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Exercise 2.1 Which of the following statements hold true?
(@) Any word automatic structure has a finite domain.
(b) For all relations R, both R and its convolution ¢(R) have the same cardinality.

(c) If Ais countably infinite, and P C A is a unary relation, then the structure (A; P) has an automatic
presentation.

(d) If the structure (A; Ry, ..., Ry,) has an automatic presentation, then also (A; Ry, ..., R,—1) is
automata presentable.

(e) If (A;Ry,...,R,) is an automatic structure, then it has an automatic presentation, too.
Exercise 2.2 For each of the following structures, check whether it is automatic, and if it has an
automatic presentation.

(@ ({0,...,n—1};+, <) where + denotes the addition modulo 7.

(b) (N;+, <)

(© (R;+,<)

(d ({a,b}*;R1) where

Ry = {(u,0) € {a,b}*)*|Vi:u(i) =a=v(i)=a}.

(e) ({a}*; R, R3) where

Ry = { (u,0,w) € ({a}*)| length(x) > length(v) > length(w) },
and R3:= {(u,v,w) € ({a}*)?| length(u) > length(v) + length(w) }.
(f) (2% <y,..., <) where
e X ={0y,...,0,} is an alphabet,
e |w|; denotes the number of occurrences of the symbol o; in w, and
o u<;vif |ul; <o

Exercise 2.3 Let R be a relation of arity 1, and consider a permutation 7t on {1,...,n}. Show that
7T(R) = { (Xr@) -+ X)) | (x1,...,%4) € R} is automatic if R is automatic.



Exercise 2.4 Let R be a relation of arity m, S a relation of arity n, and ¢ < m + 1. The join of R and
S at position £ is defined as the relation

Ro<typ S :={(x1,.., %p40-1) | (x1,...,xm) € Rand (x4,...,%,4¢1) €S}

Show that R <1y S is automatic if R and S are automatic.

Exercise 2.5 Let X be a finite alphabet, and R a binary relation on £*, such that the structure (*; R) is
automatic. For each word w over X, we denote by 0 the word w written backwards. Define the relation

R = { o, %) | (w1, ws) € R}

Prove or disprove the following statements:
(a) The structure (Z*;?) is automatic.

(b) The structure (Z*;%) has an automatic presentation.

Exercise 2.6 Let A = (A;Ry,...,R,) be anautomatic structure, and consider a subset X C A. The re-
striction of A to X is defined as the structure A|y == (X; Rily, - -, Ru|x) where R;|y = R; N X v(Ri),
Prove or refute the following statements:

(@) If X is regular, then the restriction A|y is automatic.

(b) The restriction A|y is automatic.

Exercise 2.7 Let A= (A;Ry,...,R,) be an automata presentable structure.
(@) Is there a structure with domain ¢2(A) that has an automatic presentation?

(b) Let B be another automata presentable structure. Is there a structure with domain B4 that has
an automatic presentation?



