
FMT Course : Lecture 3

- -
The missing proofs on E - F Games

zero - one law for FO ( but not too much)



Def . K - atomic type
= a formula with variables son , - -

, Kk srt .

for all itj we have sci =/ Xj

and either E(xi , xj ) or - E ( xi , xj )

✗ 3•4 . .
.
-* - - - -

→

✓
= Xp =/ Xz A Xz =/ ✗3 ^ Xz # Xr

n E( xn.kz ) r ^ E( xz , Ks ) r E ( xn ,
✗3)

µ We often think about a K - type as the set of its conjuncts .

Def . A ( k -11 ) - type t extends a k - type s iff s E t .

Def . An ( sit ) - extension axiom is the formula
V-xnV-xz.n.lt >Ck s( xn ,

- - , xk ) → Fxhtn AGG , - in , Kuen )

EIA :={ V-x-EGC.sc ) , f k - types ,Hetty Elx , g)→ Ely ,
>c)

' Git k -11- type t , }
SE t



-
EA
#

Every extension axiom is EIA is w - categorical
almost surely true ii. e. ( it has exactly one countable )model up to isomorphism

Nas ( at ) = I 1
for all ait E EIA

. EIA is complete
( for every y either EIA 1=4 or EIA 1=-4 )1

By compactness it

implies that if
F-At 4 Bag

.

then Mcs ( y ) - 1 .

•



-
EA
-

Every extension axiom is LEIA is w - categorical
almost surely true ii. e. it has exactly one countable )( model up to isomorphism

Nas ( at ) = I 1
for all •sit c- EIA . EIA is complete

( for every y either EIA 1=4 or EIA 1=-4 )

Theorem ( Glebskii et al , Fagin ) pole ) - 0
or

FO has zero - one law ,
i.e. for all YEFO we have µ • ( y

) = 1-
.

Proof : By completeness of IAE we know that IEIAK 4 or IEIA 1--74 .

1° If LEIA 1--4 then jus ( y
) = 1 .

2° Otherwise EIA tie ,
which implies µ•Gy) -1 . So/ • 147=1-90447--0 .

☐



A Radio graph is a graph G= ( v. E) with V : -- IN -1

and Eli
, j ) holds iff p; I j or Pj / i. ②T②
I →③

i- th prime numb divides

i. Ho.
⑤

Lemma : G ¥ Got for all ⇐ +
E AE

.

Proof :

Let 6s,t : = txn ltxz
. . . Hock s(sG

, . . . ,
XK )→ FXK.in b-( son , xz , . .

- , Xk ,
Xun ) .

We divide { 1,2 , 3 , - , m
} into

- -
Con = { i I Ecxi , x←+n ) et } Not Con : - { i / nEGci.xn.in) c- t }

Now take any an ,
. . . , an E V s.lt

.
Gt scan . . . ,

Qk )
.

We need to find Qun E V s
-

t
.
Gt t( an , -

.
. , Qu ,

Ouen ) .

Take Qutn = ( 07 pa;) . Oy ,
where

q is the smallest prime
i c- con

number greater than pan . Paz .
- - r

s

pay .

Éo for i c- Con ( resp . Not Con ) we have E- (ai , aka ) ( resp .

- E Cai
, 0-1=+1) ) .



Lemma : For any 57,83 st At EIA and Bt EIA we have AEB
tf

countable

A- = { an , az , 0-3 ,
- - -- } B = { bribe , 63 , - - .

}

By induction he will .

create partial isomorphism po.pe/pzi----
such that po

C- pn , pn C- pz , pz c- 1031
- - -

p - 0pm will turn out to be an isomorphism from A toB
n=0

po = ¢ Assume that we already have ¥ .

--
ik is even ik is odd ( similar )

01*-4 (ai , , big) , ( aia.biz ) , . . . . Cain , bin) }
- -

-

Take Qin, , S.A. Ike, is the smallest enolex g. A. Qin , doesn't appear in Pa ..



01*-4 (ai , , big) , ( aia.biz ) , . . . . Cain , bin) }
- -

-

Take Qin, , S.A. Ike, is the smallest enolex g. A. Qin , doesn't appear in Pa ..

-
-
-

Qi,̂ QiÉ✗ -
- - Qin Tik-11

in A :

It means that there is a b- types
sit A f- slain ,

- . - i Qin )
similarln we can find a unique lktl ) - type t.sk . At Alain , - , 0¥

So ( since pie is a partial isomorphism) we know that

BE scbii , . . . , bin ) . Since BKEIA , we know BF-vxa.it✗a ska .
- i'a)

→ Fxatntcxa ,- , ✗Ktn)

Hence there is biu-n-B.at 33kt(6in ,
- . - , bian ) . So let pa+iPnv{(a¥



Lemma : EIA is complete .

9
for all @ C- FO ne have EIAKQ or EIA 1--74 .

Proof :
Assume that it is not the case ,

which means
that

At EIA and 931=-4 and

53 f- EIA and 131=-74 .

Easy observation I # At = No
, so

also / EIA v94 } / =/ EIA v74}/
iv.

.

Hence
, by Skolem Theorem we can assume

that A and B are countable
.

Because EIA is co - categorical , it has exactly one countable model .

So Az pg .

Hence , they satisfy the some Fo - formulae .

It implies that At 4 and A try . A contradiction .z
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