write () to indicate
a formula with free occurrences of « and use () to denote
¢ with all occurrences of free variables from ax replaced by
the corresponding element from ¢.

We study the following fragments of first-order logic:

o Prefix classes of FO / FO_. For these logics, we assume that
the formulae are in prenex normal form and that the quantifier
prefix is restricted by a regular expression, following standard
nomenclature as used by Borger, Griddel and Gurevich [7].

e Existential positive FO (3*FOL). In this fragment, V and —
are disallowed; however, the special sentence L is allowed in
order to express falsity (it could be read as empty disjunction).
We obtain (Boolean) conjunctive queries (CQ) from 3*FO*
by disallowing V. The canonical query for a finite structure 2,
denoted by cq(2l), is the CQ sentence obtained by existentially
quantifying over each variable x,, for all a € A, in

/\c:xcm/\ /\ P(Zgys---sTq,)- (D

ceET PeT, k=ar(P)
(ag, ayp)epd

e The guarded fragment of FO_ (GFO.). All occurrences
of V have the form Vz.(P(y) = ¢[y]), and all of 3 the form
Jz.(P(y) A ¢[y]) for & C y and predicates P. This shape is
called guarded quantification and P(y) the respective guard.*
o The triguarded fragment of FO (TGF). Every quantification
over formulae with at least two free variables must be guarded.
e The guarded negation fragment of FO_ (GNFQO_). The
symbol V is disallowed and every occurrence of = must be in
the form of P(z) A —p[x].

o The n-variable fragment of FO_ / FQ. All variables must be
from {z1,...,2,}. As special cases we obtain the 2-variable
fragment with equality (FOZ2) and without it (FO?®); here we
normally use the variable names z, y instead of =1, zs.

o (Disjunctive) tuple-generating dependencies (TGDs). A dis-
junctive TGD is a FO sentence of the form

V.p(z) = Jyv(,y), )

where ¢ is a (possibly empty) conjunction over atoms while v
is a non-empty disjunction over conjunctions of atoms.’ Note
that for finite structures 2, B, the formula cq(2) = cq(B)

41t is innocuous to conjunctively add further atoms to the guard, as long
as they use only variables from x. We will consider such variants part of the
language; they can be LOGSPACE-transformed into the plain form. The same
holds for unguarded quantification over formulae with just one free variable.

SNon-emptiness of disjunction is common in database theory and a deliber-
ate choice: it ensures desirable properties like guaranteed satisfiability. Empty
disjunction would make disjunctive TGDs as expressive as FO.

can be easily transformed into an equivalent TGD (by pulling
out the existential quantifiers of cq(2() thus turning them into
universal ones, using that the variable sets of cq(2l) and cq(B)
are disjoint), so we will consider it as such right away.

We obtain DTGD (sentences) as finite conjunctions over
disjunctive TGDs. Likewise, we obtain TG (sentences) as
finite conjunctions over (non-disjunctive) TGDs, wherein the
1) are plain conjunctions over atoms. As a middle ground be-
tween TGD and DTGD, we introduce mildly disjunctive TGD
sentences (MIDTGID) as sentences of the form & V U where
® € TGD and ¥ € CQ. Note that any MDTGD sentence can
be equivalently rewritten into DTGD in polynomial time.

Existential SO (3SQ) is the fragment of SO where all second-
order quantifiers are existential and prenex.

We apply the standard model-theoretic semantics. For a sen-
tence @, we let [®] denote the class of all models of ¢ and
[®]-. the class of all finite models of ®. A sentence in some
logic is (finitely) satisfiable if it has a (finite) model. A logic
has the finite model property (FMP) if satisfiability and finite
satisfiability coincide. Table I gives results on the FMP for
logics considered by us. A sentence P (finitely) characterizes
a class C of structures, if [®].,,) = C. For 7/ C 7, we say that
a 7-sentence P (finitely) projectively characterizes a class C
of 7/-structures if [®] .|+ = C. A logic is non-degenerate
if there exists an unsatisfiable sentence Pgyge.

Tilings. We introduce a variant of the N x N tiling problem,
which serves as a versatile and useful vehicle for various
subsequent undecidability arguments.

Definition 1 (margin-constrained tiling problem). A (margin-
constrained) domino system D = (D, B, L, H, V') consists of
a finite set D of dominoes, some of which are bottom-margin
dominoes B C D and some left-margin ones L C D. We
refer to L N B as seed dominoes. The two binary relations
H,V C D x D specify horizontal and vertical compatibility.®

We call D = (D, B, L, H,V) deterministic if

1) there is at most one seed domino (i.e., |BNL| < 1),

2) for every d € B there is at most one e such that (d,e) € H,
and in this case e € B,

3) for every d € L there is at most one e such that (d,e) € V,
and in this case e € L, and

4) for any dy,dy € D there is at most one e with (dy,e) € H
and (dz,e) € V.

A D-tiling (of N x N) is a function t: N X N — D such that

for any k.0 € N hold t(0,¢) € L and t(k,0) € B as well as

(t(k,0),t(k+1,0)) € H and (t(k, (), t(k,+1)) € V.

A tiling t is ultimately periodic, if there are natural numbers

Kinit» Kperiod, finit, Lperioa Such that, for every k, £ € N,

o t(k, ) = t(k + kperiod, ) whenever k > kin;y and
o t(k, ) = t(k,l + lperioa) Whenever £ > Uiy
%In the context of domino systems, it will be convenient to let R € {H,V'}

also denote the map R: D — 2P defined by R(z) := {d € D | (x,d) €
R}. The intended meaning will always be clear from the context.



It is straightforward to see that for deterministic domino
systems, tilings are unique if they exist. Also note that the
“classical” N x N tiling problem without margin constraints is
a special case of this variant (choose D = L = B).

Lemma 2. The following problems are both undecidable even
for deterministic margin-constrained domino systems D:

1) Given D, does there exist a D-tiling?
2) Given D, does there exist an ultimately periodic D-tiling?

III. SOME TooOLS

In this section, we present basic tools that will be used in
the subsequent sections; we start with the folklore technique
of relativization to make statements about a model’s induced
substructures. In the following, let U denote a unary predicate.
Given a TW{U}-structure 2 we write []y for the 7-reduct of
the substructure of 2 induced by U%.

Given an SO pwr-sentence ¢ with constants p and predicates
73U, let (V) denote the U-relativization of ®, defined as

AR )] (3)

cep

where ®21@rd(V) ig obtained from ® by (inside-out) replacing
all subformulae Vx.¢ by Vz.(U(x) = ) and all subformulae
2. by Jx.(U(x) A p). Relativization preserves many aspects
of the sentence, such as the number of variables, the quantifier
rank, and membership in the fragments GFO_, GNFO_,
TGF, ]F(O)i, TGD, DTGD, MDTGD, FO_ (modulo some
trivial syntactic equivalence-preserving transformations) as
well as all prefix classes. Obviously, ®*'(") is LOGSPACE-
computable from ®. Moreover, the models of ®rel® are
precisely those pWrW{U}-structures 2 for which [y € [®].

Next, we introduce some machinery for labeling structures
with numbers and using such endowed structures as compact
representations of other structures.

Given a 7-structure 2 and a number n € N, an n-labeling
of A is a function \: A — {1,...,n}. We will then call
(21, \) an n-labeled structure. If (2, \) satisfies A\(c®) = 1
for every constant ¢ € 7, we call it constant-sole. Given an n-
labeled 7-structure (21, \), its implicit representation 2 is the
TW{Bity,...,Bit) }-structure with £ = [log, n| expanding A
by (Bit})** = {a | |[\(a)/2"] is odd}.

We next define FO_ formulae allowing to compare some nat-
ural number against the label of a domain element associated
with some term ¢ in 2. Given some m € {1,...,n}, assume
by ---by € {0,1}* is the fixed-length binary representation of
m—1(G.e,m—1= Zle b;-2°~%). Then we use the following
abbreviations for FO_ sentences:

o) =l = (A mied0) A (

1<5<¢
bj:()

A Bit?(t)), 4)

1<5<e
b.—=1

AE) =m] =\ (Bit;(t)v \V

1<5<e 1sisist

S =
b‘171

Bit?(t)). 5)

These formulae’s size is polynomial in ¢, and, for some 2l and
a variable assignment v: V — A, we get Ay,v E [A(t)=m]
whenever \(t%:V) = m; analogously for [A(t) > m)].

For a constant-sole (2, \), let its unfolding A* be the -
structure with A* = {(a,i) | a € A, 1 <i < A(a)} where, for
any P € 7 of arity k, holds ((a1,m1),..., (ak, my)) € P2 iff
(ay,...,a;) € P*". We define m: A* — A via (a,m) — a.
Obviously, 7 is a strong surjective homomorphism from 2
to 2. Conversely, for any strong surjective homomorphism
h: B — 2 where every a € A satisfies |h™1(a)| < n (ie.,
the size of each element’s pre-image is bounded by n) there
exists some A: A — {1,...,n} with B = A* (witnessed by
an isomorphism g: B — 2A* such that h = 7 o g).

For variable labelings as: V — {1,...,n}, let as™(¢) denote
as(t) if t is a variable and 1 if ¢ is a constant. We recursively
define the functions trf, mapping FO_ 7-formulae in negation

normal form to FO_ Tw{Bit}),... ,Bitf‘log2 o1 p-formulae as
follows:
trys (P(t)) = P(¢) (6)
trys(—P(¢)) = —P(¢) @)
[ ti =ty ifasT(t1) = asT(t2)
tros(fr = t2) = { 1 otherwise ®)
i # by if asT(t1) = asT (t2)
tras(t # 2) = { T otherwise ©)
trys (0 A ) = trg (@) Atrgs (4) (10)
tros (o V) = trg (@) V trg, (¥) (11)
s (3zp) = \/ 3. \@) 2 ] Aty () (12)
1<i<n
i (Vap) = A\ Vo Me) 2 1] = 0 (0) (13)
1<i<n

Defining tr" by letting tr"(®) = trjj (NNF(®)), we obtain a
lemma stating that tr™ truthfully rewrites sentences for their
evaluation over implicit representations of unfoldings.

Lemma 3. Let ® be any FO_ sentence. Then A = ® exactly
if Ay =t (D).
Note that the size of tr™(®P) may be exponential in the size of

®. On the positive side, tr™ preserves (negation-)guardedness,
number of variables, quantifier prefixes, and quantifier rank.

IV. CHECKING HOMCLOSURE MEMBERSHIP

The first problem we address is determining whether a given
finite structure is contained in the homclosure of the set of
models (or finite models) of a given sentence P.

Problem: InHomCl g,
Input: 7, 7-sentence P, finite 7-structure 2.
Output: YES, if A € [®]Z,), NO otherwise.

The fact that ® is (finitely) satisfiable iff §F, € [P] (:*w), already
yields some lower bounds for this problem’s difficulty.



Proposition 4. (Finite) satisfiability can be LOGSPACE-
reduced to InHomClgy).

This shows that InHomCl g, is undecidable for any logic
with an undecidable (finite) satisfiability problem, such as FO
and every logic containing it, but also all FO reduction classes.

Toward some decidable cases and corresponding optimal upper
bounds, we employ and formalize the straightforward idea of
“coloring” a model with elements of the target structure.

Definition 5 (extrinsic/intrinsic 2A-coloring). Let 2 be a finite
T-structure over the domain A = {1,...,n}. As before, we
use a signature p = {Bit?,...,Bit}} of unary predicates
with ¢ = [logy n] to represent n-labeled structures.

Given a predicate P € T of arity k and a k-tuple of terms

t = (t1,...,tx), we let x5 (t) denote the formula
k
p)A ) AR =mil. (14)
(mi,...,mp)€PY =1
We denote by Qg the following TWp-sentence:
/\ Voy...xpP(z1, ., 7k) = X (@1, @), (15)

peT
k=ar(P)

Given a T-sentence ® and a finite T-structure 2, we define
the extrinsic A-coloring of ® by PG = ® A Q. The intrinsic
2-coloring of ®, denoted y"* is obtained from ® by replacing,
for all predicates P € T, any occurrence of P(t) by x&(t).

Note that both ®§* and ®4* are of polynomial size wrt. |2
and the size of ®. The sentence (g projectively characterizes
the class of 7-structures having a homomorphism into 2, thus
Pt projectively characterizes the class of (finite) models of
® having a homomorphism into 2. Also, every model of ®
having a homomorphism into 2 can be extended to a model of
<I>ig’ft, and conversely, for every model B of @gﬂt, the structure
¢ obtained by setting C' := B, c¢® := c® for all constants,
and P® := (x5)® is a model of ® with a homomorphism into
2A. Hence we obtain the following lemma.

Lemma 6. Let ® be an arbitrary T-sentence and let 2l be a
finite T-structure. The following are equivalent:

1) @ has a (finite) model admitting a homomorphism into 2.
2) @gﬁt is (finitely) satisfiable.

3) B is (finitely) satisfiable.

As a direct consequence, arbitrary and finite homclosure
membership coincide for a wide range of fragments.

Theorem 7. Let L C SO and L™ := {®F* | € L, A finite}
as well as L™ := {®3* | & € L, finite}. If L= or L™
has the FMP, then [U] <« = [¥]27“ for every ¥ € L.

This theorem applies to various fragments, including any
(sublogic) of DTGD, GNFO_, TGF, FOZ, 3*VV3*FO, or
F*V*FO_. We obtain the following complexity results.

Theorem 8. InHomCl g, is complete for

1) 2EXPTIME for GNFO_,

2) N2EXPTIME for TGF,

3) NEXPTIME for FO2, 3*VYV3*FO, 3*V*FO_, V*FO_,
4) NP for I*FO_ and I*FOL.

Next to the combined complexity addressed in the previous
theorem, one might also ask for the complexity if the sentence
is fixed and only the structure of interest varies. We will come
back to this question in the course of Section VI.

We conclude with a case where the difficulty of InHomCl g,
does not coincide with that of satisfiability (in the most
egregious way). We recap that TGD (just like MIDTGD and
DTGD) has a trivial satisfiability problem (in that every TGD
sentence is satisfiable and finitely satisfiable, with § uniformly
serving as a model), yet we present a fixed TGD sentence
®gyiq for which InHomClgy,) is undecidable.

Definition 9. We let Anxn denote the N x N grid, i.e., the
{H, V}-structure with domain Anxn = N x N that satisfies
o = {((k,0), (k+ 1,£)) | k,£ € N} as well as V< =
{((k,0), (k,£+1)) | k,¢ € N}.

Let ®4yiq denote the TG sentence

(Vﬂcﬂy.H(Jc, y)) A (Vmﬂy.v(x, y)) A

(16)
(nyzv.H(sc, y) AV(x, 2) AV(y,v) = H(z, U))

For a given domino system D = (D,D, D, H,V), we define
the finite {H, V}-structure Ap as follows: Ap = D as well as
HY? = H and V¥» = V.

Noting that every model ‘B of ®,.iq allows for a homomor-
phism h: 2Ayxy — ‘B, it follows that every homomorphism
from some (finite) model of ®,.iq into Ap gives rise to a(n
ultimately periodic) D-tiling. Thus, by Lemma 2, both mem-
bership in [®giq] ™~ and [®gyia] <., are undecidable problems.

Theorem 10. InHomClgy,) is undecidable for TGD (and
hence for MDTGD and DTGD).

V. CHECKING HOMCLOSEDNESS

The next problem we investigate is the problem of determining
whether a given sentence is homclosed (that is, the class of
its models is closed under homomorphisms).

Problem: HomClosed
Input: 7, 7-sentence .
Output: YES, if [®] = [®] ", NO otherwise.

For the finite-model version of this problem, note that any
structure has a homomorphism into some infinite structure.
Thus, any non-empty class C of finite structures cannot be
homomorphism-closed (whence the question if [®]., =
[®] =, trivializes to the question if [®] .., = (). This motivates
the subsequent definition, focusing on finite target structures.



Problem: HomClosedg,
Input: 7, 7-sentence .
Output: YES, if [®]., = [®]-.7“, NO otherwise.

To begin with, obviously, both problems are trivial (i.e., the
answer is always YES) for fragments where every sentence’s
model class is homomorphism-closed, such as EI*F(O)I.

Next, we will see that under very mild assumptions, (finite)
satisfiability within the considered logic can be reduced to
HomClosed gy, yielding lower bounds for the latter in many
cases. To this end, we state the following technical result.

Lemma 11. Ler L, 1" € SO and f: L' — L such that

o (finite) unsatisfiability in ' is C-hard and

o f is C'-computable and maps T-sentences to T U {U} U 7'-
sentences with [f(®)]<w|ruguy = {(,0) | A € [®] (<)}

Then HomClosed gy, for L is C-hard under C’-reductions.

In particular, Lemma 11 shows that for any logic allowing
for extending any sentence ® into ® A Vx.—U(z), (finite)
homclosedness must be as hard as (finite) unsatisfiability.
As a direct consequence of this lemma, we also obtain
undecidability for all logics containing FQ, but also for all
undecidable FO_ prefix classes featuring a universal quantifier
(such as YVVIAFQO or VVAFO_), even if the signature does
not contain constants. As in the previous section, this justifies
focusing our attention to logics with a decidable satisfiability
problem. However, it turns out that even for many of those,
HomClosed gy, is undecidable, as we will show now. To this
end, we establish a companion result to Lemma 11.

Lemma 12. Ler L, 1" € SO and f: L' — L such that
o (finite) unsatisfiability in 1" is C-hard and
o f is C'-computable and maps T-sentences to TU{U}-senten-

ces with [f(®)] = {(2, A) | A€ [~0] ey or A A}.
Then HomClosed gy, for L is C-hard under C'-reductions.

In particular, this result shows that for any logics I and L'
where one can easily find for any I” sentence ® an IL sentence
equivalent to —=® V Jz.-U(z), HomClosed g, for L is at
least as hard as unsatisfiability for I’. Picking YVV3FQO and
VV3IFO_ for I/, this immediately entails undecidability of
HomClosed gy, for the prefix classes 333IVIFO and IIVFO_,
despite decidability of satisfiability. Again, this even holds
when constants are absent from the signature. Of course, this
also entails undecidability of HomClosed g, for the decidable
prefix classes 3*VVI*FO (the Godel class) and 3*V*FO_ (the
Bernays-Schonfinkel class).

After these negative results, we will now introduce a generic
method for establishing decidability and even tight complexity
bounds of HomClosed gy, for a wide variety of logics.

Definition 13 (spoiler, FSP). Let ® be a T7-sentence. A
(homclosedness) spoiler for ® is a triple (2(,B,s), written
as A > B, where A € [@], B ¢ [P], and s: A — B. We
call a spoiler injective, surjective, strong, etc. if s is (and use

the appropriate arrow symbol). We call it finite if both A and
B are. A logic 1L has the finite spoiler property (FSP) if each
L sentence that has a spoiler also has a finite one.

Obviously, [®]~ # [®] iff ® has a spoiler, and [®]_. " #
[®].. iff ® has a finite spoiler. Hence, homclosedness is
verified or refuted by the absence or presence, respectively,
of such a spoiler, the search for which can be confined using
a straightforward decomposition result.

Proposition 14. For any two T-structures 2 and B, any homo-
morphism h: 20 — B can be represented as the composition
ho o hy of two homomorphisms where

o hi: A — & is injective and

o ho: € = B is surjective and strong.

The same holds when consideration is restricted exclusively to
(homomorphisms between) finite structures.

Corollary 15. Let ® be an arbitrary Tt-sentence. Then
[®](<w) # [@] :Lff)“) exactly if ® has a (finite) injective spoiler

or a (finite) strong surjective spoiler.
We will first tend to the case of injective spoilers.

Definition 16. Let ® be a T-sentence. Let 7' consist of copies
P’ for all predicates P € 7. Let ®~ be the T U 7'-sentence
obtained from ® by replacing every occurrence of some atom
P(t) by P(t) A P'(t). Then, let ®!_, denote the TUT'U{U}-
sentence —=® A (&) elV),

A witness of an injective spoiler A <> B is a TWr'w{U}-
structure D satisfying D, = B, U° = s(A), and PPNP'° =
{(s(ar),...,s(ar)) | (a1,...,ax) € P%} for every predicate
P from T.

Note that any (finite) injective spoiler of some ® has a (finite)
witness but also any such witness is a (finite) model of ®7,.
Conversely, any (finite) model of ®%, is clearly a witness of
some (finite) injective spoiler of ®. So we obtain the following.

Lemma 17. &' is (finitely) satisfiable exactly if ® has a
(finite) injective spoiler.

We next tend to the case of strong surjective spoilers, focusing
on the case where ® is from FO_. Before, note that for
any equality-free logic (in particular any fragment of FQ),
sentences are naturally preserved under str0r§ surjective ho-
momorphisms. Thus, for any such logic, [®] _;*" = [®]<w,)
holds precisely if ®, is (finitely) unsatisfiable.

Lemma 18. Let B and 2 be T-structures, let h: B =» A be a

strong surjective homomorphism. Let n be a natural number.

Then there exists a function \: A — {1,...,n} such that

ethere is a strong surjective homomorphism h': B —=» A
satisfying h = wo b/, and

B and A* satisfy the same FO_ sentences of quantifier rank n.

Corollary 19. If an FO_ sentence ® of quantifier rank n has
a strong surjective spoiler, then it has a spoiler of the form
AN S A for some \: A — {1,...,n} (which is automatically
strong and surjective).



Thus, in our quest to detect the existence of strong surjective
spoilers, we can focus on spoilers of this specific type.

Definition 20. For a FO_ sentence ®, let <I>"T» denote L if
is equality-free, otherwise it denotes the sentence = Nty (®)
where n is the quantifier rank of ®.

Given a strong surjective spoiler of ® of the form A S
its witness is the TW{Bit},... ,Bitf‘log2 ] Y-structure 2.

We note that %, may be of exponential size in ®. With help
of Lemma 3 we obtain that, on the one hand, the witness of
a (finite) ®-spoiler of the form A 2 2 is a (finite) model
of <I>"T», and, on the other hand, that any (finite) model of
®*_, is isomorphic to a witness of some ®-spoiler of the form
20 5 2l. This gives rise to the following characterization.

Lemma 21. &', is (finitely) satisfiable exactly if ® has a
(finite) strong surjective spoiler.

As a next step, we combine the obtained characterizations.

Definition 22. Given a FO_ sentence ®, let &' = &Y, v .

We find that & is in GNFO_, TGF, and F (O)i whenever ®
is; it can be easily rewritten into 3*VV3*FQ whenever ® is
in 33AVVFO or VV3I3IFQO; and into 3*V*FO_ whenever ® is
in 3*FO_ or V*FO_. Thanks to Lemma 17, Lemma 21, and
Proposition 14, ®* is (finitely) satisfiable whenever a (finite)
spoiler of ® exists. So we obtain the following.

Theorem 23. ® is (finitely) homclosed if and only if ®* is
(finitely) unsatisfiable.

Unfortunately, the size of ® is exponential in ® and hence
too big to directly yield tight complexity results. However,
whenever we know that ® belongs to a fragment with the
finite model property, Theorem 23 allows us to establish that
the existence of arbitrary spoilers and finite spoilers coincide.

Theorem 24. GNFO_, TGF, FOZ, V*FO_, 3*FO_,
JAVVFQO, and YWIATAFQ have the finite spoiler property. Thus,
HomClosed and HomClosedg, coincide for these fragments.

This justifies, for all the mentioned fragments, to focus on the
case of finite spoilers. To this end, we introduce a very specific
kind of strong surjective homomorphism, which only merges
two “indistinguishable” domain elements.

Definition 25 (monomerge). An monomerge is a surjective
strong homomorphism h: A = B satisfying B = A\ {a} for
some a € A and h(a') = a for every a’ # a. We call a the
merge source and h(a) the merge target of h. We will use =
to specifically refer to homomorphisms that are monomerges.

It is not hard to see that in the finite case, every strong
surjective homomorphism can be realized, up to isomorphism,
by iteratively merging pairs of domain elements in this way.

Lemma 26. Letr 21, B be finite T-structures and h: 2y =» B
a strong surjective homomorphism. Then there is a finite se-
quence hy: Ao =>A1, ..., hy: A1 = A, of monomerges
and an isomorphism g: A, —*B such that h = goh,,0...0h;.

Thus, in the finite, our search for strong surjective spoilers can
be confined to the search for monomerge spoilers.

Corollary 27. If a sentence ® has a finite strong surjective
spoiler, then it has a finite monomerge spoiler. Consequently,
whenever ® has an arbitrary finite spoiler, it must have an
injective spoiler or a monomerge spoiler.

Definition 28. For a T-sentence ®, we let ®'_, denote 1 if ® is
equality-free, otherwise it denotes the TW{cs, ct,U}-sentence

O A (~@) DA Qe e, AV (z=c, & —U(z)),  (17)
where Cl¢ ~c, stands for
N N\ VeyP@c.,y) e P(@cy). (18

PeET  1<i<k
k=ar(P) ®=(z1,...,z;_1)
y=(@j41:--2k)

h . ,
Let A = B be a monomerge spoiler of ® with merge source a
and merge target a;. Then, we C(f,ll the TW{cs, ¢y, U}-structure
(A, as, at, B) the witness of 2 = B.

We note that the witness of a finite monomerge spoiler of ®
is a finite model of ®’,. Conversely, any finite model of &%,
is isomorphic to the witness of a finite monomerge spoiler of
®. Thus we obtain the following characterization.

Lemma 29. &', is finitely satisfiable exactly if ® has a finite
monomerge spoiler.

Definition 30. Given a sentence ® we let %, = o, vol,.

We note a few properties of ®% : It is polytime computable
and of polynomial size with respect to ®. It is in GNFO_,
TGF, and FO2 whenever @ is. It is in 3*VV3*FO whenever ®
is in IAVVFO or VVIAFO and it is in 3*V*FO_ whenever ¢
is in 3*FO_ or V*FO_. By Corollary 27 as well as Lemma 17
and Lemma 29, we also obtain that @"<w is finitely satisfiable
whenever a finite spoiler of ® exists, which gives rise to the
following characterization.

Theorem 31. @ is finitely homclosed if and only if D%, is
finitely unsatisfiable.

Now we have all the bits and pieces together to establish a
bunch of tight complexity results — both for the finite and the
arbitrary case.

Theorem 32. HomClosed gy for

1) GNFQO._ is 2EXPTIME-complete,

2) TGF is CON2EXPTIME-complete,

3) any of FO2, V*FO_, 3*FO_, YVYIIAFO, and IAVYVFO is
CONEXPTIME-complete.

Finally, we turn to TGD, for which the above machinery fails
to work (despite the trivial (un)satisfiability problem) as TGD
is not closed under negation. We start with a positive result.

Theorem 33. HomClosedgy) for TGD is NP-complete.



Intuitively, this result is facilitated by the fact that homclosed
TGD sentences must have very small universal models, against
which homclosedness violations can be checked on a per-rule
basis. However, all is lost as soon as just a tad of disjunction
is introduced.

Definition 34. Given a deterministic domino system D =

(D,B,L,H,V), we define the TGD sentence
(I)D-tiling = (I)grid A (?'Da (19)

where ®p is the conjunction over the following rules (with
unary predicates Ty and Tyqy for all the dominoes d € Dp):

Fv.Tpnr (v) (20)

Vay.(Tay (2) AV(z,y) = Ty(a)(y)) deL (1)

Vay.(Tay (x) AB(z,y) = Tra)(y)) deB (22)
Vayz. (T{d} (x) AH(z, 2) ATy (y) AV(y, 2)

= Tnva)(z) ddeD (23)

Va. (Tyay (@) ATgary(x) = Tp(z)) d,d €D,d#d (24)
Note that a(n ultimately periodic) D-tiling exists exactly if
®p_tiling has a (finite) model A with TQ)QL = (). This is the
case exactly if [32.Typ(2)](<w) # [PD-titing V IT.Tp(x)] (<w)-
Yet, note that any — finite or infinite — model 2 of ®p_tiling
with Tg* = () admits a homomorphism into 2 & J, for which
Tp?¥? = () and it is not a model of ®p ¢ijing, thus AW T ¢
[®p-titing V 32.Tp(2)](<wy. Therefore, the class of (finite)
models of the MDTGD sentence ¥ = Pp_titing V 32.Tp(z)
is closed under (finite-target) homomorphisms exactly if there
exists no (ultimately periodic) D-tiling. We get the following.

Theorem 35. HomClosedgy) is undecidable for MIDTGD
(and hence for DTGD). This even holds for DTGD sentences
with <4 universally and <1 existentially quantified variables
and predicates of arity <2.

VI. CHARACTERIZABILITY OF HOMCLOSURES

In case a sentence ® under consideration is not homclosed, one
might still be interested in the (finite) homclosure [[@]]:j,j“)
of its (finite) models. In particular one might want to (finitely)
characterize it logically, that is, find some sentence ¥ whose

set of (finite) models is precisely ®’s (finite) homclosure.

We start with the observation that even for very basic FO_
sentences contained in very restricted fragments, it might be
impossible to characterize their homclosure within FO_.

Definition 36. Ler @, denote the {P}-sentence Vx3y.P(x,y).

We note that @, is simultaneously contained in GFO_, FO?,
VAFO and TGD. [®.,] " consists of all structures containing
an infinite P-path. In the finite, this condition is equivalent to
containing a directed P-cycle. Identifying such structures is
NLOGSPACE-complete, hence not expressible in FO_ [10].

Proposition 37. [®..] ™ cannot be characterized within FO_.

Given that homclosures are not guaranteed to be characteriz-
able in FO_ even for very inexpressive FO_ fragments, we
might ask whether one can at least tell sentences that have a
FO_-characterizable homclosure from those that do not.

Problem: ExCharHomClE;m
Input: 7, T-sentence .
Output: YES, if [¥] ., = [@]}:jf)“) for some L-sen-
tence W, NO otherwise.

It turns out the answer is no. Also, there is no stronger
logic capable of characterizing the homclosures of all FO_
sentences, nor one that would facilitate ExCharHomCl .

Theorem 38. EXCharHomCII([“<w) is undecidable for FO_
sentences whenever L is a non-degenerate logic with a de-
cidable model checking problem.

Theorem 39. ExCharHomCl]g;w) is undecidable for TGD
sentences whenever 1L is a logic able to express cq(F) and
having a decidable model checking problem.

After establishing these negative results, we turn to the other
end of the spectrum to identify cases where the homomor-
phism closure is guaranteed to be characterizable in FO2 and
thus — as a consequence of the homomorphism preservation
theorems — even in I*FOY. For 3*V*FO_, the Bernays-
Schonfinkel class, this is an easy consequence of the existence
of “small” induced submodels.

Proposition 40. Every I*V*FQ_ sentence & satisfies
[®]7 = [®]=, and one can effectively compute a I*FOL
sentence W with [®]~ = [¥].

Using descriptive complexity theory [17], this implies a very
low data complexity of checking homclosure membership.

Corollary 41. For any fixed 3*V*FQ_ sentence ®, checking
membership in [®] 2, is in AC® in the size of the structure.

Now, after establishing the extremal cases (of characteri-
zability failing altogether vs. it succeeding already within
I*FOL) we investigate the middle ground in between: the
fragments 3*YV3*FO, FO2, TGF, GFO_, and GNFO_. By
Theorem 7, we know that [®] <~ = [®]=“ for every
sentence ¢ in any of these logics. Therefore, any sentence
characterizing [®]~ will also finitely characterize [®]=*.
Hence, we will next describe how to characterize [®] ™ for
the considered fragments. The task of characterizing [U]Z7, is
slightly different and will be discussed thereafter.

It is helpful to study projective homclosure characterizations.

Definition 42. For logics IL,L" C SO, we say I’ homcaptures
L if for every T and L T-sentence ® there exist some o and
a L' 1do-sentence U such that [®] 7 = [¥]],.

Note that whenever a logic " homcaptures a logic L, it fol-
lows that for any IL sentence ®, we find an ISO(IL’) sentence
characterizing ®’s homclosure, where ASQ(IL’) describes the
fragment of SO sentences led by second-order existential
quantifiers followed by an I’ sentence.



We will next give a description of a generic type-based ap-
proach toward homcapturing results, which will be applicable
to all mentioned logics with slight variations in the details.

Fixing a finite signature 7, we let n-fypes denote maximal
consistent sets t of literals (i.e., negated and unnegated atoms)
using all constants from 7 and a finite collection of variables
v1,...,V, (denoted v) disjoint from the variables used in
the considered sentence. For convenience, we identify the
(necessarily finite) set t with At. We say an n-type t is realized
by an n-tuple @ = (ay,...,a,) € A™ of domain elements of
a 7-structure 2, if (2, {v; — a;}) = t. We say tis realized (k
times) in 2 if it is realized by (k distinct) tuples of 2[. Note
that every tuple a realizes one unique type, which entirely
characterizes the substructure of 2 induced by all the elements
of a together with all elements denoted by constants. Our
approach makes use of the fact that for several logics, many
questions regarding a structure can be answered, if one knows
what types of a certain kind are realized therein. On a generic
level, we assume there is a function that, given a 7-sentence
® yields a finite set £ of eligible types (possibly containing
n-types of varying n), which are sufficient for our purposes.
Then, given a 7-structure 2A, we let its rype summary E(2)
denote the pair (&, &) where &, (&) consists of those types
from & realized (exactly once) in 2.7 Furthermore, the model
summary (®)) of a sentence P is defined by {£(2) | A € [P]},
which is a finite set by assumption.

We will extend our signature by a set o of type predicates, con-
taining an n-ary predicate symbol Tp, for every eligible n-type
t € £. Given a T-structure 2 and a set £ of eligible types over
7, the £-adornment of 2, denoted 2l - £ is the 7 W o-structure
expanding 2 such that Tp*¢ = {a | a realizes t in 2A}. In
a way, £-adornments materialize the information regarding
relevant types in a model. While this information is obviously
redundant in the model itself, we will make good use of it
when characterizing a model’s homomorphic targets.

Given a 7-sentence ¢ (which we presume to be in some
normal form with bounded quantifier alternation), we will
construct a TWo-sentence U that (projectively) identifies those
B into which some model 2l of & has a homomorphism
h: 2 — B, using the following idea: assuming such an h
exists, then it will also serve as homomorphism from (- £ to
B-h(A-£|,) denoting the structure B’ expanding B by letting
Tp® = {(h(a1), ..., h(an)) | (ay,...,a,) € TPYE}, that is,
where all type information materialized in 2 is transferred to
5 along h. In fact, ¥ is then built in a way that its models
are precisely such B’. Thereby, one integral part of ¥ is a
conjunct Wy, ensuring that types are mapped to ‘B in a way
compatible with the homomorphism condition, i.e., that at least
all positive literals postulated by the type are indeed present:

Uhom = /\V'u.(Tpt('u) = N{aet|a positive lit.}) (25)
teg

phenomenon of so-called “kings”, i.e., 1-types forced to be unique in models.
For the other logics considered, £, suffices.

"In fact, & is only needed for the FOZ case in order to deal with the

Moreover, we require that the collection of “transferred type
atoms” found in B’ corresponds to the type summary of some
model. To this end, we include in W the case distinction

\/ \Ij(&,&)’

(Er,E)e(®)

(26)

where each W (g, ¢ details existence and relationships be-
tween the mapped types. Some of the conditions specified in
(g, ) are generically derived from (&4,&), others are ob-
tained by translating constraints from ® into “type language”,
expressed by type atoms. By construction, the sentence ¥ thus
obtained holds in some type-adorned structure 2(- £ if and only
if A € [®]. Also, its satisfaction is preserved under “type-
faithful” homomorphisms h: 24 - & — B’ as described above,
thus ensuring [®]~ C [¥]|,. The other direction [®]~ D
[¥]|, is shown by taking a model B’ € [¥], removing all
information about 7, and “unfolding” or “unraveling” it such
that, in the resulting structure 2(’, the diverse Tp, instances do
not provide contradicting information about the 7-connections
between their arguments. This allows for reconstructing the
interpretations of the original signature elements 7 from the
Tp, instances. After forgetting the latter, we have arrived at
our wanted 2 € [P].

Applying the described strategy yields the following theorem.

Theorem 43. 1) FO2 homcaptures itself.
2) TGF homcaptures itself and 3*VYVI*FQ.
3) GFO_ homcaptures itself and GNFQO_.

As an example for all these logics, note that the homclosure
of @, from Definition 36, is projectively characterized by

Jz.(Lv(z) ) AVz.(Lv(z) = Jy.(P(z,y) ALv(y))). (27
In view of our earlier discussion, this ensures that all these
logics admit homclosure characterization in 3SQO, and that the
data complexity of homclosure membership is in NP [9].

Corollary 44. For any fixed FO2, TGF, 3*VYV3*FO, GFO_
or GNFO_ sentence ®, checking 2 € [®] is in NP.

We next complement these NP-membership results by provid-
ing matching lower bounds even for much weaker logics.

Definition 45. Given an instance of 3SAT S = {C4,...,Cy}
consisting of n clauses each containing 3 literals over propo-
sitional variables p1, ..., pm, we define the structure Ugs by

As={a; [1<i<n+1}U{b,b,|1<i<m} (28)

First®s = {a1} (29)
CLst™s = {aq; |1 <i<n} (30)
Nil?s = {a,1} (31)
Next®s = {(a;,ai;1) |1 <i<n} (32)

Lit™s = {(a;,0;) | p; € Ci} U {(a;, b)) | -p; € Ci} (33)
se1™s = {b;, b} | 1 <i <m} G
Cmp™s = {(bi by). (8], 1)), (bis L), (B, be) [ £ K} (39)



We let ®3saT be the sentence containing the conjunction of
the following sentences (leading universal quantifier omitted):

Jr.First(z) (36)
First(xz)=-CLst(z) 37
CLst(x) = Jy.Next(z,y) A (CLst(y) VNil(y)) (38)
CLst(z) = Jy.Lit(z,y) A Sel(y) (39)

Sel(x) ASel(y) = Cmp(z,y). (40)

Obviously, @351 is contained in constant-free, equality-free
FOQ® (and therefore in FO2 and TGF). It can be rewritten
into constant-free, equality-free YVI3FQO (and therefore into
F*VVI*FO). Moreover, for any set S of 3-clauses, satisfiabil-
ity of the 3SAT instance /\{e1 lals}ES f1 V £y V 5 coincides
with s € [®3satT]’,). Hence we obtain the following
statement, providing matching lower bounds.

Proposition 46. Checking homclosure membership is NP-
hard for constant-free, equality-free FO* and YYAIAFOQ with
predicate arity < 2.

Note that this settles the case of the data complexity of hom-
closure membership for any logic between FO* / VVYIIFO
on the lower and FOZ / TGF / 3*¥V3*FO on the upper end,
showing that one cannot hope for characterizability in a logic
having a lower data complexity of model checking. It does not
provide a lower bound for GFO_ or GNFO_, though. As it
turns out, we can in fact do better for these...

Given a GNFO_ sentence ®, let U be the GFOQ_ sentence
projectively characterizing [®] constructed as described
before. Then we obtain [®]~ = [Jo.¥] and also observe

Jo. ¥ = Jo. (\Ilhom A \/ ‘I/(ghg!)) 41
(£r.8)E(®)
= \/ Jo.(Ye, &) A Phom)- (42)

(E+.£1)€(@)

Thoroughly inspecting 30.(¥ (¢, &) A Whom), We find that it
can be equivalently rewritten into the following FO_ sentence
with least fixed points over simultaneous inductive definitions
for “complement predicates” Tp, from a signature &:

/\ Jz.— [lprp {Tpu(y
teé&,

)¢ G, 0] [Cec (@), @)

where the fﬁ; are FO_ 7 W g-formulae with only positive
occurrences of type atoms, obtained from aggregating the
bodies of the contrapositions of the implications in ¥ (g, ¢,).*
Simultaneous induction can in turn be expressed using plain
least-fixed-point logic [14], therefore W as a whole can be

8Conceptually, this equivalent transformation can be explained as follows:
for any two models B, B2 of Vg, g) with B1|r = Balr, the structure
B1-B> obtained as the o-expansion of B1|, by Tp%1 Bz — Tp{%IUTpiBZ
for all eligible t is also a model. Hence, for every (&.,&)-compatible 7-
structure ‘B, there is a “maximal o-expansion” B* satisfying ¥ ¢, ¢,), which
can be deterministically obtained in a type-elimination like process, via a least
fixed-point computation over predicates Tp, that express exactly the absence
of Tp,. This spares us the “guessing” of type relations via Jo.

expressed in first-order least-fixed-point logic denoted FO'P
(sometimes also referred to as LFP or FO+LFP). Using the fact
that evaluating FOMP sentences over structures can be done
in polynomial time [16, 30], we obtain an improved result
regarding the data complexity of homclosure membership.

Theorem 47. Homclosures of GNFO_ and GFO_ sentences
can be characterized in FOYP. Thus, for a fixed GNFO_ or
GFO_ sentence ®, checking 2 € [®] ™ is P-complete.

As a minimalistic example, consider the GFO_ sentence ¢,
from Definition 36, whose homclosure cannot be characterized
in FO_ (see Proposition 37), but by the F@EP sentence

Jz.— [lprds{Cds(y) + Vz.(P(y, z) = Cds(2)) }} (), (44)
“cul-de-sac”

where the fixed point predicate Cds identifies
elements in the given {P}-structure.

We finally turn to the case of finding a characterization of
[®]= <o i.e., of those — finite as well as infinite — structures
receiving a homomorphism from a finite model of ®. We start
with a negative result for a very simple sentence, following
from compactness of FO_.

Proposition 48. [®..]Z, cannot be characterized in 3SO.

However, it is easy to see that an immaterial extension of
IS0 suffices to remedy this situation: let 3SO# denote ASO
extended by a special second-order quantifier 3<“ which
requires that the quantified-over predicate corresponds to a
finite relation — an idea borrowed from weak monadic second-
order logic. We note that 3<“U is also expressible in plain SO.

Theorem 49.
that [¥] ..,

Let ® be some SO sentence and let U be such
= [®]=5“. Then [@]2, = [3<“U. W],

Together with Theorem 7 and the previously established
characterization results, this allows us to close this case.

Corollary 50. For all ® in any of 3*VYV3*FO, TGF, FOZ,
and GNFQO_, [®]Z, can be characterized in SO,

VII. NORMAL FORMS FOR HOMCLOSED FRAGMENTS
This section is devoted to identifying “homclosed normal
forms” of certain logics. Given a logic L, a homclosed normal
form HL of L is a fragment which satisfies

¢« HL CL,

o every ® € HL is homclosed,

o for each homclosed ® € L exists a &' € HLL with ® = &/,
« membership in HIL is decidable.

It is, of course, desirable to strengthen the last requirement to
say that membership can be decided “easily”, e.g., in polytime.
Likewise, we might require the existence of a (preferably
computationally inexpensive) algorithm to compute @’ from
a given ®, or of a (not too high) upper bound regarding the
size of ®’ with respect to ®.



Normal Forms for FO_ and Fragments. The homomor-
phism preservation theorem provides a normal form for full
FO_, namely J*FOT; the equivalent J*FOT sentences may
even be chosen to have equal quantifier rank. Rossman’s
theorem shows that the same normal form can be used if
we consider finite models only; more recently, Rossman even
established that any homclosed first-order formula of quantifier
rank k is equivalent to an existential positive formula of
quantifier rank k©(1) [23]. Note that computing the normal
form can be quite costly: there is a potentially non-elementary
blow-up for the length of a shortest equivalent existential
positive formula [22, Theorem 6.1].

Obviously, this characterization of a normal form for FO_ car-
ries over to any FO_ fragment that fully encompasses 3*FOZ.
For Bernays-Schonfinkel fragments with bounded number of
existential quantifiers, we state the following observation.

Proposition 51. For every homclosed A"V*FQ_ sentence
there exists an equivalent A"FQL sentence.

For other fragments, the case is less immediate. Whenever
HomClosed is decidable for L, we can use this (usually
expensive) test to directly define HIL, thus obtaining HTGF,
HF@i, and HVYV33FQ. For FO_ fragments not covered by
these cases (such as YVV3IFQ), the question remains open.

Normal Form for Homclosed SO. We next provide a
syntactic normal form for SO sentences whose class of models
is homclosed. This normal form arises as a combination of a
normal form for superstructure-closed classes and a normal
form for classes closed under surjective homomorphisms. Our
proof relies on the interplay of syntactic manipulations of
SO sentences on the one hand and “operators” on classes
of structures on the other. We focus on the following two
operations that can be applied to classes C of T-structures:

C= < = {2 (finite) | B <= A for some B € C}, (45)
celliewr = {2 (finite) | {A} ™ C C)}. (46)

With these notions, we can establish the following character-
izations of classes of 7-structures.

Lemma 52. For any class C of (finite) T-structures holds:

1) C= e is closed under (finite) superstructures. Moreover, if
C is closed under (finite) superstructures, then C = <« = C.

2) 3w s closed under (finite) surjective homomorphisms.
Moreover, if C is closed under (finite) surjective homomor-
phisms, then C3H«=w = C.

3) (CHe)T ) s (finitely) homclosed. Moreover, every
(finitely) homclosed C satisfies (C*H=)= v = C.

Based on this, we can introduce a normal form for superstruc-
ture-closed SQO.

Definition 53. Let 7 be a signature and let ¥ be an SO
7-sentence. Then the SQ t-sentence W°'P is defined as
30.9'O) phere U is a fresh unary predicate.

Proposition 54. Let U be an SO 7-sentence. Then

(ﬁ
[[\I/]](@(;w = [[\Ilsup]](<w)'

Proposition 54 and Lemma 52 give rise to the normal form
for superstructure-closed SQO.

(47)

Corollary 55. For any SO t-sentence ¥, [¥"P]_,,, is closed
under (finite) superstructures. Moreover, if [V] ., is closed
under (finite) superstructures, then [V5"P] ) = [¥]<w).

We proceed by establishing a normal form for SO sentences
closed under surjective homomorphisms. For a signature 7 and
variables z, z’, we let n7(z, 2') denote the formula

I
/\ /\ meP(x,Z,y) <:>P(:B7'Z ay)v
PET  1<i<k
k=ar(P) @=(zq,...,x;_1)
Yy=(@i41,--2k)

(48)

and, for a unary U ¢ 7, we define the Tw{U}-sentence O by
Vady.(U(y) An"(z,y)). 49)

Definition 56. Let 7 and 7' be disjoint signatures such that
7' consists of copies P' of all predicates P € 7. Let ¥ be an
SO 7-sentence. Then the SO T-sentence U™ is defined by

VUVT',((@[TJ/ A /\ V. (P(x) :p’(w))) = \I/fi(?,) (50)
Per’
where U is a fresh unary predicate and \l':elg), denotes wrel(V)

with every P € T replaced by its copy P’ € /.
Proposition 57. Let U be an SO T-sentence. Then
H:Q:[ISH(<W) _ H‘I/Shom]](<w)-

(<w)

61y

This result, together with Proposition 54 and Lemma 52, yields
the normal form for surjective-homomorphism-closed SO.

Corollary 58. For any SO t-sentence W, [Wshom] . is
closed under surjective (finite) homomorphisms. Moreover, if

[¥](<w) is closed under surjective (finite) homomorphisms,
then [Us°m] _ . = [V]cw)-

We are now ready to combine the established results toward
the desired normal form for homclosed SQ. Invoking Corol-
lary 55, Corollary 58, and Lemma 52, we obtain the following
statement, motivating the subsequent definition.

Theorem 59. An SO-definable class of (finite) T-structures is
Of the form [[(\I/shom)sup]]<<w> (52)

for an SO T-sentence VU if and only if it is closed under (finite)
homomorphisms.

Definition 60. We define HSQO as the set of SO sentences of
the form (UShom)su for any SO sentence V.

It is clear that membership in HSO is decidable. We can
now formulate the main result of this section, as a direct
consequence from Theorem 59 and the fact that (Wshom)sup
is polytime-computable from V.



TABLE I
OVERVIEW OF NEWLY ESTABLISHED RESULTS (5 LAST COLUMNS, EXCEPT NORMAL FORM FOR FOZ ) AS WELL AS REFERENCES USED (EASY INSIGHTS
ARE LEFT WITHOUT REFERENCE). ALL COMPLEXITIES ARE TIME COMPLEXITIES. CLOSURE OF GNFO_ UNDER — ONLY HOLDS FOR SENTENCES.

logic SAT finite model closure InHomCl HomClosed homclosure charac-  normal form
name fin/arb property (size) - A comb. data  fin/arb terizable in logic fragment
FO_ und. [8,29] no yes yes und. und. und. none J*FOL
DTGD trivial yes (1) no yes und. wund. und. none UCQ
MDTGD trivial yes (1) no no und. und. und. none CQvCQ
TGD trivial yes (1) no yes und. und. NP none CQ

TGF N2Exp [25] yes (2Exp) [20] yes yes N2Exp NP coN2Exp  ISO(TGF) HTGF
FO2 NExp  [12] yes (Exp) [12] yes yes NExp NP  coNExp ISOFOZ) HFOZ
GNFO_ 2Exp [1] yes (2Exp) [1]  yes yes 2Exp P 2Exp FO™ / 3SOGFO_) I*FO*
GFO_ 2Exp [11,28] yes (2Exp) [11,2] yes yes 2Exp P 2Exp FOY / 3SO(GFO_) I*FO*
VVYV3IFO und. [27] no no no und. und. und. none ?
I*VVI*FO NExp [21] yes (2Exp) [26] mno yes NExp NP und. ISO(TGIF) J*FOL
VVv33aro NExp yes (2Exp) no no NExp NP coNExp ASO(TGF) HVV33FO
I*V*FO_ NExp [21] yes (C+Ex) no yes NExp AC’ und I FO I*FOL
V*FO_ NExp yes max(C,1) no yes NExp AC® coNExp EIXOR oFOL
333VFO NP yes (C+3) no no NP  AC° und. 333ro* EEEINOM
JIVYVFO NP yes (C+2) no no NP  AC® coNExp EEIJOR EEINOR
I*FO_ NP yes (C+Ex) no yes NP AC®  coNExp I*FOZL I*FOL
I*FOL const. yes (C+Ex) no yes NP  AC® trivial I*FOZL I*FOL
SO und. no yes yes und. und. und. none HSO

Corollary 61. Every (finitely) homclosed SO sentence ® is
equivalent (on finite structures) to a HSQ sentence ¥ which
can be computed from ® in polynomial time.

VIII. CONCLUSION

Inspired by the homomorphism preservation theorem and
motivated by routinely encountering — clearly fundamental
yet seemingly largely neglected — questions regarding homclo-
sures of logically characterized model classes, we undertook
a principled analysis of four basic questions related to that
matter and clarified them for a wide range of theoretically
and practically relevant logical formalisms, both in the finite-
model setting and the arbitrary-model one. Table I summarizes
the results obtained.

Next to several newly introduced generic techniques, which
might prove useful well beyond the specific formalisms con-
sidered here, our most noteworthy achievements are probably
the establishment of a computationally well-behaved normal
form for homclosed SO sentences, and the insight that check-
ing homclosure membership for the very expressive guarded
negation fragment of first-order logic (GNFQO._) has only
polynomial-time data complexity.

Plenty of open problems remain. Obviously other, differ-
ent logical formalisms could be investigated regarding the
considered questions. Not all of the established techniques
immediately lend themselves to coping with “counting logics”,
such as two-variable logic with counting quantifiers. More
generally, logics without the finite model property might turn
out to be harder to handle.

The investigation into the prefix classes has not yet resulted
in a complete characterization of decidability and complexity

of the homclosedness problem. A first inspection seems to
indicate that corresponding results would hinge on a more
fine-grained analysis of fragments defined by the conjunction
over sentences from different prefix classes.

As far as normal forms are concerned, for first-order pre-
fix classes with bounded number of existential quantifiers,
preceded by universal quantification, the question remains
generically unsolved. For TGF and FOZ, normal forms have
been shown to exist, but recognizing them is costly and more
syntactic solutions would be preferred.

An interesting open problem is whether there exists a syntactic
fragment of existential second-order logic such that the classes
of finite structures that are expressible in the fragment are
precisely the homomorphism-closed classes in NP. Similarly,
we ask whether there exists a logic (in the sense of Gure-
vich [13]) that captures precisely the homclosed classes of
finite structures that are in the complexity class P.

Another interesting avenue arises from the area of constraint
satisfaction problems (CSPs). It seems advisable to systemati-
cally explore which (complements of) CSPs can be described
as the homclosure of sentences in one of the well-behaved
logics GFO_ and GNFO_ - guaranteeing solvability in P,
by Theorem 47. For a start, note that Theorem 43 implies
that the homclosures of GNFQ_ and GFO_ sentences are
expressible in guarded existential second-order logic; this even
holds projectively. Yet, by a recent result of a subset of the
authors [6], if the complement of a CSP can be expressed
in this form, then the CSP is of the form CSP(B) for an
w-categorical structure ®B. This implies that the so-called
universal-algebraic approach can be used to study complexity
and expressivity questions CSPs of said type [4].
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APPENDIX
A. On the Different Notions of Homclosure

At the first glance, the different notions [®], [®] 7 <~,
[®]=,, and [®]-. might seem abundant and give rise to
the question, if some of these may coincide. We show that

this is not the case.

From [®].,, C [®] and C™7<~ C C™7, one can directly infer
the following inclusions:

o [Pl S [@]2

o [@]5 C (@] 7=

. [9] < C [a]~

[®]2 <[]

[®]= C [®]7 (by transitivity)

We proceed to show that all these inclusions are strict and
that [®]_7, and [®] <~ are indeed incomparable, even for
one fixed ®.

Let ® be the conjunction over the following sentences:

o Va.(z # b= Jy.P(x,y)
o Va.(z #a< Jy.P(y,x)
o Vayz.(P(z,y) AP(z,2) = y =2
o Vacyz.(P(:v, Z2)AP(y,z) =z =y

We now define the following {a, b, P}-structures:
o Wppan = ({0,...,k}, 0, K, succ)
o Ayt = (N, 0, k, suce)

. mQIoops = ({07 1}70’ L {(05 0)7 (1’ 1)})
o Aogap = (Z\ {0},1, -1, succ)

We obtain:
| (el [®]=, [®]~-~ [2]”
2[k-path S S € S
Ql'Ic—path"' g € g €
2[2100135 € ¢ € S
2l'0<>-gap € ¢ ¢ €
B. Tilings

We prove in this section the undecidability of the deterministic
margin-constraint tiling problems. The proof is a slight mod-
ification of the first undecidability proof for origin-constraint
tiling problems in [31] (see also [32]). We include it here for
the convenience of the reader. The words “domino” and “tile”
are used fully synonymously in the following. A tile system
is the same as a domino system and a set of tiles is the same
as a set of dominoes.

Lemma 2. The following problems are both undecidable even
for deterministic margin-constrained domino systems D:

1) Given D, does there exist a D-tiling?

2) Given D, does there exist an ultimately periodic D-tiling?

Proof. In order to prove Item 1 we follow the construction of
Wang in [32].

He showed undecidability of the origin-constrained tiling prob-
lem by a reduction from the halting problem of deterministic
Turing machines. For a given Turing machine, Wang defined
a set of tiles such that the ith computation step of the machine
is completely given by a tiling of the ¢th row of the N x N
grid. Therefore, a tiling of the N x N grid can only be found
if the Turing machine runs forever.

We show in the following how this can be done with a margin-
constrained system of dominoes. Our construction depends, in
addition to Wang’s idea, on two modifications of the classical
set of tiles. First we shift the Turing machine tape content in
each new computation step one position to the right. To this
end, we define a set of dominoes D; of new tiles which occur
only in the beginning of each row; their number increases by
one from row to row. The second idea is that we store the tape
content not once but three times. Each placed tile corresponds
to a position on the tape and contains the tape content at this
position, but furthermore it also contains the tape content of
its left and right neighbors. This idea leads to the definition
of the tile system Ds.

For a binary relation R on a set D we denote by R also the
map R: D — 20 defined by R(x) := {d € D | (z,d) € R}.
It will always be clear from the context which of the two
objects we mean. Furthermore, if the set R(x) contains only
one element we drop the set brackets, i.e., we write R(x) = d
for d € D.

Let M = ({qo,---,qn,qr},{0,1},{0,1},6,40,q) be a de-
terministic Turing machine where {qo, . .., qn, ¢y} is the set of
states, {0, 1} is the input and tape alphabet, and § is a partial
transition function {qo,...,¢n} x{0,1} = {q0, ..., qn, qs} X
(0,1} x {L, R}.

Let Dy :={o,1,b,¢,c,d} be a set of dominoes such that o is
the origin tile. We define the relations H; and Vi on D; as
follows:

. Hl(O) = b, Vl(O) =,

e Hi(b):=0b, V1(b) :={,d},
« Vi) =1, Hi(l) =

e Hi(c) :={c, '}, Vi(e) :i=¢,
e Hi(d):=d, Vi(d) :==¢,

. Vl(d) = C/.

In the next step we define tiles that contain the information of
a Turing machine tape position. Consider the set 7' := {T7 |
P €{q0,..-,qn,q5,€},% € {0,1}}. We define the set of tiles
Dy as (TW{d}) x T x T. We denote the three coordinates
of a tile x € Dy with z;,x,, and x,.. We want to ensure in
the following, that a tile * € D, that is placed at the grid
corresponds to a tape position of the Turing machine after
a certain number of computation steps. The tape content is
encoded in the main tape information z,,, = T7. The index
1 tells us which symbol is written on the tape at that certain
position. If the head of the machine is at this position we get
the state information by the superscript p. Otherwise p = e,
which means the head is somewhere else. The coordinates x;



and zx, give exactly this kind of information for the left and
right neighbors of the tape position.

We give now the relation Hs and V; for a tile x € Ds.

Hy(x):={y €Dz | oy =yt NTp = Ym} (53)

For V> we make the following case distinction on the different
types of the form x = (T, T?,T}") € Ds.

) u=gqforqe{q,...,q,} and 6(q,7) = (¢',4, R):

Va(@) = {(u, T{, T¢) € Do |y € TU{d}}.  (54)
2) v=gqforq€{q,...,qn} and (g, s) = (¢, i, R):
Va(a) :={(y, T, Ti') € Dy |y € TU{d}}. (55)
3 v=gqforqe{q,...,q.} and 6(q,s) = (¢, i, L):
V(@) = {(y, TY , Tf) € Dy |y € TU{d}}.  (56)
4) w=gqforqe{q,...,q} and §(q,s) = (¢, 4, L):
Va(z) == {(y,2,T7) € Dy | yp € TU{d}}.  (57)
5) In all the remaining cases we define
Vo(z) :={y € D2 | 2 = yr}- (58)

Now consider the set of tiles D := D; U D,. We define the
relations Hz and V3 as follows. For the tiles in Dy that are
of the form x = (d,T?,T}"), where v,w € {qo,--.,qn,€}
holds, we set V5(z) := {d}. Furthermore we define H3(d) :=
(d x T?).

In the last step of our construction we have to specify the
second row of the grid. This row should correspond to the
initial tape configuration of the Turing machine. Therefore we
define a relation V} such that

V(b) = {(d’ T(;IO’TOe)a (TgoaTgng)’ (TgvTOevTOe)}' (59)

We claim that the domino system D on the set D with the
relations B := {b,0}, L := {l,0}, H := H; U Hy U H3 and
V=V UVoUV3 UV, is a deterministic margin constraint
domino system which tiles the N x N grid if and only if the
Turing machine M does not halt.

In order to prove this we give the following description of the
tile system D.

Claim 1: M runs at least k steps if and only if D tiles at least
the first £+1 rows. In this case the :+1th row, with 1 < ¢ < k
has the following description from left to right:

o the margin symbol [,

e ¢ — 1 times the symbol c,

e one time the symbol ¢/,

« one time the symbol d,

« an infinite sequence of tiles from Dy that store the Turing
machine configuration after computation step 7 — 1.

It is clear that this claim holds for £ = 1, by our encoding
of the initial machine configuration in the second row (see
definition of V). Now assume the statement holds for £ —1. It
is easy to see from the definition of H; and V; that the c-block
is enlarged by one ¢ from one row to the next. Note that our
definition of V5 ensures the last item in the claim. The main
tape information of a tile gets the left neighbor information
of its upper neighbor. This is due to the shifting of the tape.
Furthermore one can check that the state transition and head
position change in each computation step are also encoded in
the definition of V5 (see items 1 to 4). Note that this implies
also that a tile where the main information consists of a final
state does not have an upper neighbor. This is since there exists
no transition in a deterministic Turing machine from a final
state to another state. This proves Claim 1.

The domino system D satisfies clearly the items 1 to 3 in
Definition 1. Let d; and ds be tiles. It is clear that item 4 is
satisfied whenever d; € Dy \ {d} or dy € D; holds. Suppose
therefore dy € Do U {d} and dy € D,. Note that for a tile
x € H(dy) the coordinates z; and x,,, are uniquely determined
by di. The coordinate x; corresponds as a tape position to
(d2)m. The tape information at this position after the next
computation step is determined by its two neighbors (ds); and
(d2)r. The uniqueness of this transition can be checked in the
definition of V5.

This proves that D is deterministic. It follows from Claim 1
that this system tiles the grid whenever the machine M does
not halt on the empty input. On the other hand, if the machine
halts, then there exists a maximal & such that the first £ rows
can be tiled. This proves the first item of the lemma.

Item 2 is also proved by a reduction from the halting problem
for Turing machines. We give a reduction such that a Turing
machine halts on the empty tape whenever the corresponding
tile system admits an ultimately periodic tiling of the grid. On
the other hand if the Turing machine runs forever, the defined
set of tiles does not allow for an ultimately periodic tiling.

Note that our reduction from Item 1 satisfies already the
second implication. If the Turing machine M runs forever the
tile system D tiles the grid by a tiling ¢. By the definition
of D and Claim 1 above the ith row starts with exactly
i — 1 times the symbol c after one [. This means that
for every Ylinit, lperiod € N there exists k& € N such that
t(k, linit) # ¢ and t(k, fini, + Lperiod) = ¢. Therefore the tiling
is not ultimately periodic. Moreover, since the used margin-
constrained tile systems is deterministic, this is the unique
tiling of the grid by this set of tiles, which proves that D does
not admit a ultimately periodic tiling.

We modify the tiling from Item 1 in the following such that
D tiles the grid ultimately periodically whenever the Turing
machine M halts. If the Turing machine halts it is in the final
state. Also, we can assume without loss of generality that the
reading head will then be at the leftmost tape position. Let
f and e be new tiles and let D’ be the union of the set of



dominoes from Item 1 with {f,e}. We define new relations
Vs and Hy as follows.

1) Let 2 € Dy. If z is of the form x = (d, 75", T}*) where
¢y is the final state we define V() := f.
Otherwise V5(z) :==e .

2) V5(f) := f and Vi(e) :=e.
3) Hy(e) :=f, Hy(d') := f, Hy(f) := e and Hy(e) :=e.

One can check that the new tile system D’ on the set of tiles
D'’ with the relations B’ := B, L' := L, H = HU H,
and V’ := V U V5 is still a deterministic margin-constrained
domino system: Consider tiles d; and ds and assume first that
di € D and dy € D hold, then the only possibilities for
d; that have to be checked are di = c and d; = ¢’. The
definition of V5 involves only old elements from Do (Item 1
above). Therefore ds can be assumed to be from Ds. It is
easy to see that in this cases |H'(dy) N V'(d2)] < 1 holds.
The remaining cases are dy € {e, f} or d2 € {e, f}. In these
cases |H'(d1)NV'(dz2)| < 1 holds trivially since e and f have
unique upper and right neighbors.

We characterize now how a tiling with the system D’ looks
like if the Turing machine halts.

Claim 2: If M runs k steps and then halts, then D tiles the
grid such that for every i > k+3 the ith row has the following
description from left to right

o The margin symbol [,

o k times the symbol c,

« one time the symbol f,

« a infinite sequence of tiles e.

Note that we have by Claim 1 a description of the kth row.
Since the Turing machine halts after & steps the first symbol
is this row after the symbol d is of the kind = = (d, T5*, T})
where ¢y is the final state. Therefore the unique tiling of the
k + 2th row is as follows:

o the margin symbol [,

o k times the tile c,

« one time the tile ¢/,

« one time the tile f, and

« a infinite sequence of tiles e.

From this description it is easy to compute the unique tilings
of the k£ + 3th and %k + 4th row. Since both are identical and
by Item 4 in Definition 1 it follows that all further rows admit
also tilings that are identical to the k + 3th one. This proves
Claim 2.

The tiling described in Claim 2 is ultimately periodic. For
the vertical period this follows directly from Claim 2. For
the horizontal period node that a Turing machine can in k
computation step reach at most k + 1 different tape positions.
This implies that in the rows 2 to k + 2 the tiles right of
the 2(k + 1)th column encode the empty tape. Since Claim 2
ensures the horizontal period for the rows greater than k + 1

the tiling is ultimately periodic.

Note also that our modifications to achieve this do not affect
the property of a (or the) tiling being not ultimately periodic
if the Turing machine runs forever. This finishes the proof of
the lemma. O

C. Proofs of Tools Section

Lemma 3. Let ® be any FO_ sentence. Then A = ® exactly
if Ay = tr" (D).

Proof. Note that the negation normal form for a formula ®
is equivalent to @ itself. Then, by the definition of tr" it is
enough to prove the statement for sentences ® in NNF. In
order to do this, we prove the following statement. For every
FO_ formula ®(x) in NNF, every n-labelled constant-sole
structure (2, \), and every variable assignment 3: V — 2}
it holds that

(A, 8)  ®(x) iff (An, 1) [ 05, (D(x),  (60)
where 51: V — A and B3: V — {1,...,n} are defined such
that B(x) = (B1(x), B2(x)) for all 2 € V. We denote by 35
the extensions of the assignment (5 to all constants ¢ such
that 35 (c) = 1 (cf. definition of tr™,). Furthermore 3; is the
extension of 3; to all constants c such that 3] (c) = c®*. The
map BT is now defined by 5t (c) := (3] (¢), 85 (c)). Note
that this is compatible with the definition of the constants in
the constant-sole structure 2> since ¢ = (c*,1) holds.

We prove the statement by structural induction over the set
of formulae. For literals of the form P(¢) or —P(t) the
statement follows immediately from the definition of tr;, since
the projection map from 2 to 2Ay|, is a strong surjective
homomorphism. Therefore the only cases that we have to
check are formulae of the form ¢; = ¢, and t; # to for
terms ¢; and to.

Suppose that 3 is any variable assignment such that (%, 8) |=
(fl = tg). Then ﬂf(tl) = ﬁfr(lfg) and 5;(151) = 5;@2) This
implies together with (8) that (2, 51) = tris, (t1 = t2) holds.
For the other direction observe that if (2, 81) = trj, (f1 =
t2) holds, then tr, (t; = t9) is exactly the formula ¢; = t9
and for the assignment 3 it holds that 85 (t;) = B (t2) by
(5). Furthermore we get in this case that 3, (t1) = B (t2)
must hold and therefore we get (2*,3) |= (t; = t3). This
concludes the second direction.

For the case of a literal of the form ¢; # ¢5 suppose that [ is a
variable assignment such that (2%, 3) |= (t; # t2) holds. This
implies that S35 (t1) # By (t2) or B4 (t1) # B4 (t2) holds. For
the first possibility it follows by (9) that (20y, 1) |= trj, (t1 #
t2) holds. In the case that B3 (t1) # B3 (t2) holds, we get
by (9) that trj;, (t1 # t2) is precisely T and therefore again
the implication is valid. For the other direction assume that
(Q[)”ﬂl) ': tr;;2 (tl 7& tz) holds. Then either trﬁQ (tl 7£ t2) is
equal to T or it is equal to t; # to and B; (t1) # By (t2). In
both cases at least one of 3; satisfies 3; (t1) # B (t2) and
therefore 87 (t1) # ST (t2) holds. This proves the claim.



For the inductive step it is straightforward to see that statement
holds for all formulae of the form ®(x) A ¥(x) and ®(x) V
U (x) whenever it holds for ®(x) and ¥ (x).

It therefore remains to prove the statement for formulae of
the form 32.®(z,y) and V. ®(x,y). Let S be an arbitrary
variable assignment such that (A%, 3) = 3z.®(x,y) holds.
This is true if and only if there exists a variable assignment
B = puU{zr — (a,j)}, where (a,i) is a domain element
of 2* such that (A*,3") = ®(x,y) holds. By the induc-
tive assumption we get that this is the case if and only if
2Ax, 01 E trgé(cb(x,y)) holds. Since [A(a) > j] holds
clearly in 2y this is equivalent to the validity of (2L, 3]) =
A(z) > j]/\trgé(@(m,y)) for 8’ = pU{x — (a,j)}. Note that
such a § can be found if and only if (2, 1) = Jx.[A(z) >
Jl A trgé(é(x,y)) holds for some j. By Definition (12) this
means that (2, 51) = trg, (32.@(z,y)) holds.

The statement for formulae of the form Vz.®(x,y) can be
shown by an analogous argument. O

D. Proofs of Homclosure Membership Section

Lemma 62. Let ® be a T-sentence and let 2 be a finite T-
structure as in Definition 5. Then the following holds:

1) ®5 and ®R* are of polynomial size wrt. || and the
size of P.

2) Qg projectively characterizes the class of (finite) T-
structures having a homomorphism into 2.

3) B projectively characterizes the class of (finite) models
of ® having a homomorphism into 2.

Proof. The first statement follows directly from the definitions
of gt and DR,

For (2), let % be a TUp-structure that satisfies Qg. Let A\ be
the n-labeling of B given by the p-reduct of 5. The map A
is a homomorphism from the 7-reduct B’ of 9B to 2[. To see
this assume that b € P®’ holds for a tuple b from B. By the
definition of 2y we get that b € (Xg[)% holds. This implies
that A\(b) € P® holds and therefore A is a homomorphism. For
the other inclusion assume the i : B — 2l is a homomorphism.
It is easy to check that the implicit representation 8, of the
n-labeled structure (8, h) satisfies {2y and is an expansion of
5. This proves the claim.

Claim (3) follows immediately from the definition of ®g* and
the previous claim. O

Lemma 63. Let 2 and p as in Definition 5 and let B be an
arbitrary T-structure such that h: 8 — 20 is a homomorphism.
Then it holds for every T-formula ® and all assignments (3 that

(%B,8) = ®(t) if and only if (B, B) = Py (t),

where By, is the implicit representation of the n-labeld struc-
ture (B, h).

Proof. We prove the statement by structural induction over the
set of formulae. For the induction beginning let ®(¢) be an
atomic formula P(¢) and let 3 be a term assignment such that
(B, 8) = ®(t) holds. Since h is a homomorphism it follows
that (2, h o 8) |= P(t) and therefore also (B, ) = x5 (¢)
holds. The second direction of the equivalence follows directly
from the definition of x5 and since B}, is an expansion of B.

For the induction step let ®(¢) be of the form —W(t) such
that the statement already holds for . Note that then clearly
PUt(t) is equal to —WiR(¢) and we get:

(B,0) = @t) iff  (B,5) I ¥(t)
iff (B, B) B UR(t)
iff (B, B) = DY (L).

Assume that ®(t) is of the from ¥(¢) V I'(t) for formulae
WU(t) and ['(¢) for which the statement holds. Since ®(¢) is
by its definition of the form Wit*(¢) v I'mt(¢) we get

(B, 8) = @(¢)
iff  (B,0) E V() VI(¢)
iff (B,5) = ¥(t) or (B,58)=T()
iff (B, B) E UR'(t) or (B, f) Ty (t)
iff (B, B) F Uy'(t) VIR ()
iff (B, B) = O (2).
As the last case assume that ®(t) is of the from 3¢, ¥(t) for

formulae W(t) for which the statement holds. Then ®3(¢) is
by its definition of the form 3¢t; Ui*(£). We get the following:

(B, B) |= ©(¢)
iff 3b € B such that (B,8U {t; — b}) = U (¢)
iff 3b € B such that (B, U {t; — b}) = TE(¢)
iff (B, f) E O (2).
This concludes the proof of the lemma. O

Lemma 6. Let ® be an arbitrary T-sentence and let 2 be a
finite T-structure. The following are equivalent:

1) ® has a (finite) model admitting a homomorphism into .
2) @gft is (finitely) satisfiable.

3) G is (finitely) satisfiable.

Proof. By Lemma 62 Item 3, the sentence @5 projectively
characterizes the class of (finite) models of ® having a
homomorphism into 2. Therefore the equivalence of 1) and
3) follows immediately.

The implication from 1) to 2) follows from Lemma 63, since
for every (finite) model B of ® admitting a homomorphism
h into A, the structure B with \ := h is a (finite) model of
iyt

For the implication from 2) to 1) assume that ‘B is a model of
<I>§ft and let A\ be the n-labeling of 5 given by the p-reduct
of B. Let € be the 7-structure obtained by setting C' := B,



c® := ¢ for all constants, and P® := (x§)®. It follows from
the definition of x5 (¢) that A is a homomorphism from € to
2. Furthermore the definition of € implies that for all P € 7

and all b from B it holds

be ()

Since B satisfies ®* it follows that € does as well. Now
we apply Lemma 63 and get that € satisfies & which proves
that 1) holds. O

if and only if be (x5)>.

Theorem 7. Let L C SO and L™ := {5 | @ € L, A finite}
as well as L™ := {®¢ | & € L, finite}. If L= or L™
has the FMP, then [0] <~ = [W].7“ for every ¥ € L.

Proof. In order to show [U]7<« C [U] let B €
[W] <. Then U$* and Wi have by Lemma 6 models. By
the assumption L°** or L'"® have the FMP which means that
OXt or P are finitely satisfiable. Again by Lemma 6, we

get that ® has a finite model admitting a homomorphism into
% which shows that B € [¥] . holds. O

Theorem 8. InHomCl g, is complete for

1) 2EXPTIME for GNFO_,

2) N2EXPTIME for TGF,

3) NEXPTIME for FO2, 3*YV3*FO, 3*V*FO_, V*FO_,
4) NP for I*FO_ and I*FOL.

Proof. First consider 3*FOZ, noting that every such sentence
is already homclosed. Thus InHomClg,) is equivalent to
checking modelhood for the given 2. This can be done in
nondeterministic time by guessing an instantiation of the ex-
istentially quantified variables and checking satisfaction. NP-
hardness follows from a reduction from the graph homomor-
phism problem (even for disjunction-free sentences). We now
consider the other fragments. Extrinsic coloring for GNFO_
and TGF and intrinsic coloring for the others establishes a
polynomial reduction to the corresponding satisfiability prob-
lems via Lemma 6. Hardness follows by a reduction from
satisfiability via Proposition 4 in all cases (see Table I for
references for the complexity of the satisfiability problem in
each case). O]

Definition 9. We let 2Anxn denote the N x N grid, i.e., the
{H, V}-structure with domain Anxnx = N x N that satisfies
Huxn = {((k,0), (k + 1,0)) | k,£ € N} as well as V< =
[k, 0), (b, 0+ 1)) | B, € Y,

Let ®gyiq denote the TG sentence

(Vxﬂy.H(x, y)) A (Vxﬂy.v(x, y))/\

(16)
(mezv.H(:c, y) AV(x, 2) AV(y,v) = H(z, ’U))
For a given domino system D = (D,D, D, H, V), we define
the finite {H,V}-structure Up as follows: Ap = D as well as
HY = H and V¥» = V.

Lemma 64. 1) Every model B of ®giq is a {H,V}-
structures such that for every domain element b € B there
is a homomorphism h : Anxny — B with h((0,0)) = b.

2) Every model of ®griq has a homomorphism into a struc-
ture that is not a model of ®gyiq.

3) Every homomorphism from the N x N grid into Ap
corresponds to a D-tiling.

4) Every homomorphism from some model of ®gyiq into 2AUp
gives rise to a D-tiling.

5) Every homomorphism from some finite model of ®4yiq into
Ap gives rise to an ultimately periodic D-tiling.

6) Both membership in [Pgriq] ™~ and [Pgiq]=,, are unde-
cidable problems.

Proof. For (1), note that an easy inductive argument under the
usage of the extension properties defined in ®4iq proves the
claim.

For (2), simply choose § W J as target structure.

(3) follows immediately from the definition of a tiling and
from the definition of the structure QAp .

For (4), let B be a model of ®,,iq that has a homomorphism
to 2Ap. By (1) we get that 2Ayxy also has a homomorphism
to B and therefore also to p. (3) implies that this gives rise
to a D-tiling.

For (5), assume that 8 is a finite model of ®g4iq with a
homomorphism ¢ into /Ap. Let v: B — B and h: B — B to
functions such that (x,h(x)) € H® and (z,v(x)) € V¥ hold.
It is clear that such functions exist since B satisfies Pgriq. We
define a map f from N x N to B as follows. For an arbitrary
element o € B we set f(0,0) := o. In the next step we define
inductively the map on the elements Wy := {(x,0) | z € N}.
This is done by f(i + 1,0) := h(f(¢,0)). Since h is a
function this is well defined. Now we can assume that the
map is defined on the elements W; := {(x,7) | z € N}
and we extend it to W4y = {(z,i+ 1) | « € N} by
f(4,i +1) :== v(f(4,4 + 1)). Note that by the use of the
function h it is clear that after a finite initial sequence of
lenght at most |B|, the mapping f is periodic on the first row
Wy with respect to the assigned elements from B. Since the
definition of f at the nth column of the grid only depends on
the value f(n,0) the columns are in the same way periodic as
Wy is. Furthermore the graph of the map v contains finitely
many cycles of finite length. Let ¢ be the greatest common
multiple of these lengths. It is clear that for every element
x € B that lies in a cycle applying ¢ times the function v on
x results in the element x itself. This shows that f also has
a repetition on the rows in the grid in its definition after a
possible initial sequence of at most | B| elements.

What we observed about the function f implies immediately
that if t o f defines a tiling of the grid by tiles of D then this
tiling is ultimately periodic.

In order to prove that to f defines a tiling it is enough according



to (3) to show that f is a homomorphism from Aynxn to 8.
Consider the substructure 2 of 2Ayxn induced by Wy.

The map from 2y to B induced by f is a homomorphism,
since (f(4,0), f(i +1,0)) = (f(i,0), h(f(i,0))) € H® holds
for all ((4,0), (i + 1,0)) € H¥o.

Now we prove by induction that f is a homomorphism on
all structure 2J,;; which are induced by the sets W, ;. It
follows immediately by the choice of v that all tuples of
the form ((4,4), (j,i + 1)) € V¥i+1 for arbitrary j € N are
preserved by f. It remain to show the preservation of tuples
of the form ((j,i+ 1), (j + 1,4+ 1)) € H¥i+1. Consider the
elements f(j,i+1), f(j+1,i4+1), f(4,¢) and f(j41,7) in B.
By the induction hypothesis and the observation from before
we get that H(f(j,1), f(j + 1,1)), V(f(j,i), f(j,i + 1)) and
V(f(j+1,%), f(7+1,i+1)) hold in B. Since B satisfies the
sentence Pg,iq it follows that also H(f(j,i+1), f(j+1,i+1))
holds in 5. This implies that f induces a homomorphism
from 20,,1 to B and therefore concludes the proof that f is
a homomorphism.

For (6), we prove the statements by reductions from the
tiling problem and the ultimately periodic tiling problem. The
undecidability of these problems was shown in [3] and in [15],
respectively.

The reductions map a instance of the tiling problem, that is a
set of tiles D to the structure Ap.

To see that this is a correct reduction to the membership
problem of [®giq] ™~ note that D tiles by (3) the grid if
and only if Ayxy has a homomorphism to Ap. By (1)
and since Anxn is a model of ®,iq this holds if and only
if Ap € [Pgria] . This proves the undecidability of the
membership problem for [®giq] .

For the undecidability of the membership problem for
[®aria] =, we use the same mapping from sets of tiles to
structures. Assume that a set of tiles D admits an ultimately
periodic tiling ¢ of the grid. Let kinit, Fperiod; finits {period from
the definition of ultimately periodic tiling. Let ®’ be the finite
substructure of 2y that is induced by elements of the from
(:E7 y) where < kinit + kperiod and Y < linit + lperiod hold.
We add new tuples to the relations H® and V®' from ©’
and define in this way a new structure ®. For all elements
of the form (Kinit + Kperiod,y) We add the tuple ((kinit +
kperiod, Y); (kinit + 1,7)) to the relation uo’, Analogous we
add for all elements of the form (x,linit + lperioa) the tuple
(@, linit +lperiod); (2, linit + 1)) to the relation v Itis easy
to see that the so defined structure © satisfies ®4,iq. Since the
tiling ¢ was ulitmately periodic the restriction of the tiling to
the elements of © defines a homomorphism from © to Ap.
Since © is clearly finite this implies that the structure 2(p is
in [®ga] 2, -

For the other direction of the reduction proof assume that 2Ap
isin [@gyiq] =, - This implies by (5) immediately that D admits
an ultimately periodic tiling of the grid. O

Theorem 10. InHomClgy, is undecidable for TGD (and
hence for MIDTGD and DTGD).

Proof. Immediate from Item 6 of Lemma 64. O

E. Proofs of Homclosedness Section

Lemma 11. Ler L, L' C SO and f: L' — L such that

o (finite) unsatisfiability in ' is C-hard and

o f is C'-computable and maps T-sentences to T U {U} U 7'-
sentences with [f(®)]<w)lruqy = {(2,0) | A € [®] (<0}

Then HomClosed gy, for L is C-hard under C'-reductions.

Proof. We C’-reduce (finite) unsatisfiability in L’ to
HomClosed gy, for L as follows: given ®, compute f(®).

If the set of (finite) models of f(®) is closed under (finite-
target) homomorphisms then [f(®)](<w)|-uqu} is closed under
(finite-target) homomorphisms and therefore an empty set.
This implies that ® is (finitely) unsatisfiable. On the other hand
if @ is (finitely) unsatisfiable then [f(®)]<w)|ruquy as well
as [f(®)] (<. are closed under (finite-target) homomorphisms
since they are empty. O

Lemma 12. Let L, L' C SO and f: L' — L such that

o (finite) unsatisfiability in I is C-hard and

e f is C'-computable and maps T-sentences to TU {U}:senten-
ces with [f(®)]cw) = {(2, A) | A€ [~®] o) or A+ A},

Then HomClosed gy, for L is C-hard under C'-reductions.

Proof. We C’-reduce (finite) unsatisfiability in L’ to
HomClosed gy, for L as follows: given ®, compute f(®).

If ® is (finitely) unsatisfiable, then f(®) is (finitely) valid
and therefore its (finite) models are closed under (finite target)
homomorphisms.

If @ is (finitely) satisfiable witnessed by some (finite) model %A,
this means that (2, A) is not a model of f(®). Let now B =
20 - {U}, which clearly is a (finite) model of f(®). Moreover,
the identity function is a homomorphism from B to (2, A),
which shows that f(®) is not (finitely) homomorphism closed.

It follows that checking (finite) homomorphism-closedness of
f(®) is equivalent to checking (finite) unsatisfiability of .
O

Proposition 14. For any two T-structures 21 and B, any homo-
morphism h: A — B can be represented as the composition
ha o hy of two homomorphisms where

o hy: A — & is injective and

e ho: € = B is surjective and strong.

The same holds when consideration is restricted exclusively to
(homomorphisms between) finite structures.

Proof. Given 2, ®B, and h, we obtain €, hq, and hs as follows:

e C=AWB
o hi: A— Cis set to ida



e ho: C =» B is obtained via ho = h W idg

e c® = c? for every constant ¢ € T
e P ={(c1,...,c) | (ha(c1),. .., ha(ck)) € PP} for every
k-ary predicate P € 7. O

Lemma 18. Let B and 2 be T-structures, let h: B =» A be a

strong surjective homomorphism. Let n be a natural number.

Then there exists a function \: A — {1,...,n} such that

ethere is a strong surjective homomorphism h': B —» A*
satisfying h = wo b/, and

o B and A satisfy the same FO_ sentences of quantifier rank n.

Proof. Let A be defined by a + min(n, |h~'(a)|) where
h=1(a), as usual, denotes the set {b € B | h(b) = a}. Now
define h': B — A* such that the elements of h~!(a) are
mapped to {(a,1),...,(a,\(a))} in a surjective way, which
is possible by construction. By definition of A, the map
h' is a strong surjective homomorphism and clearly satisfies
h = mo h'. The equivalence of B and 2* regarding FO_
sentences of quantifier rank n can be shown as usual via an n-
step Ehrenfeucht-Fraissé game, where, upon spoiler picking e,
duplicator picks a fresh element from h =1 (7 (e)) or 7= (h(e)),
respectively. O

Theorem 32. HomClosed gy, for
1) GNFO._ is 2EXPTIME-complete,
2) TGF is CON2EXPTIME-complete,

3) any of FO2, V*FO_, 3*FO_, YYIIAFO, and IAVYVFO is
CONEXPTIME-complete.

Proof. For all cases, membership can be shown for the finite
cases directly via Theorem 31 by a polynomial reduction to
a fragment with the appropriate unsatisfiability problem. The
general cases can be reduced to the finite ones via Theorem 24.

Hardness follows for GNFO_, TGF, ]F(O)i, and V*'FO_
as well as VVI3FO via Lemma 11 from the correspond-
ing known unsatisfiability complexities. For I*FO_ and
J3VVFQ, it follows via Lemma 12 from the unsatisfiability
complexities of V*FO_ and YV33FO, respectively. O

Theorem 33. HomClosed gy, for TGD is NP-complete.

Proof. For NP-hardness, we reduce the 3-colorability problem
to HomClosed gy, as follows: given a finite graph expressed
as { E'}-structure @, three-colorability of & is equivalent to the
existence of a homomorphism from & to £; (the complete but
loop-free 3-element graph). However, this is the case exactly if
the TGD sentence & = cq(R;) = cq(®) is a tautology. This,
in turn coincides with [®] being closed under homomorphisms
(as, for the negative case, we find that £; ¢ [P] receives a
homomorphism from J € [®]).

In order to show NP membership, we provide a corresponding
nondeterministic polytime algorithm that answers the
question. From now on, we consider a TGID sentence &
as the finite set of conjuncts, each representing a single
TGD (simply called “rule” in the following). We first

apply a PTIME preprocessing as follows: One by one, go
through all the rules Vz.o(x)=3y.¢(x,y) of & and do
the following: Let ~ be the smallest equivalence relation
over all the atoms from 1) such that « ~ o' whenever
a and o' share an J-quantified variable from y. For
every ~-equivalence class, form the conjunction over its
atoms and J-quantify over all variables from y occurring
therein. Let 3Jyi.¢1,...,3yn.10, be the formulae thus
obtained. Now, replace Va.p(xz)=3y.¢)(x,y) by the rules
Va.p(x)=Ty1.¥1(x, Y1), - - ., VEe.o(x)=Typn . n (2, Yn).
Finally, the new rule set is deterministically partitioned into
two sets: those where all variables present in ’s atoms are
J-quantified will be called disconnected, all other rules will
be called connected. Obviously all this preprocessing can
be done in deterministic polynomial time and produces a
partitioned rule set of polynomial size in the original one.
Moreover, the obtained rule set is semantically equivalent to
the original one.

We proceed do describe a polysize certificate witnessing
homomorphism-closedness of a preprocessed rule set. Our
certificate contains the following:

e a relevance partitioning of the rule set into self-redundant
and self-irredundant rules, where all connected rules (but
possibly also some disconnected ones) are categorized as
self-redundant. It is straight forward to check validity of
such a partition in PTIME.

e a redundancy witness for each of the self-redundant rules:
a substitution h: y — x sending every atom inside 1 to
an atom inside ¢. Obviously redundancy witnesses can be
verified in PTIME.

o a universal model derivation: a forward-chaining derivation
sequence starting from J using only self-irredundant rules
and applying each rule at most once, including the homo-
morphisms used for the rule applications. Let 91 denote
the universal model constructed in this derivation. Again
such a guess is of polynomial size and allows for PTIME
verification.

o a discharge witness for each self-irredundant rule: a map-
ping h: y — M sending every atom R(y1, . .., y,,) inside ¢
to a “semantic atom” inside 9, i.e., (h(y1),...,h(yn)) €
R™. Discharge witnesses can be verified in PTIME.

Summing up, the algorithm’s guess consists of one relevance
partitioning, one redundancy witness for every self-redundant
rule, one universal model derivation, and one discharge witness
per self-irredundant rule. Verification for each can be done in
PTIME.

We now argue that the algorithm is correct (i.e., that the
existence of a certificate as above coincides with the TGD
set’s homomorphism-closedness):

i) First, consider the case where one of the connected rules
is not self-redundant (i.e., no appropriate witness can be
provided). For such a rule Va.¢(x)=3y.¢)(x,y), let A,
be such that cq(A,) = Jz.(x). Then, § is a model, but



§ WA, is not — due to the special form of ¢ that we
achieved in the preprocessing. This is despite the existence
of a homomorphism from §. Thus the rule set is not
homclosed, as required. In the following, we consider the
case where all connected rules are indeed (self-)redundant.

ii) Obviously, self-redundant rules are tautologies and hence
have no influence on the set of models, so the question
if the rule set is homomorphism-closed reduces to the
question if its subset of self-irredundant rules is. By now
we know that, in the considered rule set, every such rule
Va.p(x)=Jy.4y(z, y) must be disconnected, i.e., be such
that no variables from @ occur in 1), therefore any such rule
can be written as (3x.¢(x)) = (3y.¢(y)). Henceforth, we
assume our considered rule set contains the self-irredundant
in this syntactic form. From the structure of the rules
follows that there exists a finite universal model (i.e. one
which has a homomorphism into every other model) 2
which can be obtained in a forward-chaining derivation
where every rule is applied at most once. This information
is provided by the certificate’s universal model derivation.

iii) We proceed to consider two cases.

a) Assume the non-existence of a discharge witness of
(Fx.p(x)) = (3y.¢(y)). This means that among the
remaining rules, there is one (3x.¢(x)) = By.¢v(y))
for which 9 B~ Jy.4p(y). Yet in that case M & A, is
not a model (mark that the rule is not self-redundant by
assumption), despite the existence of the trivial homo-
morphism from 9t — consequently the rule set is not
homclosed.

b) The existence of all discharge witnesses proves that
each remaining rule’s head is satisfied in 901. Then,
the same holds for every structure 9 into which a
homomorphism from 9 exists, which trivially entails
that all remaining rules are satisfied in any such 9" and
hence the rule set is homclosed. O

FE. Proofs of Characterizing Homclosures Section

Proposition 37. [® .|~ cannot be characterized within FO_.

Proof. We note that 2 € [®o ]~ exactly if 2 contains an
infinite P-path. Hence, if 2 is finite, 20 € [®,,] exactly if
2 contains a directed P-cycle. Checking for the existence of
directed cycles is NLOGSPACE-complete [18] whereas FO_
sentences can only describe problems in AC? [17], which is
strictly weaker than NLOGSPACE [10]. O

Theorem 38. EXCharHomCl](l‘<w) is undecidable for FO_
sentences whenever 1L is a non-degenerate logic with a de-
cidable model checking problem.

Proof. We show the claim by a reduction from (finite) satis-
fiability. Let U be an arbitrary FO formula.

Consider ¥ defined as W*el(®) A®@giq chosen in a way that the
signature 7, & {U} of Urel®) and the signature 7o of Dyrig are

disjoint. If ¥ is (finitely) unsatisfiable, then so is ¥’. In that

case U’ }]:u(j“’) is empty and can be characterized by ® fqise.

If ¥ is (finitely) satisfiable, then any sentence U (finitely)
i, (<) :

characterizing [¥’] ;" can be turned into a procedure for

deciding if for a domino system D a(n ultimately periodic) D-

tiling exists: this is the case exactly if the structure 2p-71 - {U}

is a model of .

It follows that the (finite) homomorphism closure of [¥'] .,
is characterizable (in any non-degenerate logic L) exactly if

¥ is unsatisfiable. Checking the latter is undecidable. O
Theorem 39. ExCharHomClE‘@) is undecidable for TGD

sentences whenever 1L is a logic able to express cq(F) and
having a decidable model checking problem.

Proof. We show the claim by a reduction from the existence
of a(n ultimately periodic) tilling by the deterministic domino
set D.

Let the TGD sentence ®p_iiing With signature 7 be defined as
in Definition 34. Let

DD tiling = PD-tiling A ((H:E.T@(x)) = CQ(g))-

If no (ultimately periodic) D-tiling exists, then cq(F) charac-

. /! —>(<w)
terizes [ ijingl (<o)

(61)

If, on the other hand, some (ultimately periodic) D-
tiling exists, then any sentence W (finitely) characterizing
[®Pgiting ] -~y can be turned into a procedure for deciding if
for some other domino system D’ a(n ultimately periodic) D’-
tiling exists: this is the case exactly if the structure 2(p/ -0 with
o =7\ {H,V} is a model of ¥. This holds since all {H,V}-
reducts of models of @7, ;;,, satisfy @giq and furthermore
if an ultimately periodic D’-tiling exists we can find a model
of @’D_tiling such that the period of the grid induced by its
{H, V}-reduct is a multiple of the period of the D’-tiling. This
is possible since a domino set that tiles the grid with an
ultimately periodic tiling with period length £ also tiles it with
an ultimately periodic tiling with period length k - s for all

seN.

It follows that the (finite) homomorphism closure of
[®p gilingl(<w) is characterizable (in any decent logic L in
the above sense) exactly if some (ultimately periodic) D-tiling
exists. Checking the latter is undecidable. O

Proposition 40. Every I*V*FO_ sentence & satisfies
[®]7 = [®]=, and one can effectively compute a 3*FOT
sentence U with [®]~ = [¥].

Proof. Assume ® is over the signature 7. Let &% be the
V*FO_ sentence obtained from ® via skolemization of all
the existentially quantified variables into constants. Clearly
then [®] .y = [®] (<) |+ Since @ is a V*FO_ sentence,
any model 2 gives rise to a “small” submodel by taking
the substructure 2" induced by the set A’ C A containing
all elements denoted by constants (if the signature has no
constants, pick one arbitrary element). Moreover, the identity



on A’ is a homomorphism from 21’ to 2. Let A be the set
of small submodels thus obtained, for which therefore holds
A7 = [®¢]™ and hence also A|-> = [®]. Due to the
bound on the domain size (number of constants), A (and thus
A|) can contain only finitely many different structures (up to
isomorphism) and is effectively computable via enumeration
and model checking. Hence A|;” can be characterized by the
3"FO_ sentence W = /g 4 cq(A). O

Theorem 43. 1) FO2 homcaptures itself.
2) TGF homcaptures itself and 3*VYVI*FQ.
3) GFO_ homcaptures itself and GNFQO_.

We split the proof into separate statements and prove them
individually:

« Proposition 69 deals with homcapturing of FOZ

« Proposition 84 deals with homcapturing of GFO_

« Proposition 86 deals with homcapturing of GNFO_

« Proposition 87 deals with homcapturing of TGF

« Proposition 88 deals with homcapturing of 3*VYVI*FO

Before, however, we will show a useful result, which allows
us to — without loss of generality — restrict our attention to
(projective) normal forms of the considered logics (as they
are typically used in results related to satisfiability).

Lemma 65 (projective normal form sufficiency). For some
TCT CT let

o O be a T-sentence,

e O be a T'-sentence projectively characterizing ®, i.e.,
[T}~ = [@].

o U be a 7"-sentence projectively characterizing the hom-
closure of ¥, ie., [®']7 = [¥]|,-

Then VU also projectively characterizes the homclosure of ®,

ie, [@]7 = [¥]|- holds.

Proof. Since 7 C 7/, we obtain

(Y]l = [~ = [[CI)/H%“ = [[CI)I]H? = [[(I)]]H~ (62)
For the equality denoted by =, we show the two inclusions
separately:

“C”: Let B € [®'] 7 |,. Then there exists a 7/-structure B’ €
[®']7 with 8’|, = B. Hence there exist a 7’'-structure 2" €
[®'] and a homomorphism h: A’ — 9B’. But then h also
serves as a homomorphism from 2 = 2’| to B'|, = B. By
2A € [®']|; we then obtain B € [D']|.

“D”: Let B € [®']|7”. Then there exist a 7/-structure A’ €
[®'] and a homomorphism h: 2’|, — B. Let now B’ =
B - T//\\T Clearly, then h serves as homomorphism from 2
to B, thus B’ € [P'] . Yet, since B’|, = B, we obtain
B e [D] 7] O

As the next three results (namely Proposition 69, Proposi-
tion 84, and Proposition 87) will make use of some essentially

equal parts in the homcapturing sentence we introduce these
“generic” parts beforehand.

Definition 66. Let ® be a FO sentence over some fixed
signature T and let C' denote the set of all constant symbols
from 1. Additionally, we fix some map width mapping each
T-formula to some natural number, its so called width. We
specify this map when the need arises.

A type t is a maximal consistent set of T-literals (i.e., negated
and unnegated atoms where the relation symbol is from T)
over terms from v U C, where v is a dedicated, finite, linearly
ordered set of type variables of cardinality > width(®).
When necessary we might explicitly mention the signature at
consideration, i.e. we say T-type. To each type t we associate
a v-subsequence vy enumerating the variables of t. We say
t is an n-type, or equivalently is a type of order n, if vy is
a sequence of exactly n variables. We define order to be a
map from the set of types to the natural numbers, associating
to each type its order, ie., an n-type t has order(t) = n.
For a structure 2 (with domain A) we say that an n-type
t is realized by an n-muple a = (ay,...,a,) € A", if for
the componentwise evaluation map v: vy — a,(vy); — a;
the relation (2,v) E t holds. We say a type t of order n is
realized (k times) in 2 if it is realized by (k distinct) n-tuples
Sfrom 2.

Given an atom § using exactly the variables from x (and
possibly additional constants), we say a type t is guarded by
0 if there exists a variable substitution v: x — v U C with
vy C {v(x) | € x} such that v(0) € t, where the application
of a substitution v to an expression replaces all occurrences of
every variable x in v’s domain by v(x). Then v will be called
guard witness. A type t is guarded, if it is guarded by some
atom. A type t is called rigid if it does not contain literals of
the form v = v’ (for distinct variables v,v' from v¢) or c = v
or v =c for c € C. For v/ C vy, we obtain the v’-subtype
of t, denoted t|,/, by removing from t all literals mentioning
any variable from vy \ v'.

By £ we will denote a fixed finite set of rigid types and call
it the set of eligible types. For a T-structure 2 we denote by
E(A) its type summary, which is a pair (E4,&)) of subsets of
E such that £ (&) contains every type realized (exactly once)
in A. Furthermore, the model summary (®) of a sentence ®
is defined by {E(21) | A € [®]}.

For a set £ of eligible types we extend the signature T by a
set o of type predicates: o contains a new n-ary predicate
Tpy for every eligible n-type t € £. Let A be a T-structure.
The E-adornment of 2, denoted by - £ is the T o-structure
expanding 2 such that Tpd¢ = {a | a realizes t in A}.

If A,'B are T-structures such that there is a homomorphism
h: 2 — B and we have a set of eligible types &, then we
denote by B - h(U - E|,) the W o-structure B’ expanding B
with Tp2" = {h(a) | a € TP €}.



We define

= /\Vvt.(Tpt('vt) = N{a€et|a positive lit.}). (63)
teg

\I’hom

For every (E4,&) € (®) let Vyep (¢, &) be the conjunction
of the following formulae:

Jv¢.Tp,(v¢ for te £, (64)

)
Vv Tp(ve) = forte E\ &4 (63)
Vo Tp(ve) = Tpt,(vy) for t,t € £t =ty (66)

Va.Tp(x) = Tp,(ns" () for t€ &, k: v = v (67)

where

e the permutation k on the set v is extended to variable
tuples in the usual way and also used as substitution on
logical expressions,

e for a (repetition-free) tuple v’ of variables from v, we let
’ . . . .

1y denote the sorting function rearranging the entries of

|v'|-tuples in a way that 0% (v') becomes a subsequence

of v.
Several remarks to this definition:

1) Note that each signature 7 is finite (hence also the set of
constant symbols C' from 7) and the set of dedicated type
variables v is finite as well. Hence there are only finitely
many distinct literals with terms from vUC. This implies
the finiteness of every type t. For convenience we may
identify t (which is a set of literals) with the conjunction
over all the literals contained in it, i.e. At (which then
is a formula).

2) Given a 7-structure 2 and a tuple @ = (ay, ..., a,) (such
that length(a) < length(v)), a realizes one, up to per-
mutation of type variables, unique type t characterizing
the induced substructure of 2 by the elements from a
and the interpretations of every constant symbol. To be
more precise, let vy = (v1,...,v,) be the initial segment
of v of length length(a) and u: v¢ — a,v; — a; the
componentwise evaluation of v, by a. We extend u to
v UC by defining z(c) = c® for every ¢ € C. For each
Rand t = (t1,...,t.xw) € v UC the literal
e R(t) is in t, iff ;(t) € R* and
e —R(t) is in t, iff u(t) ¢ R®.

This set is consistent as (by 2( being a structure) for ¢ we
cannot have u(t) € R* and p(t) ¢ R® simultaneously.
Furthermore it is maximal since either p(t) € R® or
w(t) ¢ R*. To show uniqueness (up to variable perrmu-
tations), assume there were a second type t* also realized
by a such that for all k: v < v the inequality ~t* # t
holds. Without loss of generality we may assume that
vy = v¢ = (v1,...,0,) and K mapping each v € vy
to itself (and hence kt* = t*). As t # t* there is some
R € 7 and t(ty,...,txww) € veUC such that R(t) € t
and R(t) ¢ t*. By maximal consistency of types this

means —R(t) € t*. But as a realizes both types we obtain
w(t) € R* and u(t) ¢ R*, a contradiction.

3) A note on eligible types: Depending on the logical
fragment under scrutiny, we will make the notion of
eligibility more specific. In fact, for ® a sentence from
some fragment of FQ, the finiteness will be ensured
by considering just types whose order is bounded by
width(®).

4) As a corollary to sets £ being finite, we immediately
obtain that for an FO sentence ® (and a set of eligible
types &) its model summary (®) is finite.

Lemma 67. Let T be a signature and ® a FQ T-sentence. Let
& be a finite set of rigid types.

1) For every t,t' € & and every 2 € [®] with E() =
(E4,8) € (D) with ' = |, and t € £, then also ' €
E+. More specifically: Every componentwise assignment
w: vy — a of the variables from t to a tuple a from 2
of length order(t) witnessing the realization of t by a in
A gives rise to a subtuple a' of a, namely p(vy), such
that @' = |y, witnesses the realization of t' by a’ in 2.

2) If € is closed under taking variable permutations, i.e., for
every t € £ and k: v —» v also Kkt € &, then so is £
for every (£4,&) € (D).

Note that Item 1 essentially asserts for every (£1,&)) €
a kind of limited closure under taking subtypes in £ .

(®)

Proof. Let ® be a FO 7-sentence and £ a set of eligible types.

We first show Item 1. Let t,t' € £ with t' = t|,,, ™A € [®],
ER) = (E4,&) € (P), and t € £1. Hence t is realized in 2A
by some tuple @ = (ai,...,a,) € A" where n = order(t).
Let u: v¢ — a be the componentwise variable evaluation
witnessing this realization, i.e. (2, u) F t. Now we set
t: vy — v, v — v. Then the map p o ¢ witnesses the
realization of t' = |, in A by the subtuple y(vy ) (obtained
by componentwise application of u) of a. As t' € £ we
conclude t' € &;.

Now take £ to be closed under taking permutations of vari-
ables, let 2 € [®], and E(A) = (£4, &) € (P). Furthermore
take some type t € £, and some permutation K: v —» v.
Since t € £, it is realized by some tuple a = (ay,...,a,) €
A™ where n = order(t). We denote by p: vy — a the com-
ponentwise variable assignment witnessing the realization of t
by a in 2, i.e. (Ql 1) E t. Then the tuple 75Vt (a) realizes «t,
witnessed by 4’ vy — 05 (@), (57 (v)i = (5 (a));.
As & is closed under taking permutations of variables, we
conclude that kt € £;. This establishes Item 2. O

Lemma 68. Let © be a FO T1-sentence, £ be a set of eligible
types (i.e., a finite set of rigid type) closed under variable
permutations, and o be the set of fresh type predicates Tp, for
all t € E. Then for A € [®] the E-adornment A - € satisfies
Uyene(a). Furthermore, for every B being a homomorphic



codomain of A via a homomorphism h: A — B the T W o-
structure B - h( - €|, ) equally satisfies W gy, £(21)-

Proof. Let ® be a FO 7-sentence, A € [®] and let £ be
the set of eligible types and £(2) = (€4, &) denote the type
summary of 2(. We show that the £-adornment 2 - £ of A
satisfies Wge, g(21). More specifically:

For all t € £ the interpretation Tpfl"g contains by definition
some tuple a from -£ if and only if a realizes the associated
type tin 2. As every t € &£, is realized in 21 we conclude that
A - £ satisfies Formulae 64. As none of the types t € £\ &4
is being realized in 2(, we see by the same token that the
interpretations Tp%"‘g have to be empty. Hence we immediately
obtain that 2 - £ satisfies Formulae 65.

Now take t,t' € £ such that t' = t|,,, and let a be some tuple
from 24 - € such that a € Tp¢. By definition a realizes t in
2, let u: vy — a be the componentwise evaluation witnessing
this. By Lemma 67 t’ is realized in 2 (i.e. t' € £;) by the
subtuple p(vy¢) (u applied componentwise) of a realizing
t'. Hence it is in Tp{ ¢ by definition. Finally, observing
that o assigns the tuple @ componentwise to v¢, yields the
satisfaction of Formulae 66 by 2 - £.

To show the satisfaction of the last kind of Formulae (i.e.
Formulae 67), let t € &£, k: v —» v a permutation of the
variables and a a tuple from 2 - £ such that a € Tp?¢. Note
that, since & is closed under taking permutations of (type)
variables, kt € £. As for every t € £ \ £, the interpretation
Tp?‘g is empty, it suffices to discuss the case when t € &,.
Hence a realizes t in 2. It is plain that 75V (a) realizes t in
21, hence st € £,. Thus we obtain 75V (a) € Tp2,¢, showing
that A - £ satisfies Formulae 67.

We now turn to the second part of the lemma. Let B be a 7-
structure such that there is a homomorphism h: 20 — B. We
show that the structure B - h(2 - £],) (which we will denote
by 9B’) also satisfies Ueen,e20)- Additionally, h: 2 — B is
also a homomorphism if lifted to h': A - & — B'. As h is
already a homomorphism from 2 to 8 we only have to check
whether for every Tp, € 0 and a € Tp?€ the image of a
under b’ satisfies h'(a) € Tp® . But by definition of 9B’ the
interpretation of these type predicates is already defined to
be the homomorphic image of the respective interpretations
in 2 - & Hence h'(a) € Tp?' yielding that A’ is also a
homomorphism.

Applying this knowledge we immediately obtain that 9B’
satisfies Formulae 64: As 2 - £ satisfies 64 we find for
every t € £, a tuple a such that a € Tpf"g. As b/ is a
homomorphism we get h'(a) € Tpt%/. To show satisfaction
of Formulae 65 we note first, that by definition of B’ we
interpreted the type predicates exactly as the homomorphic
image of their interpretation in -£. Hence for every t € £\E4
we obtain Tp;B/ = () as Tp*¢ was already empty. This yields
Formulae 65.

Now let t,t' € & such that ' = t|,, and let b be a tuple
from 9B’ such that b € Tp® . As b is in Tp® we know by
definition of 2B’ that b is the homomorphic image of some

tuple from A - £, more specifically we find a tuple @ in - &
such that a € Tp{¢ and h/(a) = b. Let p: vy — a be the
componentwise evaluation witnessing the satisfaction of Tp,
by a in - €. By Lemma 67 the subtuple a* = u(vy ) (where
u is applied componentwise) of a satisfies Tp,, in 2 - £. By
applying i/ to a* we obtain a subtuple b* = h/(a*) of b
which satisfies b* € Tp%‘l. This ensures the satisfaction of
Formulae 66 by B’.

Finally, let t € £, k: v < v a permutation of the variables and
b a tuple from B’ such that b € Tp?,. Since by definition of
B’ the interpretation Tp® is non-empty if and only if t € £,
it suffices to assume just that. From b € Tpt‘B/ we obtain via
the definition of 9B’ that there is a tuple a in 2( - £ such that
a € Tp{*¢ and h'(a) = b. As Formulae 67 hold in 2 - £ we
can conlude that %Vt (a) € Tp2;. As the application of maps
that are defined on elements extends to tuples componentwise,
neYt and h' commute, hence

W (gt (a)) = ngt (W (a)) = ng" (b)

and since h’ is a homomorphism we obtain immediately
nEve(b) € TpZ, . This proves that B’ satisfies Formulae 67
and concludes the whole proof of the lemma. O

(68)

Proposition 69. For every FO2 7-sentence ®, there exists a
FOZ sentence U such that [®]~ = [¥]].

Proof. Thanks to Lemma 65, we can w.l.o.g. assume ® to be
in Scott’s normal form, i.e.

O = Vaey.o(x,y) A /\Vxﬂy.wi(x, Y),

7

(69)

where ¢ and all v; are quantifier-free FO2 7-formulae.

Let v = {vy, vy} be the set of dedicated type variables we will
use in this proof. We now define the set £ of eligible types
as all rigid 1-types and 2-types (using variables from v) wrt.
7. Note that £ is closed under variable permutations. As there
are only two permutations on {vy,v2} (the identity and the
permutation x mapping vy to vo and ve to v1) we will denote
for every t € £ by t~ its flipped version xt. Note that this
leaves constants untouched.

Let now
U=Tpom A\ Ve, e, (70)

(£r,E)€(®)
where U ¢, ¢,) is obtained as the conjunction over W, (¢, )
and the following sentences (letting &, ; and &, o denote the
1- and 2-types in &, respectively, and letting & ; denote the
1-types in &):

Voy. Tp(x) ATp(y) =2 =1y forte &1 (71)

Vazy.Tpy (z) A Tpw (y) = \/ Tp(z,y) for t't’ €&, 1(72)
te&, o
tlo, =t/ tly,=t"

V:cﬂy.(\/ Tp(z) = \/ Tpy (x,y)) ¢; from @ (73)
tEg-t-,l t/e£+12
t =i (v1,02)



Clearly, ¥ is a IE‘(O)i TWo-sentence. Moreover, we obtain
[®]7 = [¥]|,:

“C”: Let A € [®] and let h: A — B. Obtain A’ =2 - £ and
B =B-h(A-£|,) as described before. Pick (&;, &) = E(A).
Then A’ = W ¢, ¢,) because of ®-modelhood and A’ |= Wy
by construction. Furthermore, by applying Lemma 68 21’ as
well as B’ satisfy Woen, (e, &)+ Next, Formulae 71 holds by
definition of 2’ and the fact that & ; contains the 1-types
realized exactly once. Hence every type predicate associated
to such a 1-type can only be satisfied by exactly one element
from 2. By definition of 28’ Formulae 71 also hold there:
Since every type predicate from ¢ is interpreted in 5’ as the
homomorphic image of the interpretation of the very same
type predicate in 21, and those are singleton sets, we obtain
the claimed satisfaction. Now let by, by be elements from B’
such that there are types t,t/ € £, ; with by € Tp® and
b, € Tp?f/. By definition there are a; and as in 2" with a; €
Tpf,l/ and a; € Tpf,‘/ such that h(ay) = by and h(az) = bs.
Without loss of generality we now assume vy = {v;} and
vy = {vg}. If this were not the case, using the closure under
variable permutation we could enforce this condition. Note
that it will be only important for the next step in a technical
way, to extract a 2-type that is rigid. Because now we obtain
by definition of 21’ (and the uniqueness of the realized types of
elements/tuples) that a; realizes t, aq realizes t” and (a1, az)
realizes some type t that naturally satisfies t|,, = t' and t|,, =
t’. Hence (a1, as) € Tp and applying h we obtain (by, by) =
h(ay,as) € Tp® . This argument yields 72. Finally we discuss
that B’ satisfies 73. Suppose b be in B’ and let t € £4 ; be
some type such that b € Tp{%/. Hence there is a in 2’ such
that h(a) = by and a € Tp®. As 2 as an expansion has
the same domain as 2 and 2 F & we obtain an element a;
such that (a,a;) satisfies ¥;(x,y) for all ¥3-conjuncts in P.
The type t(v1,v2) realized by (a,a;) is in €4 » and we have
' E ;(v1,v2). Hence (a,a;) € TpY . Applying h we first
obtain a b; = h(a;) such that also (b,b;) € Tp® holds. By
this argument 73 holds in ®B’. Consequently B’ must be a
model of U, hence B € [V]|,.

“2”: Let B’ be a model of ¥ and let ¥ (¢, ¢,y be the disjunct
made true in the rear part of W. The crucial observation about
the structure 9B’ is that in general, elements a or a tuple (a, b)
from B’ may satisfy more than one type predicate. Note that if
this would not be the case, we’d easily find a weak substructure
A" of B which is projectively in [®]. This holds since the type
predicates inherit the satisfiability of ®. In order to overcome
this difficulty of “ambiguity of types” we construct a structure
A € [®] and a homomorphism A — B’|, as follows: first
construct the o-structure 2 by letting

A ={(bt)|beB,beTp, t€q}. (74)

For the unary type predicates, let Tp? = A’ N (B x {t}) and
for binary type predicates, let

oY = {((0 ), 001)) | th=t' thu=t", (0,) € ToT |

In a next step, we define 2 from 2’ as follows: let k be the
maximum number of distinct t” € &, 5 with (a,d’) € Tp%l,/
across all pairs (a,a’) from A’. Define a function t*: A’ x
A" x{0,...,k — 1} — &, such that for every a,a’ € A/,
the set {t'(a,a’,i) | 0 < i < k} contains all and only the
distinct ¢/ with (a,a’) € Tp%, (with possible repetitions) and
t'(a,a’,i) = t"(a’, a,4)”. Note that the last identity is possible
by (67). Now, let

Ar={(b,t) e A | te &} (75)

and let

A=A x{0}U(A"\ A) x{0,...,k—1}. (76)
Note that A, contains for every t € £ ; exactly one element
of the form (b, t) since B satisfies (71). We assign relations to
the type predicates as follows (for all t € £, ;1 and t” € &, »):

T2 ={(a,i) | a € TP } for t € &, 1 (77)
T ={((a,i), (a', 7)) | t(a,a’,i+j mod k) =t"}. (78)

It follows from our construction that the structure 2 satisfies
formulae (64), (65), and (71). To see that (66) is satisfied
consider ((a,4), (a’,j)) € A? such that ((a,4), (a’,j)) € TP}
holds. By the definition of Tp* we get t’(a,a’,i + j mod k) =
t. Let (a,a’) = ((b,t%), (V',t)). Since (a,a’) € Tp holds
by definition of t’ we get by the definition of Tp?' that t|,,, =
t* holds. By the definition of Tpf‘/ and since ‘B satisfies (66)
we have that (b, ) is in Tp% . This implies that ((b, t*),4) is
in Tpj.. Since t|,, = t* holds and the same argument works
for vy and %', we showed that (66) is satisfied in 2.

Formulae (67) clearly hold in 2L. In consequence, ¥ (¢, ¢,) as
well as (71) holds in 2.

For signature elements from 7, choose 2 guch that all (pairs
of) domain elements realize exactly the types as indicated by
the type predicates. This is possible since, by construction,
there is exactly one 2-type-predicate holding for every pair
of domain elements. Furthermore, every domain element has
been assigned exactly two 1-type-predicates (whose associated
types only differ in the used variable name but are otherwise
identical by (67)) by the definitions (74) and (77). The 1-type-
predicates also fit with all the two-type predicates by what we
have shown before.

We now claim that 2|, is a model of ®. To see this,
consider an arbitrary element a = ((b,t),7) € A. Since B
satisfies (73), there exists a b’ € B such that that the inner
implication in (73) is satisfied (for x = b and y = b).
By the construction of 2A, we know that b € Tp® holds
and therefore the premise of the implication is satisfied. This
implies the existence of a type t' such that (b,b’) € Tpg and
' = 9;(v1,v2) hold. By the definition of t’, we can find a
j such that ¢’((b,t), (V',|.,),i+j mod k) = t'. Therefore,
we get for @' = ((b,t|,,),5) that (a,a’) € Tp} holds.
By the definition of the 7-relations from £, it follows that
1;j(a,a’) holds in 2. The proof for the conjunct Vzy.p(x,y)



is by an analogous (but easier, since “type-internal””) use of
formula (72). Consider arbitrary elements a = ((b,t),i) € A
and o/ = ((b/,¥),7') € A. By construction of 2 we know
that b € TpY and &Y € Tpg. By 72 there is a at least
one t/ € &, with t’|,, = t and t'|,, = t such that
(b,b') € TpZ. Hence by definition of t’ one of those types
t" sastisfies t'((b, t), (b, ), i+ 4 mod k) = t”. Consequently
(a,a’) € Tpy, by construction. By the definition of the 7-
relations from 2 we immediately obtain that (a,a’) realizes
t”. Now note that, as t/ € &£; 0, ' F ¢(v1,v2) since £
collects all eligible types realized by some 2* € [®]. Hence
(a,a’) satisfies ¢ in 2. Thus the conjunct Vay.o(x,y) holds
for 2.

By our construction, h: A|; — B|, with ((b,t),7) — bis a
homomorphism, which proves the statement. O

Before characterizing the homclosures of a GFO_ or a TGF
sentence, we first discuss normal forms for each fragment,
which we will facilitate in the upcoming proofs.

Lemma 70. Let ® be a GFQ_ 7-sentence. Then there exists
a normal form @’ over an extended signature o WTW{D} (with
D being a unary relational symbol) such that ®' has the form
Q' = &y A O A D5 where

Op = V.D(x), (79)

o, = /\V:c.(ai(a:) = ¥, [a:]), (80)

s = A\v=(8i(2) = Jyruw2). 6D
J

with 9, is a disjunction of literals, o, B; are guard atoms, and
7vj is an atom, such that every model of ® can be extended to
a model of ®' and any model of ®' restricted to the signature
T is a model of P.

Proof. Let ® be a GFO_ 7-sentence. The construction will be
done iteratively. As a note on notation we will collect for every
iteration step ¢ in the first big transformation some sentences
in sets A% and E%. The collected sentences will be of specific
forms: Sentences from A% have the form

Ve.o(x) = V] (82)

(where « is a guard atom and ¥ is quantifier free) and those
from Ej have the form

vz.(B(2) = Fy (=) A vly2])

(where 8 and « are guard atoms and ¢ is quantifier free).
Finally, A% and E% will constitute two finite monotonically
increasing sequences of sets, i.e. Ay, C AL and Ef C EL
for every ¢ > 0 such that Af;'l and Ef;'l are defined.

(83)

If x is a (proper) subformula in ® and ¢/ a formula with the
same free variables as x, we will write ®[x /1] for the formula
we obtain by replacing every occurence of x in @ by .

In a preliminary step we will transform ® to a sentence ®° to
ensure that

1) every proper subformula of ®° has at least one free
variable,

2) ®° has an outermost universal and guarded quantification
(and every other quantification is in the scope of this
universal quantifier), and

3) every quantification properly inside the scope of the
outermost universal one is existential.

Let u be a fresh variable symbol completely unused. To
establish Item 1 we introduce for every relational symbol
R € 7 a fresh symbol R’ (which we add to o) such that
ar(R’) = ar(R) + 1. We then substitute every atom R(t) in &
by the corresponding R’ (¢, u). The so obtained formula will be
denoted by ¢ (u). Note that by uniformly using u the formula
1 (u) stays guarded. We furthermore let A% consist of just the
sentences VaVu.R'(z,u) = R(x) for each relational symbol
R € 7. Also we set E = 0.

To ensure Item 2 we introduce the fresh relation symbol D of
arity 1. We now let ¥° be the sentence Vu.D(u) = (u).
Ensuring Item 3 is a simple exercise of double negation:
Let every occurence of a subformula from (u) of the form
Va.a(xy) = ¢[ry] be substituted by =Iz.a(xy) A —plzy].
The so obtained formula will be denoted by ¥’ (u).

Hence we obtain a guarded sentence ®° = Vu.D(u) = v/ (u)
that satisfies Items 1 - 3. Note that every model of A € [®]
can be expanded to one of <I>D/\<I>0/\/\@€A% ©. To see this, let

20" (with domain A) be the expansion of 2, where DY = A

and for every R € 7 we set (R')® = R¥ x A. ' satisfies
0

Oy NP /\/\GGA%Q' .

On the other hand, if 2 is a model of &y A O A /\@eA% (CR

then 2A|, is one of ®. To ensure this we added to A% the
sentences VaVu.R'(x,u) = R(x). Note that, since we do not
allow empty models, ®p also ensures the non-emptiness of
interpretations of D.

We now begin to iteratively “unnest” the quantifiers in ®°. Let
Xo(z) be a proper subformula of ®° of the form

xo(2) = Fy.B(yz) A plyz]

with ¢ being quantifier free. We introduce a fresh relation
symbol R, (which we add to o) of the same arity as length
of z. We obtain a sentence ®! by substituting R, (z) for each
occurence of xo(z) in @Y, i.e.

@' = ®°[x0(2)/Ry, (2)] (84)
Let E} be EY with the added sentence
Vz Ry, (2) = Fy.B(yz) A plyz] (85)
and let AL be A% with the added sentence
Vyz.B(yz) = (plyz] = Ry (2))- (86)

Note that the later sentence is of the form Vyz.8(yz) =
Y[yz| with ¥ quantifier free, as (¢[yz] = Ry, (z)) is
quantifier free.



By iterating this process, picking from ®° a proper subformula
Xi(z) of the form

xi(z) = y.B(yz) A elyz]

with ¢ being quantifier free and introducing a fresh relation
symbol R,, obtaining ®+! and enlarging A% and E% to A4
and Ef;l respectively, we will terminate at some n with the
sentence

" = Vu.D(u) = Ry, , (87)

and sets A, Ej. We set Ag to be
Es = EY.

Note that in every iteration, every model A € [®p A PI~1]
can be expanded to one of ®p A & A Oa;NOg,; with O 4 ;
being the unique element from the singleton set Afb \ Af{l
and O ; being the unique element from the singleton set
Ei\ Ef{l. The trick is to interpret R,, , to be the set of
tuples satisfying x;_1 in 2. On the other hand, by “forgetting”
the relation symbols introduced in the ¢-th iteration we obtain
from a model A € [®p A ®° A O, A O] (where O 4 ;
is the unique element from the singleton set A% \ Ai{l and
OE,; is the unique element from the singleton set Ej \Ef{l)
a model of ®, A ®*~!. The choice of ©4,; and O ; in the
construction ensures that this works.

% with ®" added and

As now every information of our initial ®° is stored in the
sets Ag and E 4, the next manipulations will take place inside
those sets. First we look at Eg. We know that every sentence
from Eg is of the form

Vaez.f(xz) = Jyy(yz) A plyz], (88)

where 3 and + are respective guard atoms and ¢ is quantifier
free. We go through every sentence of Eg and do the
following steps:

» For every © € Eg such that

Vez.f(zz) = Jy.y(yz) A plyz] (89)

we introduce fresh relation symbols Pg (arity being equal
to the length of z) and Qg (arity being the length of yz)
to o.

o Then we decompose each O into the three sentences

Vez.f(xz) = Po(z) (90)
Vz.Po(z) = Jy.Qo(yz) on
Vyz.Qe(yz) = 71(yz) A plyz]. 92)

« Finally, we substitute in E4 each sentence © by the
corresponding sentence 91 obtained in the previous step
and furthermore we add to Ag all the sentences 90 and
92 yielded by decomposing each ©.

This step leaves us with particularly simple sentences in Eg:
They are just of the form

Vz.0(z) = Jy(yz) (93)

where § and ~ are atoms. Furthermore, « contains all the
variables contained in f.

Finally we simplify the sentences in the set Ag. First we note,
that every sentence © € Ag is of the form

Ve.a(z) = J[z] %94)

with « a guard atom and ¢ being a quantifier free formula. We
now transform ¢ into conjunctive normal form, i.e. = A Vi,
where the ¥; are disjunctions over literals. As the conjunction
commutes with the universal quantification, ¢ is equivalent to
the sentence

/\V:c.a(a;) = Vy[z). (95)
Replacing O in Ag by all the sentences
Ve.o(x) = ¥;[x] (96)

of that conjunction and doing this for every © € Ag yields
us a simpler Ag. To summarize, every sentence of Ag now
has the form

Va.o(x) = d[z] o7

with o a guard atom and ¥ a disjunction of literals.

In consequence we obtain the sentence &' = ®p A Y A D5
where

dp = V.D(z), (98)

o, = /\ O, and (99)
OcAs

s= /\ ©. (100)
©OcEs

Note that ®p is guarded, hence @’ is, too. Finally, as every
step ensured the models could be expanded or restricted to
fulfill the respective sentences after or before the step, every
model of ® can be expanded to one of ® and every model
of ®' can be restricted to get one of P. O

As a corollary we obtain a quite similar normal form for TGF.

Corollary 71. Let ® be a TGF t-sentence. Then there exists
a normal form @’ over an extended signature o & W {Univ}
(where Univ is a binary auxiliary predicate) such that ®' has
the form ® = O ;. A B, A D5 where

Univ
(bUniv = ny.Univ(x, y)7 (101)
o, = A\Va(ai(@) =), and  (102)
s = AVz(8i(z) = Jyy;(yz),  (103)
J

with ¥; a disjunction of literals, o, B; guard atoms, and ~y;
an atom, such that every model of ® can be extended to a
model of ®' and any model of ® restricted to the signature
T is a model of ®.



Proof. Let ® be a TGF 7-sentence. In a preparatory step we
guard every unguarded quantification (which can only happen
for quantification over one or two variables) inside of ® by
Univ. What we mean by this is the following: Substitute every
subformula

o of the form Jz.p[z] by Jz.Univ(z, z) A p[z],

o of the form Jz.p[z,y] by Jx.Univ(z,y) A oz, yl,
o of the form Jzy.@[x, y] by Jzy.Univ(z,y) A ¢[z,y],

« of the form Vz.p[z] by Vz.Univ(z,x) = ¢[z]

[z],
o of the form Vz.p[z,y] by Vz.Univ(z,y) = ¢[z,yl,
« of the form Vzy.@[z,y] by Vzy.Univ(z,y) = ¢z, y].

We denote the so obtained sentence by W. First note that every
model of ®yy;, A ¥ is a model of @ after “forgetting” Univ.
On the other hand, by interpreting Univ as the full binary
relation every model of ® can be expanded to one of ®y,;, AW.
More importantly, ¥ itself is a GFO_ 7 & {Univ}-sentence.
By applying Lemma 70 we hence obtain a normal form over
an extended signature 7 & {Univ} W o & {D} as the sentence
U = &p A W, A W5 where

&y = V.D(z), (104)
v = /\V:c.(ai(w) = ﬁi[m]), (105)
(106)

W = A\Vz.(8(2) = 3y (v2) ).

with 1J; a disjunction of literals, a;, 3; guard atoms, and ~;
an atom. In a final step we will eliminate every subformula in
U{, and W5 of the form D(x) by Univ(xz,xz). We will denote
the so obtained 7 & {Univ} & o-sentences by ®{, and ®{5
respectively. By dropping ®; this yields us the desired normal
form @' = Pypiy A BL A DL, O

Having established these normal forms, we are in a position of
establishing further preliminary results. Though we will first
need some notations to actually talk about those.

Definition 72. Let ® be a GFO_ or TGF t-sentence in
normal form, i.e. ® = &y A Dy A Pyg or Pyuiv A Py A Py3
respectively, where

®p = Va.D(z), (107)
Dypiy = Yoy Univ(z,y), (108)
Oy = \ Va.(ai(@) = 9;[x]), and (109)

Oyz = \V2.(B;(2) = Jy,(yz),  (110)
7

with ¥; a disjunction of literals, oy, B; guard atoms, and -,
an atom. Additionally let width(®) be the maximal arity of a
relation symbol appearing in ® and & be the set of all guarded

types that are also rigid and of order < width(®). To every
(&4, &) € (D), we associate for each conjunct in

o Dy a set Tiw*’g’) containing all pairs (t,v) where tis a
type from & guarded by «; as witnessed by v,

o Oy a set B§£+’g’) containing all pairs (t,v) where t is

a type from £, guarded by f3; as witnessed by v, and

o ®y3 a set Pj(g*’&) containing all pairs (t,v) where t is
a type from £, guarded by -y; as witnessed by v.

For every (E4,&) € (®) we call two elements (t,v) €
BE) and (t,v) € Pj(‘s*’&) fitting and write (t,v) €,
(', V) if V' extends v, and the subtype of t w.r.t. the variables
v* = v Nv"(2) coincides with t, that is, t =t

v*.

Note that since our types are maximally consistent, each
t e &y (for (E4,&) € (P)) with & a sentence from GFO_
or TGF in normal form contains for every term (i.e. type
variable or constant symbol) ¢,¢1,%2 from t the atoms D(¢)
or Univ(ty,ts) depending on whether ® is GFO_ or TGF.
This presupposes that ® is in the respective normal form (see
Lemma 70 or Corollary 71 respectively).

Note also, that by our types being maximally consistent each
(t,v) € Ti(5+751) contains automatically some disjunct from

Lastly, if @ is from TGF it does not really matter, whether we
state that £ consists of rigid types or not, since TGF expressly
disallows equality atoms.

Definition 73. Let @ be given as a GFO_ or TGF 7-sentence.
Additionally let width(®) be the maximal arity of a relation
symbol appearing in ® and & be the set of all guarded types
that are also rigid and of order < width(®). We will denote
by o the set of fresh relation symbols Tp, of arity order(t) for
every t € E. Furthermore let (£,&) € (P).

Let C).. denote the factorization of the set C of constant
symbols from T by the equivalence relation ~ that is defined
by letting c ~ d hold whenever the literal c =4 is contained
in some t € £,. We obtain the C-structure € by taking C.,
as domain and letting c® = [c]~. for any c € C.

Furthermore, the o W C-structure € - & (the extension of € to
the signature o W C' by interpreting the relation symbols from
o as empty) will sometimes also be denoted with €. In this
case we will make clear, or it is clear from the context, that
we talk about the oW C-structure and not just the C-structure.

For t € £, we denote by D the relation-minimal o-structure
with domain D¢ = v satisfying vy € Tp?‘ as well as all
further o-relations implied by the conjuncts from 66 and 67.

We define for every t € £, a TWo-structure (D) with domain
(Dy)" = D¢ C)o as follows:

o c®J" =[c]. forceC,

o T®I" = T2 for every T € 0, and

o R®I" = {b e ((D)7)»® | R(b) € t} for every R €




7\ C.

Let g, be the oW C-structure that is the disjoint union of €-G
and all O for t € £,. We assume that taking the disjoint union
includes the renaming of all domain elements of every ¢ with
Jfresh, nowhere-else occurring element names, prior to taking

. R L
the union. We denote by f Do Re, the injection that

£
maps Dy to its isomorphic copy. Additionally, we extend f £+
£ £ x 2
to a map ft,éJ' :DW(C-T) — Re, with ftéJ’ (c®T) = e+
for all c € C.

We will make some notes on Definition 73.

1) For each £; we note that if some t € £, contains a
literal whose terms are just from C (so no variables
are mentioned), i.e. a closed literal, then this literal is
contained in every t € &£;. This follows from the fact
that first, our types are maximal consistent and second
that £, arises as a component of the type summary of
a given model 21 € [®]. More specifically, let © be
a literal having as terms just constants (hence being a
sentence) and let t € &, with © € t. Let t' € &,
some arbitrary, different type, and take 2 € [®] such that
ER) = (E4,&). By t € &L we conclude that 2 F ©.
Suppose, by maximal consistency of types, =0 € t'. As
also t' € £, we obtain 2 F =0, a contradiction. Hence
every closed literal that is contained in some t € &,
automatically is contained in every t € £,. An example
for this is the closed literal ¢ =d (which assumes P to
be a GFO_ sentence).

2) If @ is from TGF, rigidity always holds for types. And
especially, in the definition of ~ we obtain that C' /o is,
up to renaming, equal to C' (note that the former is a set
of equivalence classes, whereas the latter is not).

3) Note that when we defined ® for some t € £; we made
use of (type) variables (which are syntactic objects) as
domain elements (which are semantic objects). This shall
not cause any confusion, especially as it is a convenient
and intuitive choice for our domain elements. Even more
important, the usage of such ®¢ will be only temporary
and always followed by a renaming of its domain ele-
ments.

4) In the definition of ® we closed © under taking variable
permutations and (valid) subtypes. Note that this plays
out on the level of the type predicates and not the types
themselves.

5) For t € £, the structure (D¢)" satisfies for every t' € £
an equivalence between the set of tuples d from (D¢)”
satisfying Tp, and the set of tuples d realizing t' in (D¢)".
As this is an important fact, we will prove it separately
in Lemma 74.

6) For t € &£, the structure (D))" satisfies the following
properties: every tuple d satisfying some Tp,, in (D))"
consists of pairwise distinct elements from vy.

7) When we defined Re, , note that by including € in the
disjoint union, we add all domain elements denoted by

constants. This part of the model does not participate in
any Tp, relations, due to definition. For our construction
later on this will be no issue: The rigidity of the types
from &£ enforces that the elements from ¢ do not partic-
ipate in any Tp, relations. i

8) As ff5+ is injective, so is f:é* by definition (as we
only additionally map bijectively € to its copy in fg, ).
Additionally, ff ;* is an embedding. That it is a ho-
momorphism is clear by definition. So let T € o and
d € D¢y C)., such that ffé* (d) € T™%+. As the € part
of K¢, does not participate in any o-relations we obtain

by definition of ff ?’ that d € D;. And by definition of

Re, we conclude d € T®* and therefore d € T®t¥(¢0),

In the following lemmata (Lemma 74 and Lemma 75) we will
introduce results that essentially allow us to switch between
the notion of realizing a type t from some set of eligible types
€ and satisfying the associated type predicates Tp,. As we will
start from structures whose relations are just interpretations of
type predicates, the general idea is the following: For each
tuple a satisfying a type predicate Tp,, we will look into the
associated type t and, according to the information therein,
we will introduce T-relations such that a also realizes t. At
this stage this will be restricted to the structures (D¢)” and
an expanded version of Rg, . In the first case, we actually
only have to check that the general idea already holds. In the
second case we expand the structure according to the general
idea. Those might be simple cases but they lie at the heart of
our construction we will employ to prove the characterizations
of the homclosure for GFO_ or TGIF sentences.

Lemma 74. Let ® be given as a GFO_ or TGF 7-sentence.
Additionally let width(®) be the maximal arity of a relation
symbol appearing in ® and £ be the set of all guarded types
that are also rigid and of order < width(®). We will denote
by o the set of fresh relation symbols Tp, of arity order(t) for
every t € E. Furthermore let (£1,&) € (P).

Then for all ¥ € &£ it holds that a tuple d from Dy satisfies
Tpy € o in (D)7 if and only if d realizes ' in (D¢)".

Proof. Let d be a tuple in ()" such that d € Tp,E,@‘)T for
some t' € £. There is a permutation k: v —» v with kt'
being a subtype of t. By definition of (D¢)" every (positive)
literal, i.e. atom d[vy] € t' is satisfied by d in (D). Note
that the atom J might contain constant symbols that we do
not mention explicitly. On the other hand for negative literals,
suppose —d[vy]| € t'. Hence —[vy] € t and by t being a type,
thus maximally consistent, it cannot contain the non-negated
atom §[vy]. Thus by definition, d does not satisfy §[v| and
consequently satisfying the negation of it, i.e. ~d[vy]. Hence

T

we obtain that d realizes t' in (D).

Now let d from (D¢)" satisfy t' € £,. By definition, every
literal Avy] € t' is satisfied by d. Trivially by assumption
Avy] € t. Hence there is a permutation x: v < v such that
kt|y,, = t'. Without loss of generality we may assume « being



the identity and v¢ C v¢. As the tuple vy satisfies Tp, in Dy
and the structure satisﬁesTboth 66 and 67 we thus obtain via
¢ =t,, thatd e Tp,"" . O

Lemma 75. Let ® be given as a GFO_ or TGF 7-sentence.
Additionally let width(®) be the maximal arity of a relation
symbol appearing in ® and £ be the set of all guarded types
that are also rigid and of order < width(®). We will denote
by o the set of fresh relation symbols Tp, of arity order(t) for
every t € E. Furthermore let (£5,&) € (D).

Then there is a canonical cWT-expansion (Re, )™ of e, , such
that for all t € £ it holds that a tuple a from (R¢, )" satisfies
Tp, € 0 in (Re, )7 if and only if a realizes t in (Re, )".

Additionally, for every t € £ the map f: é* gives rise to an
embedding (f’)::?é*: (D))" — (Re,)7, being the same map

Re
as foe'

8
Proof. For every t € £ we use the maps fté* to expand
Re, in the following way: Note first, that (D) has the same
domain as D, (€ -&). For R € 7\ C we let

fe,

R — (7 (d) | te & and d e RPVTL (111)
R
By definition for different t,t' € £, the sets fté* (Dy) and
R T
fﬁg (Dy) are disjoint. Hence for every tuple a € R(%e+)
containing at least one element not namedﬁby a constant there
is a unique t € &, such that @ = f, ?’ (d) for a tuple
d consisting exclusively of elements from € and ©y. If a
consists only of elements named by constants, we remember
Remark 1 after Definition 73 from which we immediately

conclude, that it does not matter which t € £; we choose in
the discussion. Hence in this case we fix one. By f, é* being

£
injective, this d is also unique. Additionally, ft,? gives rise
£
to an embedding (f’)té+ 1 (D)7 — (Re, )", being the same

map as ff é+ considering both as maps between the underlying
domains of the structures. For simplicity of exposition we will
denote it by just f{. By the interpretation of the R € 7\ C
in (R¢, )" as defined in 111 the map f{ is a homomorphism.

fi is injective since fféJ’ is. So let d be a tuple from (D¢)”

such that f{(d) € R¥®¢+)". Then by definition d € R(®V",
establishing that f{ is an embedding.

We now show that for ever(y tyg)e t € £ it holds that a tuple
Re, )™

a from (Re, )7 satisfies Tp, ©* in (Re, )7 if and only if a

realizes t' in (Rg, )”. Note that by rigidity of types on the
one hand and Remark 7 after Definition 73 on the other, only
tuples that solely consists of elements not named by constants
can satisfy type predicates or realize types.

e )T
So let a € TpE, £+) for some t' € £. As by definition the

domain of R¢, is the disjoint union of € - & and isomorphic
copies of © there exists a unique t € &£, such that a is
from f{(Dy). Since f{ is an embedding, we find d in D with

fi(d)=aand d € TpE,@‘)T. Lemma 74 yields that d realizes
t' in (D{)7. By invoking f{ being an embedding once again,
we obtain that @ = f{(d) realizes t' in (K¢, )".

Suppose now that a realizes t' for some t' € £. As t' is
guarded, there exists a guard atom § (witnessed by ) such
that a satisfies v(6) in (R¢,)7. By 111 this necessitates, that
there is a t/ € £ such that a consists of elements exclusively
from f{,,(Dy+). More importantly, a cannot consist of images
from different Dy via f{,. But since a realizes t' we find
some t € £, and a unique d from D with f{(d) = a such
that d also realizes t' (using that f{ is an embedding). By
Lemma 74 we obtain that d € TpE,Z)T‘)T and by f{ being an

embedding we conclude a € Tpi,ﬁ£+ . O

As we are concerned with the homclosure of GFO_ or TGF
sentences, we need to start shedding light on the behaviour of
our (“enriched”) structures under homomorphisms into some
other structures. It is natural to start with the simple case of
Re, (or, for the “enriched” structure (R¢,)7). The structures
to which we will homomorphically map Re, (or (fe,)7)
cannot be arbitrary ones but have to already satisfy some
sentence, which will be part of the sentence characterizing the
homclosure. This is what the following lemma (Lemma 76)
does.

Lemma 76. Let ® be a GFO_ or TGF t-sentence with C
being the set of constants in T, £ a set of eligible types (with
the usual provision of being finite and containing rigid types)
closed under taking variable permutations and (£, &) € (P).
Let o be the signature containing for every t € £ the predicate
Tp having as its arity the order of t. Then Rg, satisfies
Yeen, (£, ,6,) With the additional property that for every model
B (over the signature TWo) of \Illlom/\\llgen7(g+7g!) there exists
a homomorphism h: Re, — B|owc.

Additionally, h gives rise to a homomorphism h': (Re, )™ —
B and (Re, )" satisfies Upom N Ygen (g, &)

Proof. We show that f¢__ satisfies Wgep (g, ¢)- Since by defi-
nition f¢, contains for every t € £ a substructure isomorphic

to Dy, it contains some tuple a such that a € Tp, “+ . As this
holds for every t € £, Formulae 64 is satisfied.

To show the satisfaction of Formulae 65 observe that in the
construction we either added for t € £, a ©, (hence ensuring
the satisfaction of some Tp,) or we closed the disjunction
ultimately yielding R¢, under 66 and 67. Consequently, only
by these closure operations could we unwittingly made a Tp,
with t € £\&, true for some tuple in R¢, . But this cannot have
happened, as by the fact that £ is closed under taking variable
permutations and applying Lemma 67 (both Item 1 and 2) we
only could have introduced Tp, for t € £,. Consequently, for

+

R
every t € £\ £; we obtain Tp, =, implying the validity

of Formulae 65.

Now take t,t' € £, such that ' = t[,, and let a be some
£
tuple from Rg, such that @ € Tp, ) let w: vy — a be



the componentwise evaluation witnessing this. By definition of
Re, there exists some type t* € £, with t*],, = t, such that
the induced substructure by a in K¢, is an induced one of an
isomorphic copy of ®-. Hence we know by definition (closure
with respect to eligible subtypes in ©) that the subtuple u(v¢ )
of a satisfies p(vy) € Tp?,g+ . Finally, observing that u assigns
the tuple @ componentwise to vy, this yields the satisfaction
of Formulae 66 by f¢, .

To show the satisfaction of the last kind of Formulae (i.e.
Formulae 67), let t € &£, k: v —» v a permutation of the

. £
variables and a a tuple from f¢, such that a € Tp, + Note
that, since & is closed under taking permutations of (type)
variables, kt € €. And as for every t € £\ the interpretation

Tpf&r is empty, it suffices to discuss the case when t € £,..
By definition of f¢, there exists some type t* € £, and some
permutation £*: v —» v with K*t* = t such that the induced
substructure by a in f¢, is an induced one of an isomorphic
copy of D¢+. Since every D used in the definition of K¢, is
itself closed under 67 (i.e. closed under permutations, which is

a fact holding by definition) we obtain that 7%t (a) € Tpf{E +

holds. As this shows the validity of the Formulae 67 we finally
have shown that Re satisfies Wyepn (g, )

Furthermore, for every B € [VnomAWgen, (s, ,&,)] the structure
Re, has a homomorphism £ into the structure B|,wc, which
we will denote by B*. To see this, note that R¢, is the disjoint
union of €-& and structures isomorphic to D¢ for t € £,, each
of which in separation homomorphically maps to 8*. As for €,
the mapping [c] ~ c® does the trick since for any c,d € C
with ¢ ~ d, the fact that B is a model of ¥y, and realizes
some Tp, containing the literal c=d ensures ¢c® = d*. For ®
from TGT this comment is not interesting since ¢ ~ d if and
only if c and d are the same constant symbols. We can now
extend this map stepwise for every component isomorphic to
some ®; of the disjoint union. Because of isomorphy it is
enough to discuss ®; instead of the actual component. By
definition each ® satisfies a conjunct from 64 saturated under
66 and 67. As B € [Vye, (g, 6] We can map the elements
vy of D¢ componentwise to some arbitrary b € TpE. Then the
extension of the homomorphism is obtained by mapping the

tuple f; *(v{) componentwise to b. As we took the disjoint
union, we obtain a homomorphism h: Re, — B*.

Finally we show that h (as a map) constitutes a homomorphism
h': (Re,)” — B. As h is a homomorphism when restricting
to the signature o W C, it suffices to discuss R € 7\ C.
Furthermore, we will make use of the embedding (f’ )f?
obtained from Lemma 75 (for t € £;). For brevity, we will
denote those maps by just f{. Let a € R for some
R € 7\ C. If a contains at least one element not named
by a constant there is a unique t € £, and a unique d
from v such that d € R®9" and f/(d) = a. If a consists
of only elements named by constants, we remember Remark
1 after Definition 73 from which we immediately conclude,
that it does not matter which t € &£, we choose in the

discussion. Hence in this case we fix one. Let « be a tuple of
pairwise different variables of length length(d) and u: € — d
componentwise. Then R(x) is satisfied by d as witnessed by
w. Furthermore let vg be the subtuple of d consisting of
elements from vy, i.e. vg = d N vy. Take d(vq) to be the
atom obtained from R(d) where each element of the form
[c]~ for ¢ € C appearing in d is substituted by c. The
choice of the representative does only matter in so far as we
will not obtain a unique 0. Nevertheless this non-uniqueness
will have no impact on the proof. Note for this that ~ is
defined on C' in terms of equality atoms ¢ = d in the types
t € £;. And by the note after Definition 73, realization of the
types from &£, automatically enforces this equivalence relation.
As vy realizes t in (D)7, v, € Tpgg‘)f by Lemma 74. As
d € t the subtype t' = t|,, is guarded by ¢ (as witnessed by
v:vg — vy WC, v v). Hence ' € £, by Lemma 67 and
by D¢ (hence (D¢)7) satisfying 66 (by definition) we obtain
that vq € Tp(®")". Applying f{ yields a* € Tp\ ") with
fi(va) = a*, where a* is the subtuple of a consisting of
all elements that are no interpretations of constant symbols.
Hence I/(a*) € Tpg. By B satisfying Wpom, 1/ (a*) satisfies
the atom & in B. But this means that //(a) € RT showing
that A’ is also a homomorphism for the T W o-structures. [J

We will now start to make more precise the sentence W that
will characterize the homclosure of some GFO_ or TGF
sentence ®. For this we will utilize our normal forms (see
Lemma 70 and Corollary 71). Thanks to those normal forms,
the GFO_ and the TGF case will differ only slightly. This
comes as little surprise after observing that our normal form
for TGF sentences is in and of itself “essentially guarded”
with the exception of the ®yy,;, part. Hence the difference in ¥
depending on whether @ is from GFO_ or TGF is connected
to (bUniv-

We will first define the, more or less, “last puzzle pieces”
for W. Additionally we introduce the notion of a violation
tuple which will be put to good use in a stepwise construction
procedure later on.

Definition 77. Let ® be a GFO_ or TGF Tt-sentence in
normal form, i.e. ® = Pp APy A Pyg or & = Dyy;, APy ADy3
respectively, where

®p = Va.D(z), (112)

Dynsy = Vay.Univ(z,y), (113)

oy = \ Va.(ai(@) = V;[x]), and (114)

by = \V2.(8i(2) = 3y(y2),  (115)
J

with ¥; a disjunction of literals, o;, B; guard atoms, and ~y; an
atom. Additionally let £ be the set of all guarded rigid types
of order < width(®), and o be the set of all type predicates



associated to the types from E. Then for every (E4,&)) we
define Wgyard, (g, &) 10 be the conjunction of the o-sentences

Vo, Tp(v) = \/ ve\v(2).Tp, (ve)

(tﬂl’)@j (t/,y’)

(116)

where (t,v) ranges over B](g*’g!)

number of conjuncts in Py

and j ranges over the

We call (a, i, t,v) a violation tuple of some structure 2 € [P]
with 5%2[) = (&4,&) if a is a tuple from A and (t,v) €
Bf*’& such that the componentwise variable assignment
w: vy — a witnesses the violation of the (t,v)-conjunct
from (116) in the structure 2, ie., (A, p) E Tp, and for
every (Y,V) € Pj(g*’&) with (t,v) €; (Y,v') and every
w:vy — A with /|y, = p the condition (A, ') # Tpy
holds.

Additionally, if @ is from TGF, we define for every (€4, &) the
o sentence Vrgr, (¢, ¢, o be the conjunction of the following
sentences for every t,t € £, with vy = v and vy =':

Vou'.Tp,(v) A Tpy (V') = \/ Tpy (v, 0')
t’e&,, ’UU/:U’U/

o=t t|, =t

(117)

For the upcoming lemmata (Lemma 78 to Lemma 83), which
record some technical machinery needed, we will fix the
following:

Let ® be a GFO_ or TGF 7-sentence in normal form, i.e.
P = Py A Oy A Dyg or & = Dyy;, A Py A Pyg respectively,
where

®p = Va.D(x), (118)

Dynsy = Voy.Univ(z, y), (119)

Oy = \ Va.(ai(x) = ¥;[z]), and (120)

oz = \Vz.(8;(2) = Jy;(yz), (12D
J

with ¥; a disjunction of literals, c;, 3; guard atoms, and y; an
atom. Additionally let £ be the set of all guarded rigid types
of order < width(®), and o be the set of all type predicates
associated to the types from £. Let C be the set of all constants
from 7 and o the signature containing for every t a fresh
predicate symbol Tp, of arity order(t). We furthermore fix
some (E4,&) € (D).

We will prove an additional “preservation” lemma akin to
Lemma 68.

Lemma 78. Then for A € [®] the E-adornment A -E satisfies
Uhom and Veyarg e(a)- If @ is from TGF, 21 - £ additionally
satisfies Wrgr,g(21)-

Furthermore, for every 8 a homomorphic codomain of A via
a homomorphism h: A — B the TWo-structure B -h(A-E|,)
equally satisfies Whom and Vgyara g). If © is from TGF,
B - h(A-E|,) additionally satisfies Vrgr g(2)-

Proof. Let 2 € [®]. We set £(L) = (€4, &). We first prove
everything for ® from GFO_ or TGF. We then conclude with
the special case that @ is just from TGF.

Note that 21 - £ trivially satisfies Wy, by definition, as a €
Tp{€ if and only if a realizes the type t. Hence it realizes
every positive literal in t.

We show that 2 - £ satisfies Wy arq,(21)- For this we will
make use of the fact that we assumed ® to be in normal
form (see also Lemma 70). Let a be a tuple from A - £
(and hence from 2() and (t,v) € Bf(m) for some j such
that @ € Tpg®. Let furthermore piq: v — a be the
componentwise variable assignment witnessing this fact, i.e.
(2, pg) E Tp,. We extend pgq to puy: vi W C' — A where for
every ¢ € C we set p(c) = c*. By definition a realizes
t and thus (by virtue of (t,v) being in Bf(ﬂ)) we obtain
by componentwise application that (2, ul, o v) F 3;(z). By
®y3 there is a supertuple a* of a with v/: yz — v* W C
extending v (i.e. V|, = v) and pg-: v* W C — A (where
ta(v*) = a* holds componentwise) extending p, such
that (2, ftq~ o V') F v;(yz). Then a* has a unique type t’
with vy = v* componentwise and t' being guarded by -,
as witnessed by v/. So t' € &£ and hence (t,v') € Pf(m).
Since v¢ C vy, V' extends v, pq+ extends p, we obtain that
t'|y, = t, hence (t,v) €; (t',v'). By definition of 2 - £ the
tuple a* is in Tpff'g. In conclusion, this argument shows that
2 - & satisfies Wyyara,e(21)-

Now let B be a 7-structure with i : 2 — B homomorphism.
We let B* denote the 7 W o-structure B - h(2 - £|,). Note that
by definition / is also a homomorphism A-& — B-h(A-E|,).
Let b be a tuple from B* satisfying Tp, for some t € £;. By
definition there is @ in 2A* (and hence in 21) such that @ € Tp?"
and h(a) = b. As 2* satisfies Wy, by definition we obtain
that a realizes t. Especially it satisfies the positive literals from
t. We extend the componentwise variable assignment p: v¢ —
a toamap p': v{WC — A such that p'|,,, = p and for every
c € C we have p/(c) = c™. Hence for every atom R(t) € t
with t C v(WC we have (applying 1 componentwise) p/(t) €
R?¥. Consequently, the (componentwise) image h(y/(t)) is a
subtuple from b such that h(y/(t)) € R® . We thus obtain
that B* F Upop,.

Next we will show that B* also satisfies \I/guard,ég +’g!§. So

let b be some tuple from B* and (t,v) € Bj&”g’
some j such that b € Tp2 . Additionally let yp: v¢ — b
be the componentwise variable assignment. By definition of
B* there is a in A* such that a € Tp?l*, la: V¢ — @
componentwise variable assignment and h(a) = b (again,
componentwise). Since 20 satisfies Wgyarq, (e, ,e,) We find
(t,v) e Pj(‘g*’g!) with (t,v) €; (t,7') and a tuple a* such
that the componentwise variable assignment jiq+: vy — a*
extends fig, 1.6. flg*|v, = Ma- Applying h to a* we obtain
b* = h(a*) a supertuple of b. The assignment pp= = h o fig-
extends pp:

for

/“Lb*"Ut =ho (Na*lvt) =ho g = ip. (122)



As h is a homomorphism we obtain b* € Tp?*
shows that B* F Wy arq e(21)-

. This argument

Now suppose in addition, that ® is from TGF. We first show
that then - satisfies Wrgr g(2(). Take a1, az from 2U-& (hence
from ) satisfying for some types t;,ts € &4 the following:
a1 € Tpp® and ay € Tpg ®. Without loss of generality we
may assume that v, = {v1} and v, = {va} for v; # vy. By
definition aq realizes t; and as realizes to in 2 (and A - &).
For (a1, az) there is a unique 2-type t' over 7 with vy =
v1vg (as a subsequence from v) such that (a1, as) realizes t'
in A and t|,, = t; and t|,, = t2. Because of A E Py,
the type t' contains automatically the atoms Univ(vi,vs) and
Univ(vg,v1). Hence t' is guarded and so we see that t' € £
(and of course also in £;). By definition of 2 - £ we obtain
(a1,a2) € Tpg®. Hence also A - € E Upgr ¢ (a).-

Finally, also 8™ satisfies Urgr ¢(2). To see this, let by, ba be
from B* such that there are t;,to € £, with b; € Tpg*
and by € Tpg*. Without loss of generality we may assume
that v, = {v1} and vy, = {v2} for v; # vy. By definition
of B* there are ay,ap in A - € such that a; € Tpy® and
ay € Tpy,® with h(ay) = by and h(az) = by. Since we already
established that 21 - £ satisfies Wrgp g(a(),there is a unique 2-
type t' € & with vy = vjvy (as a subsequence from v)
with t'|,, = t; and t'|,, = t such that (a;,as) € TpH €. As
previously mentioned, h as a map is also a homomorphism
A - & — PB*. Hence, by h((a1,a2)) = (b1,b2), we obtain
(b1,b2) € Tp??/. This argument shows B* = Urgr o) and
concludes our proof.

We will now prove a lemma that will allow us to extend
a structure not satisfying Wy a.q,e,,,) to one that does.
Of course, this will not be so simple. Hence we first show
that, if there is a “problem” for satisfaction of Wyyarq, (e, &)
then we are able to “repair” this problem without introducing
additional ones with respect to the original structure. This
will not necessarily preclude obtaining new “problems” in the
extended structure, though those new ones will be located in
the new additions. Dealing with this will be part of Lemma 81
and Lemma 82. The notion of “problem” in this context has
been made formal by the definition of violation tuples in
Definition 77. The main idea is the following: If we have a
“problem” (formalized via a violation tuple), we can take some
type “fitting” for the position where the “problem” occurs
(consistent with W, ..q, (¢, ¢,)) and glue D¢ (or (D)7 in the
enriched setting) on accordingly. And as we are concerned
with homclosures we will also discuss the cases when we
have homomorphisms from a structure “having problems” to
one that has none.

Lemma 79. Let 2 be a finite o W C-structure satis fgzmg
Uyon (e, 6. Let (tv) € BE and (¢,0) € PEH°

fitting, ie. (t,v) €; (t,V). ' Furthermore let @ be a tuple of
length order(t) in Ql and p: vy — a be the componentwise
variable assignment such that (2, i) E Tp,(vy), i.e. a € Tp}.
Then we can extend 2 to a oW C-structure A* and the compo-

nentwise assignment [ to a componentwise one p*: vy — 2A*
in a canonical way such that (A*,p*) E Tpy(vy), and
w*(ve \ v¢) has no element in common with the domain A of
. Furthermore 2 is an induced substructure of A* and A*
satisfies Woen (g, &)-

If there is a o W C-structure B satisfying
Vv Tp(v¢) = Jvy \ v(2).Tpy (vy)

and a homomorphism h: 2 — B we can extend it to a
homomorphism h*: A* — ‘B.

(123)

Additionally, if there are T8 o-structures A and B’ such
that A = W|,uc and B = B'|,uc, B F Uhom, for all
t € & it holds that a tuple a without constants from 2’
satsifies Tp, in A" if and only if a realizes t in ', and
there is a homomorphism h': A" — B’, then we can extend
A" to a structure (A')* with (A')*|,uc = A* and b/ to a
homomorphism (R')*: (A')* — B’. Furthermore, A is an
induced substructure of (A')*, and (A')* satisfies Ve (¢, &,)-
Additionally, for all t € &£ it holds that a tuple a without
constants from (A')* satsifies Tp, in (A')* if and only if a
realizes t in (A')*.

Let Qg be the set of all violation tuples of A (or ') of the form
qi = (¢, Wi, ti, v;) where the c¢; consist only of elements from
a. Not only is QQq finite but it contains already all violation
tuples of the form (d, pi., te,vi) of A* (or (A')*) where d
consists of elements from a.

Proof. Let 2 be a finite oW (C' structure satisfying \I/gem(g 6
Let (t,v) € BJ(E*’E!) and (t,0) € P],(’S+’5’) be fitting, i.e.
(t,v) €; (¢,v). Furthermore let a be a tuple of length
order(t) in 2 and p: v — a be the componentwise variable
assignment such that (21, 1) F Tp,(vy), i.e. a € Tp}.

Now, consider the o-structure ®¢ and be reminded that its
domain are the elements from vy. We obtain D}, from Dy
by renaming all elements v/(2) € vy NV/(2) into pu(z) (.e.,
into elements already present in () and assigning a fresh name
to any other element v € vy \ v/(2). Now we obtain A* by
taking the (non-disjoint) union of 2 with D,.

Note that by (t,v~) and (t',2’) being fitting we obtain that
20 is an induced substructure of 2(* by construction. As
(t,v) € PJ(E+’5’), clearly ¢ € &;. By definition and
applying Lemma 67 this means that © and hence D7, satisfies
Ugen, (£, ,6)- More specifically, the validity of Formulae 66
and 67 is clear from the closure under those formulae in
the definition, whereas 64 and 65 follow from t € £, and
Lemma 67 and the definition. Note that the saturation with
respect to Formulae 66 and 67 is closely tied to the relation
of the types to which the type predicates are associated.
And, by again applying that (t,v) and (¥',') are fitting, we
conclude that the union of 2 and @’t,, which is * inherits
the satisfaction of Wyey (¢, &) This is clear while observing
that the substructure induced by a in 2 and the one in D,
are the same. Hence we do not create any new relations with
respect to relation symbols from o. By this token, 2 is an



induced substructure of 2*, as no new relations are introduced
on tuples purely from L.

If there is a o W C-structure B satisfying

Ve Tp, = Jvy \ v(2).Tpy (vy) (124)

and a homomorphism h: 2 — ‘B we adjust the construction
in the following way: Since h: 2l — B is a homomorphism
the tuple b = h(a) satisfies b € Tp. This is witnessed by the
componentwise assignment ' : v¢ — b defined as hou. As B
satisfies Formula 124 we obtain a tuple b* containing b as a
subtuple and can extend p’ to the componentwise assignment
p vy — b* (ie. u*ly, = 1) Then, by what we have seen
earlier, the componentwise map g: vy — b*, v — p/(v) is a
homomorphism from D¢ to B. By moving from Dy to D,
via renaming (which establishes an isomorphism f: Dy —
1) we obtain via g o f~! a homomorphism §: D}, — B

After obtaining 2(* via the union of 2 with ©{,, we let h*
be the union of the maps h and ¢, i.e. h U g. Note that
this is well defined, since h(a) = g(a) for every a € a.
To be more precise, by the variable assignments pu, 4’ being
componentwise and (t,v) and (t',7) being fitting we obtain
for v € vy with u(v) = a:

h(a) = h(p(v)) = (/' (v) = g(v) = go f " (a) = g(a). (125)

Since the substructures induced by a in ©%, and in 2 are equal,
this implies together with h and g being local homomorphisms
that h*: A* — B is a homomorphism.

We turn to the part about 7 W o-structures 21’ and B’. As
Wlowe = A and B'|,uc = B, A’ satisfies Vyen (g, ¢
whereas B’ satisfies 124. Additionally, A': A — B’ is a
homomorphism 2 — 5. Hence we apply the previous results
from this lemma/proof and extend 21’ to a structure At by
adding ©¢ as previously described. Additionally we extend
h' to (h')* again as previously described. We hence obtain
Alemplowe = A" and (R)*: A |owe — B'[owc being a
homomorphism. Let f': €W Dy — Ag,,, be the map that
bijectively maps D¢ to D}, in A and f/(c%) = )",
For R € 7\ C we define

R — Remp U {f'(d)|de R(QU)T}.

!
temp

(126)

By definition, f’ gives rise to an embedding f{,: (D¢)” —
(')*: That f{, is an injective homomorphism is plain. So
assume we have d such that f}(d) € R®)" for R e 7\ C.
By definition d € R®+)". Hence we have to discuss f/,(d) €
T for T € 0. As the T € o relations holding for elements
from f{,((Dy)7) have been taken over exactly from Dy we
easily obtain d € T(®¢)" showing that fi is an embeddirllg.
Additionally, every tuple a from (2')* such that a € TpE%L a
realizes t” in (2)* for arbitrary t” € . If a is purely from
2’ this holds by definition. Hence we only need to discuss
the case where a is from f{,((D¢)7). Since (t,v) and (¥, ")
where fitting, we immediately obtain that as soon as a contains
at least one element from f{,((Dy)7) all of its elements are
from this set. But by f{, being an embedding there is a unique

din (D) with d € Tp{y*)" such that fl,(d) = a. By

Lemma 74 d realizes t’ in (D¢ )" and hence by f{, being an
embedding, a = f{,(d) realizes t" in (2)*.

For the other direction suppose a realizes some type t” in
(2)*. Then, by construction, it is a tuple either from just
', where by assumption a € Tpi%L ) holds, or it is from
fi((®¢)7). As fi, is an embedding there exists a unique
d from (D)7 such that f{,(d) = a and d realizes t’ in
(D¢)". By Lemma 74 d € Tpi?“)f and hence via f{, being
an embedding we obtain a € TpE%l/)*.

Lastly, (h')* is a homomorphism (2')* — 9’. For this let
R e 7\C and @ be a tuple from (A')* with @ € R)",
We continue the discussion by using the atom R(x) containing
only the (pairwise distinct) variables from x. Set 1: * — a as
the componentwise valuation of « by a. Let y = (y1, ..., Ym)
be a tuple of (fresh) variables, where m is the number of all
components (allowing repetitions of elements to be counted)
of a that are not the interpretation of constant symbols. We
define v,: © — yWwC as follows: v,(z) = ¢ € C if and only
if p(x) = c®), v, (x) € y otherwise. Additionally, v, shall
map the subtuple * of x induced by {z € = | v,(z) € y}
componentwise to the tuple y. By definition p, is a bijection
between x* and y. Finally note that c in the definition of
v, might not be unique. In this case we choose one of
the possible options. Still this map will be well defined for
our purposes. We now define the atom (y) as v,(R(x)).
Additionally, we acknowledge that a*, as a tuple being the
componentwise image of x* of u, satisfies §(y) in (2A')*.
Let t* be the 7-type realized by a* in (2')*. As x* satisfies
d(y), t* is guarded by J (witnessed by the componentwise
map v: Yy — v). Hence t* € &€ and a* satisfies Tp,. in
(2')* by construction. As 2" satisfies W,e, (¢, ¢, We obtain
that t* € &, (by applying Formula 65). As (h’)* has also
been shown to be a homomorphism ()*|,uc — B'|swe,
we obtain (h')*(a*) € TpZ . Since B’ E Uhom, (h')*(a*)
satisfies d(y) in B’. Again, as (h')* has also been shown
to be a homomorphism (2')*|,uc — B'|,wc, we conclude
further that since (h/)*(c(®)") = ¢®', application of (h')* to
a yields (h')*(a) € R® . Consequently, (h')*: (U)* — B’ is
a homomorphism.

We show that 2’ is an induced substructure of (2(')*. It is clear
by construction, that the injective map ¢: A — (A)*,a — a
is a homomorphism. As by construction no new type predicate
has been introduced on tuples from purely 21, there also did
not arise the need to introduce new 7-relations on tuples from
purely 2" in order to saturate for a correspondence between
type predicates and 7-types (as this was already given by
assumption). Hence ¢ is already an embedding, as every 7-
relation R holding for some :(a) in (A')* (where a is a
tuple from 2") already held in 2. Hence, 2’ is an induced
substructure of (A')*, and (A)* satisfies Wy (£, g,)-

For the remainder it is enough to restrict our argument to the
o W C-structures. Let (), be the set of all violation tuples of
2 of the form ¢; = (¢, pi, ti, v;) where the ¢; consist only



of elements from a. As a is finite and so are the number if
types and type variables, @, is finite. Hence we can assume
Qa ={q1,---,qm} with the ¢; as mentioned.

It remains to show, that all violation tuples of the form
(d, s, ti, i) of A* where d consists of elements from a
are already in Q4. Suppose we have such a violation tuple
(d, pix; ts, V) of A*. Consequently (A%, p.) F Tpe (vy,), i.e.
(d) € Tp?". But since in the construction of 2A* we have
that (t,v) €; (¥,1'), i.e. they are fitting, the substructures of
2 and D7, are the same (hence isomorphic), every predicate
Tpy» € o that holds for tuples built from elements of a in
2A* already held in 2 and vice versa. Consequently d € Tpfi.
But then we conclude by construction that (d, pu., ts, v.) was
already a violation tuple of 2(. By definition this means it is
in Qg. O

As we (essentially) just did for Weyarq, (g, g) in Lemma 79
we will show how we can enrich structures in order to make

Urgr, (e, &) true.

Lemma 80. We restrict ® to be a TGIF sentence in normal
form. Let A,B be T J o-structures with 2 being finite and a
homomorphism h: A — B such that both A and ‘B satisfy
Uoen, (£, ,6)- Assume that 2 satisfies the following: For all
t € & it holds that a tuple a from 2 without constants satisfies
Tp, € o in A if and only if a realizes t in . Further let B
additionally satisfy Vrgr (e, &) and Ynom. Then there is a
T W o-structure A" with domain A satisfying Vrgr (g, ¢ in
addition to Ve, (g, ), and for every type t € £ it holds
that a tuple a without constants from ' satisfies Tp, € o in
A" if and only if a realizes t in . Lastly the identity map
t: A — A ar ais a homomorphism.

Furthermore, every induced substructure of 2 satisfying
Urgr, (e, &) also is an induced substructure of A,

Proof. Let 2,8 be 7 W o-structures with 2 being finite,
h: 20 — B a homomorphism, 24,8 F WUy, (¢, ¢) and
B F Yrgr,e +,&) N\ Wnom. Furthermore, for every tuple a
from 2, containing no c¢* for ¢ € C and every t € & the
following equivalence holds: a satisfies Tp, € ¢ in 2 if and
only if a realizes t in 21. If 2l already satisfies Wrgp (e, ¢,
we are already done, so suppose this were not the case.
We will start by successively saturating the o-relations of
20 in a minimal manner such that the so obtained structure
(denoted by 2A*) satisfies Wygp (g, ¢,)- Beside that, nothing
more will be done in this first step. This also means, that
the interpretations of R € 7 relations will not change, equally
the domain remains to be A. Hence we do the following for
every two elements ai, as from 2l such that there are 1-types
t1 (’Ul),fg(UQ) S g+ with a; € Tp%i,ag S Tp%;: If there is
already a 2-type t* € £, with Tp{X' containing (ay,as) then,
by Formula 66, Wrgr, (g, ¢ cannot be violated by this pair.
This is also the case, when a; = ay. We see this by the
following argument: Since ® is a normal form sentence from
TGF every type t € £ contains for each v € v the atom

Univ(v,v). Hence, by a1 € Tpfi and the assumption that type
predicate satisfaction and type realization of the associated
types coincides we obtain (a;,a;) € Univ®. By a; = a
this is the same as (aj,az) € Univ®. Hence (a1, as) satisfies
Univ(vy,vs). So the type t of (ay,as) with variables (vq, v2)
is guarded (by Univ(vy,v2)) and consequently t' € £. By
going back to type predicates, applying that 2l F Wee, (¢, )
we obtain that t' € £,. Hence (ay,as) € Tpy.

So suppose the pair (ag,az) is not yet in Tp%i* for any 2-
type t*. We know by h being a homomorphism that h(a;) €
Tpe, h(az) € Tpy. Since B satisfies Urgr (e, ¢) We find
some 2-type t* € &, satisfying vy = vivg, t¥],, = t,
t*|y, = to, and (h(a1), h(az)) € TpZ. We now have to pick
exactly one such t* and then add (a1, az) to the extension of
Tp%‘f. Moreover, for every permutation x: v <—» v we also
add 7Y ((a1,a2)) to TpY.. This ensures that even after
augmenting, Wye, (g, g, remains satisfied. Furthermore the
construction enforces that now Wrgr (g, g) also holds for
2A*. Lastly, as we only ever added tuples to the relations in
order to obtain 2* the identity map is clearly a homomorphism
LA — A

We will collect the tuples ((a1,a2),t*) consisting of pairs
(a1, az2) not contained in any type predicates interpretation of
2A and the type t* chosen in the construction, in the set N.
Note that this means the following: For all ((a1,as2),t*) we
have (a;,a2) € Tp% but (a1, as) ¢ Tpi-.

Now let ((a1,a2),t*) € N. To prepare for the next step,
note the following: We ensured, that there is a homomor-
phism £ ®. — A*|, via f"(v) = a; and
FLe192) (4,)) = a,. Furthermore, f{**?) is even injective. We
will extend £***?) (o the map f(ffé%): (D¢ W (C- 7)) —
2A*|,wc, where f(ff@’m)

phism, too.

(c%) = c¢* which is a homomor-

In the next step, we will make use of f° fé’”) by applying it
to (D)7 and homomorphically transferring the 7 relations.
The so obtained structure will be denoted by 2’. Hence for
R € 7\ C we obtain

R =% U ) (e d) [ der®Ty, a27)

((a17a2)7t*)

where the union extends over all ((a1,a2),t*) such that a
t(f 1@,«12) exists, i.e. we introduced in the previous step a binary
type predicate for (aj,az). We thus lift ft(fféa” to a homo-

(a1,a2) |

morphism (f')'¢*": (D¢+)" — A, This is, additionally, an
embedding. By assumption, (a1, az) did not realize any 2-type
t' € £,. If that were the case, by assumption on 2, (a1, az)
would have satisfied Tp, (v1,v2) in 2 and as 2 satisfies
Woen,(g,,&) it holds that a; € Tpf,l‘v1 and ay € Tpf,l‘v2

Hence there would have been no addition of (a1, as) to some
Tpff*. And again by assumption on 2l there cannot be any
binary 7 relation holding for (a1, az2) as this would give rise
to a guarded 2-type realized by (a1, as), leading to the same
argument. By assumption we exclude the case where one of



a1 or as is an interpretation of a constant symbol.

We now show that realization of types and satisfaction of
the associated type predicate coincides for tuples without
constants. Let a be such a tuple from 2 satisfying Tp,, for
some t' € &, ie. a € Tpff/. By construction, a € Tp%,l
holds for all ¥ being not of order 2. Then by assumption,
a realizes t' in 2l and hence in 2. So suppose t' being of
order 2 and such that @ ¢ Tp} (for order 2 and a € Tp}
a repeat of the previous argument yields the realization of
the type). Hence @ = (a1,a2) and we have the embedding
(f )Efﬁgw): (D)™ — A by construction. More specifically,
we know that (f’)EﬁgaQ)(vtf) = (a1,a2) and vy satisfies Tp,,
in (D¢)7. By Lemma 74 vy realizes t' in (D¢)” and by
(f )gfﬁgw) being an embedding we obtain that (a1, as) realizes
t" in 2A’. On the other hand, let a realize t' € £ in A'. If
a already realizes t' in 21 we immediately obtain a € Tp}
and hence a € Tpf,l/. By construction, the only non trivial
cases are those for order(t') = 2 and a not already realizing
t' in 2. The latter is equivalent to saying, that a does not
satisfy a binary 7 relation in 2(. Hence there is the embedding
(f’)EffléaQ): (Dy)™ — A by construction. Using this embed-
ding, we obtain (f’)ifl’léaz)(vt) = (a1,a2) and vy realizing
t in (D¢)7. Hence by Lemma 74 vy € TpE,@")T. Applying
()5 we obtain (£)7" (ve) = (ar, 02) € TR’

If ® is an induced substructure of 2 already satisfying
Urgr, (e, ,6)» then in the construction we have for every pair
of elements from D already some type predicate in whose
interpretation they are. Consequently the construction does
not touch any elements from D, hence ® is also an induced
substructure of 2. O

Now we will employ the local “problem fixing” of Lemma 79
to ensure Wguarq,(e,,6)- This is split into two lemmata
(Lemma 81 and Lemma 82).

Lemma 81. Given a TWo-structure 5 satisfying Vo, as well
as VYoo (g, ,6) and Ygyard, (g, &)- Suppose we have a 79 o-
structure 2 with a homomorphism h: 2 — ‘B that already
satisfies Ve (e, ¢,)- Additionally, for all t € £ it holds that a
tuple a without constants from 2 satisfies Tp, € o in 2 if and
only if a realizes t in 2. Let ¢ = (a,p,t,v) be a violation
tuple of . Then there is a finite T W o-structure A’ and a
homomorphism h': A — B with the following properties:

1) U satisfies conjuncts Wgen (s, &),

2) 2 is an induced substructure of 2,
3) W extends h, i.e., h'|a = h,

4) q is no violation tuple of A/,

5) no new violation tuple is being added,

6) for all t € & it holds that a tuple a without constants
from A satisfies Tp, € o in A’ if and only if a realizes
tin A

If B and 2 additionally satisfy Vrgr, (s, ) we can ensure
that A also satisfies Vrgr (s, )

Proof. Let ¢ = (a,p,t,v) be a violation tuple of 2 which
implies a € Tp. Since h is a homomorphism, the tuple
h(a) in 9B also satisfies the premise of the conjunct from
Wonard, (£, ,6,) (see 116) indexed by (t,v). By assumption,
B satisfies Wgyarq,(e,,6,) Which implies the existence of
(¢,') and a tuple b from B (and hence B*) such that
(t,v) €; (t',v') and b € Tpg hold.

Applying Lemma 79 we obtain a structure 2* and a homo-
morphism ~*: 20* — B such that ¢ is no violation tuple
anymore. We also note two things: For one, we do not add any
violation tuples via Lemma 79. This is clear when observing
the fact that analyzing only locally the violation tuples of 2l
at a, i.e. via Qq, is enough since the rest of the structure
(everything not inside the induced substructure by a of 2()
remains completely unmoved by the construction. Secondly,
Lemma 79 ensures that 2 is an induced substructure of 2A*.
Finally, we obtain that 2[* satisfies W,e, (g, ¢,). This is equally
achieved by Lemma 79. Hence Items 1 to 5 are established.
Lastly Item 6 is also guaranteed Lemma 79.

If either 2( or B does not satisfy Wrgr (g, ), We rename
2A* to A and h* to A’ and are done. If on the other
hand, additionally ¥rgr, (¢, ¢,) holds for 8 and 2I, we apply
Lemma 80 to 2A* and B and the homomorphism A* and get
an structure 2’. Finally, as 4 does satisfy Wrgr, (s, ¢,), again
Lemma 80 yields that 2(* is an induced substructure of 2’. And
by transitivity of being induced substructures we preserve Item
2 even after this step. Preservation of the remaining items is
ensured by Lemma 80. O

Lemma 82. Given a 7 W o-structure B satisfying Vyom as
well as Wgen (g, &) and Vgyard, (e, &) Suppose we have a
finite T Wo-structure A with a homomorphism h: A — B that
already satisfies Vgen (¢, ). Additionally, for every tuple a
without constants from 2 it holds for all t € £ that a satisfies
Tp, € o in A if and only if a realizes t in A. Then there is
a finite T W o-structure A" and a homomorphism h': A" — B
with the following properties:

1) A satisfies all Wyey, (g, ¢,
2) U is an induced substructure of U,
3) h' extends h, i.e., h'|4 = h,

4) every conjunct in (116) is satisfied in U if the universal
quantification is restricted to elements from 2,

5) for all t € £ it holds that a tuple a without constants
from A satisfies Tp, € o in A’ if and only if a realizes
tin A

If 2 additionally satisfies Vg (s, ¢,y we can ensure that '
also satisfies Wrgr (£, &)

Proof. Let B* denote B|,wc and @ be the set of violation
tuples of 2. Since () is clearly finite (as we have finitely many



types to consider and 2 is a finite structure) we can assume
an enumeration {q1,...,qm} of its elements. We define in-
ductively homomorphisms h7: 2/ — 9B* and structures 21/
for j € {0,...,m} such that for every j € {1,...,m} the
following holds

i) 2 is a substructure of 27,

ii) A7 is finite,

iii) 217 satisfies conjuncts Woen, (64,65

iv) 27~ is an induced substructure of A7,
v) h extends h'~ 1, ie. hi| 451 = hI7E,
vi) no element from {q1,. .-

A7,

vii) at most the elements from {g;,...,qmn} are violation

tuples of 27, i.e. we do not add new violation tuples
in each step),

,¢j—1} is a violation tuple of

viii) for all t € £ it holds that a tuple a without constants
from 2/ satisfies Tp, € o in 2/ if and only if a realizes
tin A,

We set A0 := 2 and h° := h. Suppose A and h* are defined

for all k € {1,...,;} and satisfy the requirements.

Now consider g; = (a, s1,t, ) which implies @ € Tp?. Since
2 is a substructure of 217! we find the tuple a in 2/ ~!. Hence
g; is also a violation tuple of 27!, Applying Lemma 81 we
obtain 217 and h’ with Items ii)-v) holding. Obviously Item i)
holds by transitivity of the substructure relation. Furthermore
gj is not a violation tuple of 207, hence Item vi) is true, too.
Item 5 of Lemma 81 yields vii) and Item 6 of Lemma 81
yields viii).

This process terminates after m steps and we obtain a structure
2A™ from it, which we will denote now by 2I’ and a homomor-
phism A™: 2™ — B* renamed to h’. As every step ensured
that Items i)-vii) hold, 2’ is a finite structure,

o that satisfies Wgen (g, &)

e has 2 as induced substructure (by transitivity of this
relation), and

o 1/ extends h, i.e. h'|4 = h.

Hence 2" with b’ satisfy Items 1-3. Since no violation tuple
of 2 is one of 2’ and there never have been created new ones
along the way, Item 4 is true as well. Item 5 holds thanks to
Item viii).

For the second part of the lemma note that if Yrgr, (e, )
holds for B and 2( we can additionally apply in each step the
second part of Lemma 81. This then ensures that Urgr (¢, )
holds for every A7 with j € {1,...,m} and hence also for
A O

We will now put those lemmata together in order to do the
following: For a 7 W o-model B satisfying Wy, all of the
Uoen, e, ,6) and Ygyard, (e, (and in the case of ® being a

TGF sentence all the Yrgr, (¢, ¢,)) We will construct a 7 o-
model 2 of ® and a homomorphism A: 2 — 5 . Note that
we do not fix a (£1,&)) € (P) this time.

Lemma 83. Let @ be a GFO_ sentence ® = &p A Py A Py3
with D € T unary or a TGF sentence ® = Pypiy A Py A Py3
with Univ € T binary, where

®p = Va.D(z), (128)
Duypiy = Vay.Univ(z,y), (129)
oy — /\V:c.(ozi(m) N ﬁi[ac]) (130)
Pyg = /\Vz.(ﬁj(z) = Hy.fyj(yz)) (131)
J
Define the T W o-sentences
U=Thom A\ T, e (132)
(Ex,8)€e(®)
and
LA 7T WA VAR (133)
(Ex.E)E(D)
where WU (g, ¢y is the following sentences:
Ve, e) = Ygen,(es,6) N Yguard,(£,,8) (134)

and \P}TEF &) is the following sentences:

\I]’?Ef,s!) = q}gen,(5+,£!) A \I,guard,(5+,51) A lI/'JI'(I}r]1<‘7(5'+,5!) (135)
Depending on ® being a sentence from GFO_ or TGF let 5
be a model of ¥ or WTCF . Then there exists a T o-structure
A satisfying © and a homomorphism h: A — B.

Proof. Let B be a model of ¥ or a model of WT6F (depending
on whether ® is from GFO_ or TGF respectively) and let
(Ex,&) € (P) such that the associated disjunct ¥ (¢, ¢ (or

\II?EF_&)) is satisfied in B.

Applying Lemma 76, let 2, be (R, )7, hence for every type
t € £ it holds that a tuple a (without elements named by
constants) from 2 satisfies Tp, in 2y if and only if a realizes t
in 2. Let hgy be the in Lemma 76 constructed homomorphism
h': (Re, )™ — B. If & is a TGF sentence, Lemma 80 allows
us to assume g to satisfy Wrgp (g, ¢,)-

This will constitute the induction beginning for a proof of the
following statement:

Claim: There exist a sequence (2l,)nen of T W o-structures
and a sequence (hp)nen of homomorphisms h,: 2, — B
such that for every ¢ € N, the following holds:
1) A; is finite,
2) ; satisfies all Wge, (g, ¢ (and if ® is from TGF also
Vrer, (e, .6))s
3) 2; is an induced substructure of 2,1,



4) hi+1 extends h;, i.e., hi+1 A, = h;,

5) every conjunct Wy apq (e, ¢, is satisfied in 2A;44 if the
universal quantification is restricted to elements from 2;,

6) for all t € £ it holds that a tuple a without constants
from &; satisfies Tp, € o in ¥; if and only if a realizes

As mentioned before, we prove the statement by induction
on n and assume therefore that the claim holds for structures
() n<i- In each induction step we apply Lemma 82 to obtain
A+ from AL, This immediately yields the claim.

We continue by using the claim for the proof of [®]|-7 D
[¥]]- by defining a limit structure for the sequence (21, )nen-
By Item 3, we know that A; C A;,1 as well as R* C R¥i+1
for every R € o holds. We define the 7 W o-structure 2 as
follows: The domain is given by A := [J, .y A, and for
R € 7\ C we have R* := (J,.yR¥". By the choice of 2o,
Item 2 and Item 5 imply that the structure 2 satisfies V¢, ¢,).
If ® is a TGF sentence, we also obtain 2l F Urgp g, &)
Additionally, Item 5 guarantees that 2 satisfies Wy ard, (e, &)
If this were not the case we would find some violation tuple
qg = (a,pu,t,v) of A. As 2 is the union of an increasing
sequence of structures, there is an index k such that ¢ is a
violation tuple of 2(;. This also means that a is a tuple from
2. By construction (applying Lemma 79) ¢ is no violation
tuple in 2;4;. Since in every application of Lemma 79 we
never add a fresh violation tuple this implies, that ¢ could not
have been one of 2. As violation tuples are witnessing vio-
lations of Wy a4 (g, &) and we just argued that there cannot
be any violation tuples in %I, this yields 2 F W04, (g, 6
Finally, Item 6 guarantees that type predicates correspond to
the associated types. To be more precise: For every type t € £
it holds that a tuple a (without constants) from 2l satisfies
Tp, in 2 if and only if a realizes t in 2. Note that, since
A F Ween (e, ) the only interesting case is t € &£,. This
allows us to switch freely between t € £ and Tp, € o for any
further discussions.

Hence we can establish the validity of the 7-sentence ® based
on the type predicates in 2 alone. To be precise, consider
at first (130) and suppose a from 2 satisfies the premise
a;(x) of some conjunct from ®y. Then the 7 type t, realized
by a in 2 is guarded by «;(x) (as witnessed by some v).
Consequently t, € £ and hence a € Tpi‘l by construction.
With A F W,o, (¢, ) We obtain t, € £4. As (E4,8) € (D),
tq contains some disjunct from ¥;[v_ |. Hence a satisfies some
disjunct from 9;[x] in 2.

Now consider (131) and assume that a premise [3;(z) of a
conjunct from ®y3 is satisfied by a tuple ¢ from 2. Hence
the 7 type t. of ¢ in 2 is guarded by §;(z) (as witnessed
by some v), so t. € £. By construction this means that ¢
satisfies Tp,_ in 2. By Wye, (¢, ¢,) We obtain t. € £, which
in turn implies that (t.,~) € Bj;. Since 2 satisfies ¥ and
especially Wy arq,(e, ). it follows that there exist b in A
and a type t' € &, guarded by v;(yz) as witnessed by v/,

ie. (Y,v) € P; such that (t.,v) and (t',’) are fitting and
Tpy (bc) holds. And by construction we obtain be realizing t/
hence satisfying v;(yz) in 2.

For the case ® being a GFO_ sentence, ®p holds since, for
every a in 2 its type t,(v1) is, as a 1-type, trivially guarded
(hence in £). By construction a € Tpfi, hence by Wgen (e, &)
we obtain t, € .. As D(vy) € t,, a € D¥,

Lastly, if ® is a TGF sentence, ®y,;, holds since, for every
(a1, az) in A we obtain via % F Urgr (¢, ¢ its type tq(v1) is,
as a 1-type, trivially guarded (hence in £). By construction a €
Tp;., é‘lence by Vyen, (£, ,6,) We obtain t, € ;. AsD(v1) € t4,
a €D”.

This implies that 2 indeed satisfies ®, as desired.

By Item 4, the union h := |J, ¢y hn is a well-defined map.
Moreover, it is a homomorphism from 2 to 8. This proves
the statement. O

We are now ready to prove several results characterizing the
homclosures.

Proposition 84. For every GFO_ t-sentence ®, there exists
a GFO_ sentence ¥ such that [®]~ = [V]|.

Proof. Let @ be a GFO_ 7-sentence, which, by Lemma 65,
can without loss of generality be assumed to be in the
following normal form (as discussed above in Lemma 70):
® = & A &y A Oy with D € 7 unary, where

&y = Va.D(z), (136)

oy = /\Vw.(ai(a:) = 191[:13]) (137)

dyg = /\Vz.(ﬁj(z) = Ey.fyj(yz)) (138)
J

with 9J; a disjunction of literals, «;, 3; guard atoms and +;
an atom. We define the width of ® (denoted by width(®))
to be the maximal arity of a relation symbol appearing in ®.
Furthermore, we denote by C' the set of all constant symbols
from 7.

Now, let the set £ of eligible types consist of all rigid guarded
types of order < width(®).

Let o contain for every t € £ a fresh relational symbol Tp, of
appropriate arity, and define the 7 W& o-sentence

U=Tpom A\ Tz, (139)
(E+,E)E(P)
where W (¢, ¢ is the following sentences:
Uie, 60 = Yeeny(ey.6) N Yguard, (64,6 (140)

We obtain [®] = [¥]|, as follows:

“C”: Let 2 € [®] and let h: A — B. Take & to be the set of
all eligible types for ® and o the set of fresh relation symbols



Tp, associated to each t € £ with the appropriate arity. Then
the £-adornment of 2, 2 - £, is a 7 W o-structure which we
will denote by 2(*. Furthermore, let B - h(2A*|,) be the 7 Wo-
structure described before, which we denote by B*. Obviously
$B*|, = B holds.

By Lemma 68 B* satisfies Wgen (£, ¢,)- Additionally, after
applying Lemma 78 B* satisfies Wgyard, (e, ,6) and Whom-
Consequently B* = U.

“2”: Let B be a model of ¥. Application of Lemma 83 yields
a TWo-structure 2 satisfying ® and a homomorphism h: A —
8. Restricting both 2 and B to 7 yields the claim. O

Lemma 85. For every GNFQO_ 7-sentence ®, there exists
some GFO_ sentence ®* with [®] 7 = [®*]|".

Proof. By [1, Proposition 3.2], there exist a GFO_ sentence
&' and an F*FOTF sentence (more precisely: a union of
conjunctive queries) ® such that [®] = [®' A =®"]|, ().

Then, by [2, Lemma 2.4] and the corresponding proof, there
exists a GFO_ sentence ® such that (i) [®' A—=D"] C [®'A
—®"'] and (ii) for every model 2 of & A =P there is a
model B of &' A =®” such that a homomorphism B — A
exists. Therefore, [®' A —®"]7 = [®' A =D (D).

So we obtain:

[e]~ L [oA-a"]7 (141)
= [ A=D"]7, (142)
L@ A", (143)
= [@A-D"]|7. (144)

The equivalent transformation used in the steps denoted by
= has been justified in the proof of Lemma 65. Note that
®' A =®"" € GFO_ and let &* = &' A =P, O

Proposition 86. For every GNFO_ 7-sentence ®, there exists
a GFO_ sentence ¥ such that [®]~ = [¥V]|.

Proof. Given ®, we apply Lemma 85 to obtain a GFO_ 7'-
sentence ®* for some 7/ D 7 satisfying [®]7 = [®*]|.
Applying Proposition 84 to ®*, we obtain a GFO_ 7”-
sentence ¥ for some 7 D 7/ satisfying [®*]~ = [¥]],.
Yet, since 7 C 7/, we also obtain

[0l = [¥]|~ |- =[] ) = [@]|7 = [@]

(the equality denoted by = has been shown in the proof of
Lemma 65), therefore ¥ serves the desired purpose. O

Proposition 87. For every TGF T-sentence ®, there exists a
TGF sentence ¥ such that [®]7 = [V]|.

Proof. Let ® be a TGF 7-sentence which we assume to be in
normal form (see Corollary 71), i.e. with Univ € 7

P = Pypiy A Dy A Py3 (145)

where
Pppiy = Vry.Univ(z,y), (146)
oy = /\Vw.(ai(w)éﬁi[aﬂ), and (147)
s = AVz(8i(2) = Fy(yz),  (148)
J

with «;, B; guard atoms, 7, just atoms, and ¥; being a
disjunction of literals. We define the width of & (denoted
by width(®)) to be the maximal arity of a relation symbol
appearing in . We denote by C' the set of all constant symbols
from 7.

Let the set £ of eligible types consist of all rigid guarded types
of order < width(®).

Let o contain for each t € £ a fresh relational symbols Tp;.
Then we define the 7 W o-sentence

U = Upom A \/
(E4,E)€(P)

Ve, &) (149)

where W(¢, ¢ is the sentence:

Ve, ,e) = Yeen,(e4.6) N Vguard, (g4 ,6) ANVTGE (64 ,6)- (150)

We now show [®]~ = [¥]|, by proving the two inclusions
separately:

“C”: Let 2 € [®] and let h: A — B. Take & to be the set of
all eligible types for ® and o the set of fresh relation symbols
Tp, associated to each t € £ with the appropriate arity. Then
the £-adornment of A, A - £, is a 7 W o-structure which we
will denote by 2/*. Furthermore, let B - h(2*|,) be the T W o-
structure described before, which we denote by 28*. Obviously
B*|, =B holds.

By Lemma 68 B* satisfies Wyep (g, g,). Additionally, after
applying Lemma 78 B* satisfies Wgyara,(£,,6)> Yhom, and
Urgr, (e, ,&)- Consequently B* = .

“D”: Let B be a model of U. Application of Lemma 83 yields
a TWo structure 2 satisfying ® and a homomorphism h: A —
5. Restricting both 2l and *B to 7 yields the claim. O

We can “piggyback” on this result to obtain the comparable
statement for I*VVI*FO.

Proposition 88. For every A*VYVI*FQ t-sentence ®, there
exists a TGF sentence U such that [®]~ = [¥]|.

Proof. ® can be projectively characterized by a TGF sen-
tence ®’ obtained as follows: skolemize the outer existential
quantifiers into extra constants and add an atom using a fresh
predicate of adequate arity as a guard following every inner
existential quantifier. Clearly, @' is in TGF and it projectively
characterizes ®, so the former can be seen as the “TGF normal
form” of the latter. Let now ¥ be obtained from &’ following
Proposition 87. We then obtain [®]~ = [¥]|, thanks to
Lemma 65. O



Definition 45. Given an instance of 3SAT S = {C4,...,Cy}
consisting of n clauses each containing 3 literals over propo-
sitional variables p1, ..., pm, we define the structure g by

As ={a; |1 <i<n+1}U{b,b; |1 <i<m} (28)

First®s = {a;} (29)
CLst¥s = {a; |1 <i<n} (30)
Nil?s = {a,41} (31)
Next™s = {(a;,a;41) |1 <i<n} (32)
Lit™s = {(a;, b)) | pj € Ci} U{(ai,b)) | ~p; € Ci} (33)
Sel™s = {b;, b, |1 <i < m} (34)
Cme[s = {(bi7 bj)> (bgv b;‘)v (bi’ b;c)v (b;’ bk) | i # k} (33)

We let ®35a1 be the sentence containing the conjunction of
the following sentences (leading universal quantifier omitted):

Jz.First(z) (36)
First(x)=-CLst(z) 37
CLst(x) = Jy.Next(z,y) A (CLst(y) VNil(y)) (38)
CLst(z) = Jy.Lit(z,y) A Sel(y) (39)

Sel(x) ASel(y) = Cmp(z,y). (40)

Lemma 89. 1) ®35a7 is contained in constant-free, equality-
free FO? (and therefore in FO2 and TGF).

2) There exists a sentence VU in constant-free, equality-
free YW3AAFO (and therefore in A*YVI*'FQ) such that
[¥]Z2.,) |- € [®asar] o)

3) The size of Us is polynomial in the size of S.

4) /\{Z,E',e"}esg VOV " is satisfiable exactly if Us €

D35AT] 20

5) Checking membership in [®3sar] 2, is NP-hard in the
size of the structure.

6) Checking membership in [V]2,, is NP-hard in the size of
the structure.

Proof. Ttem 1 follows immediately from the definition of

P3saT.

For Item 2: We let ¥ = Vxydzv.1y) where ¢ is the conjunction

over

First(z) (151)

Eq(z, z) (152)

First(z) = CLst(z) (153)

CLst(z) AEq(z,y) = Lit(z,v) A Sel(v) (154)
CLst(z) ALit(z,y) = Next(z,v)

A (CLst(v) VNil(v))  (155)

Sel(z) ASel(y) = Cmp(x,y). (156)

The containment [U] ..l C [P3saT](<w) follows immedi-
ately and therefore also [W]2,, |- C [®3saT]Z,, holds.

Item 3 follows directly from the definition of s.

For Ttem 4: Let V = {p1,...,pm} be the variable set of the
propositional formula ¢ := Ay o pyes €V €V L.

Assume that there exists an assignment o: V' — {T, L} that
witnesses the satisfiability of ¢. Let 7 be the signature of s
and let B’ be the 7\{Sel}-reduct of As. The 7-structure B
is the expansion of B’ where the relation Sel® is defined as
follows:

1) Sel® C {b;,b |1 <i<m},
2) b; € Sel® if and only a(p;) = T,
3) b, € Sel® if and only a(p;) = L.

One can easily check that 25 satisfies ®35a1. Furthermore, the
identity map from B to 2(s is a homomorphism which proves
that As € [P3sar] 2, holds.

For the opposite direction suppose that there exists a structure
B from [P35a7](<w) that has a homomorphism A to 2s. Note
that Equation 36 of Definition 45 ensures that the structure ‘B
contains an element x; such that 25 € First™® holds. Since
h is a homomorphism h(xs) = a1 holds. For every element
x in CLst® exists by Equation 38 an element y such that
(x,7) € Next™ holds. In the structure 2s the same holds but
with unique elements y. This implies that there exists a set
W C CcLst® with z ¢t € W such that h restricted to W is a
bijection from W to {a; | 1 < i < n + 1}. We denote this
restricted map by /. Let f: W — Sel® be a map such that
(x, f(x)) € Lit™ holds for all x € W. Such a map exists by
Equation 39. Observe that h(f(W)) C {b;,b | 1 <i < m}
holds. Moreover since we have f(W) C Sel® by defintion,
all pairs of distinct elements in f() are in the relation Cmp™
by Equation 40. This implies that for all ¢ € {1,...,m} at
most one of b; and b} is in h(f(WW)). We define a variable
assignment o: V' — {T, L} as follows:

2) alp) == L if b, € h(f(W)),
3) a(p;) =T if b; and b} are not in h(f(W)).

This is a well defined map by what we saw before. Fur-
thermore, to see that the clause C} is satisfied, consider the
element y := h'~!(a;) € Q. By the definition of f we have
that (y, f(y)) € Lit™ and therefore (h(y), h(f(y))) € Lit™s
holds. Assume without loss of generality that h(f(y)) = b, for
some [ € {1,...,m}. Then we have (a;,b;) € Lit*s which
means by the definition of 2s that p; is a literal of C;. By
the definition of o we have «(p;) = T which proves that C,
is satisfied.

For Item 5: The 3SAT problem is a well known NP-hard
problem [19]. We have a reduction from the 3SAT problem to
the membership problem for [®3541] 7, by mapping a 3SAT
instance S to the structure 2Ags. This is indeed a reduction by
Item 4 and it is polynomial time computable by Item 3.

For Item 6: We reduce the 3SAT problem to the membership
problem of [¥]Z,, . We map an instance S to the structure A5

that is the expansion of 2s by the relation Eq¥s = {(z, ) |



x € As}.

Assume that S is satisfiable. Let 5 be the structure from the
first direction of 5). It is easy to see that its expansion B*
satisfies ¥ and therefore A% is in [¥] 2,

(<w)*

For the other direction assume that 25 € [V] 2, holds. By 2)
we get that then also s € [®35a1] 2, holds which implies
by 4) that S is satisfiable. O

Proposition 46. Checking homclosure membership is NP-
hard for constant-free, equality-free FO* and YYIAIAFO with
predicate arity < 2.

Proof. The proposition follows from Item 1, Item 2, Item 5
and Item 6 of Lemma 89. O

Theorem 47. Homclosures of GNFO_ and GFO_ sentences
can be characterized in IF@EP. Thus, for a fixed GNFO_ or
GFO_ sentence ®, checking 2 € [®] " is P-complete.

Proof. Given a GNFO_ 7-sentence ¥, bring it in GFO_
“homclosure normal form” according to Lemma 85, obtaining
a GFO_ 7’-sentence ®’. From ®’ compute ¥ as in Proposi-
tion 84, adjusting the definition of Wy, as follows:

J\Voe (Tp(ve) = AHT), (157)
tee
where
t|t = {act|a=P(t) with P € 7} (158)

so, compared to the original Wy,y,, the new one disregards
auxiliary symbols from 7/\ 7. Clearly, we still obtain [®] " =
[¥]]- and hence also [®] = [Fo.¥] where

00 =30 (Vom A\ Wesy)  (59)
(&4, €(®)
\/ 3o (Ye, &) N Phom) (160)
(E+,E))E(P)
\/ 30 (Ye, &),hom) (161)
(E+,EE(P)

with W¢, ¢) nom being the conjunction over

for t € £ (162)

Vo (Tpy(ve) = 1) for te £\ £4(163)

Vi (Tpy(ve) = Tpy (vy)) for t, ' € £, =t (164)

Vo (Tpy(ve) = Tp,(np" (vy))) for t € &, k: v = v(165)

V. (Tpy(ve) :>\/ Jv\v(z).Tpy (vy)) for (t,v) € B;(166)
(tr)Ex(v,v)

Vo (Tp(ve) = AtT) for t € £ (167)

where j ranges over the number of conjuncts in ®y35 (cf. the
proof of Proposition 84).

In a next step, we equivalently rewrite all constituents of
Ye, &), hom as follows (all side conditions remain untouched):

Fug.—(~Tp,(vy)) (168)
Vo (-Tpy(ve) < T) (169)
V'ut.(ﬁTpt(vt) <= —Tpy (vy)) (170)
Yor. (=T (vy) < =Tp, (0" (ve))) (171)
Vo (-Tpy(ve) < /\ Vo\v(z).~Tpy (vy)) (172)

(tv)Ex(t,v')
Vo (-Tpy(ve) <~ AtT) (173)

We next let for & = {Tp, | Tp, € o} be a set of “complement
predicates”, with the intention that Tp, is meant to denote the
complement relation of Tp,. With this in mind, we rewrite
the above sentences in the straightforward way, obtaining
@(&”g!),hom as the conjunction over the following 7 W -
sentences:

Jvi.~(Tp,(vy)) for t € £4 (174)

Vo (Tp(ve) < T) forte £\ E4(175)

Vvt (Tp((ve) < Tpy (vv)) for t,t' € &4, t' = t[,,,(176)

vy. (Tpt(vt) < Tp,.(n ""“(vt))) forte &, kv —v(77)

Ve (Tp(ve) < /\Vvt/\u Tpy (vy)) for (t,v) € B;(178)
(Ly)EF(Y,v)

Vo (Tpy(v) <= = A\U;)

Note that, for the mentioned reasons,

for te £ (179)

Jo. (@(&,,S!),hom) = Jdo. (“Ij(&.,&),hom) . (180)

Also note that the set of sentences of the forms (176), (178),
and (179) can be grouped such that, for every Tp, € @, there
exists precisely one sentence of the form

Yo (Tp(vi) < &g, [vd), (181)

where (g [v¢] is a FO_ sentence with only positive occur-
rences of o-atoms (obtain §ﬁ§ [v¢] as the disjunction of all the
bodys of those implications whose head is Tp,(v+)). Therefore,
the obtained set of sentences gives rise to a monotonic operator
over T Wa-structures simultaneously inflating all Tp, relations.
Hence, 35.(¥(¢, &) nom) is equivalent to the simultaneous in-

guctive FO_ least fixed-point expression T(S ;f’é!l)ff)hom defined
y

/\ Jx.— {lfpﬁ‘{ﬁt, (v1) ¢ &5, [04] |tee }} (z
te&,

). (182)

As simultaneous induction can be expressed using plain least-
fixed-point logic [14], there exists some plain FOMP sentence

ﬁ(lg’ £).hom €quivalent to W(S gi:"‘;?’hom, By defining
fp _ 1A
v = \/ \II(E?.,&),hom’ (183)
(E+,E)€E(®)
we obtain 3o.¥ = WP and therefore [U¥P] = [®]~ as

desired. Using the fact that evaluating FOYP sentences over
structures can be done in polynomial time [16,30], we obtain
polytime data complexity of homclosure membership. [



G. Characterizing Finite-Model Homclosures

Proposition 48. [®..]Z, cannot be characterized in 3SO.
Proof. [®s] 2., contains precisely all — finite or infinite — {P}-
structures that have a directed P-cycle. Toward a contradiction,
let us assume that there were an ISO formula ¥ characterizing
[®oo]=;,- This means the first-order part of W, denoted W',
projectively characterizes [®]Z/,. Now, for a given number
k, let F® be the FO sentence disallowing directed P-cycles of
length k defined by

T mP(xg, 1) \/

F% = Vl‘l x'u xz+1 (184)

Now define the infinite FO theory = := {¥'}U{T'? | k > 0}.
Obviously any finite subset of = is satisfiable, while = is not.
However this contradicts the compactness theorem of FO_
and therefore the presumed existence of ¥ is refuted. O

Theorem 49. Let & be some SO sentence and let ¥ be such
that [[\Ij]]«u - [[(I)H< <. Then [[CI)]] = [[3<wU'quel(U):[|.

Proof. “C”: let B € [®]Z,. Then, by definition, there exists
some finite 21 € [®]., and a homomorphism h : A — B.
Let € be the finite substructure of 9B induced by h(A). Then
h also serves as a homomorphism from 2 to € and therefore
¢ € [®]=.~ and, by assumption, € € [¥].,,. We now obtain
D from B by adding U to its signature and letting U® = h(A).
Then, obviously, € = [D]y and, thanks to € € [¥]., we
obtain ® € [¥!M] by the remarks from Section III. By
construction, U® is finite, therefore B € [I<wU. U V] as
desired.

“O7”: let B € [F<“U. U (], Then there must be a structure
D ¢ [UelV] expanding B by interpreting an additional
signature element U such that U® is finite. Let ¢ = [D]y,
which is finite by construction and an induced substructure of
8. Then by the properties of relativization follows € € [¥]
and due to finiteness of € even € € [¥].,, therefore,
by assumption ¢ € [®].“, meaning there exists some
A € [®].., and a homomorphism 4 : 2 — €. But then idcoh
is a homomorphism from 2 to B, witnessing B € [®]_], as
desired. O

H. Proofs for Normal Form Section

Proposition 51. For every homclosed A"V*FQ_ sentence
there exists an equivalent 3"FOZL sentence.

Proof. Assume ® € 3"V*FO_ is over the signature TWo with
predicates 7 and constants . Let 0% be a set of n Skolem
constants. Let ¢ be the V*FO_ TWoWok-sentence obtained
from ® via skolemization of all the existentially quantified
variables into (additional) constants. Clearly then [®] .., =
[®%](<e)|+. Since @ is a V*FO_ sentence, any model 2
gives rise to a small submodel by taking the substructure 21’
induced by the set A’ C A containing all elements denoted

by constants. The identity on A’ is a homomorphism from 21’
to 2A. Let A be the set of small submodels thus obtained, for
which therefore holds A~ = [®*¢]~ and hence also A|~ =

[®]7 = [®]. Now let us obtain ¥ = 0. \/y o 4 cq'(2A)
where
cq (A) = /\ c=c A /\ P(ci,...,cx). (183)

PeT, k=ar(P)
A=P(cy,--hC)

c,c’ couosk
A=c=c’

Then we get [¥] = A|;> = [®]. Moreover ¥ € 3"FOL. O

Lemma 52. For any class C of (finite) T-structures holds:

1) C™ v is closed under (finite) superstructures. Moreover, if
C is closed under (finite) superstructures, then C = <« = C.

2) C3H<wr s closed under (finite) surjective homomorphisms.
Moreover, if C is closed under (finite) surjective homomor-
phisms, then C3H=w = C.

3) (CH=)T«wr s (finitely) homclosed. Moreover, every
(finitely) homclosed C satisfies (C*H==))= <) = C.

Proof. 1) and 2) follow immediately since “being superstruc-
ture” and “having surjective homomorphisms” are transitive
relations on structures.

For 3) note that a class is closed under (finite) homomor-
phism if and only if it is closed under (finite) superstructures
and (finite) surjective homomorphisms. By 1) we get that
(CsHi<))= <w is closed under (finite) superstructures. There-
fore it remains to show the closure under (finite) surjective
homomorphisms.

Let A € (CM<)T v and suppose that there exists a
(finite) surjective homomorphism h: 2 — ‘B where B is
a 7-structure. By definition of (C%M<w))= ) there exists
a substructure 2y of 2 such that Ay, € CH<w . Let B
be the substructure of B that is induced by h(Ay). The
structure 2y has clearly a (finite) surjective homomorphism
to By and since C*H= is by 2) closed under (finite) sur-
jective homomorphisms it follows that B, € CH<«) . Since
By is a substructure of B it follows by the definition of
(CsHi<)) = <o) that B € (C*H=w)) = «w) holds. O

Proposition 54. Let U be an SO 7-sentence. Then

(W] = [P ] e (47)
Proof. Let A € [[\Il]]< <" and let B a substructure of 2l such
that B € [¥] <. Such a substructure exists by the definition
of [[\Il]]::jj“” We can therefore choose B C A as a witness for
the set variable U in 30.9™!®) and get that A € [¥5"] .
For the other direction suppose that 20 € [¥S"P]_, holds.
This means by definition that there exists a subset B of A
such that W!(5) holds on 2. Therefore the structure % that is
induced by 2( on B satisfies ¥ and we get 2 € [[\If]](<w<‘“’. O

Proposition 57. Let U be an SO 7-sentence. Then
sH<w shom
[9]s = [ cw

(<w)

(G



Proof. Let 2 € [¥[N5 and let ' be a 7wr'w{U}-
expansion of 2 that satisfies ©F A Ay, Vz.(P(z) = P'(z)).
Let B, be the substructure of 2’ that is induced by %, Let
B, be the 7’-reduct of B;. We define B as the T-structure that
arises from the signature substitution 7’ — 7 in the structure
Bo. We claim that there exists a surjective homomorphism
h: A — B with the following definition: The map is the
identity on U%'. Each element ¢ v s mapped to some
element y € U such that ™ (z,%) holds. Such a mapping
exists (but/is not unique) according to the sentence eg/. Since
P C P’* holds and by the formula ™ (z,y) it follows that
h is a homomorphism. Note that h is surjective since it is the
identity on U, which is the domain of B. By our assumption
that 2 is from [[\Il]]?ifj“) it follows that B € [¥] .., holds.
This is nothing else than saying that 2 = \I/fig), holds, which
proves the first inclusion.

For the second inclusion, assume 2 € [¥sh°™] _,, and that
there exists a surjective homomorphism A: 2l — ‘B. Define
the 7W7'W{U}-expansion A’ of A as follows. For all P € 7
we define the relation P'™ as the preimage of P% under
h. The set U is defined as some set of representatives of
the kernel classes of h. It is clear that ' satisfies ©7 A
Nprcrr V. (P(z) = P'(x)) and therefore it satisfies \Ilieié, as
well. Let 2(; be the structure that is induced by 21" on U
By the definition of 2" the 7/-reduct of 2l is isomorphic to
B after the signature substitution 7" — 7. This implies that
B satisfies U. Since the surjective homomorphism h and the

structure B were arbitrary, we get A € [W]7 5. O



