
Faculty of Computer Science Institute of Theoretical Computer Science, Chair of Automata Theory

Introduction to Automatic Structures Summer Semester 2016

Exercise Sheet 5 – Word Automatic Structures and First-Order-Logic 7th June 2016

PD Dr.-Ing. habil. Anni-Yasmin Turhan & Dipl.-Math. Francesco Kriegel

Hint. For two structures A and B, we write A ≤FOL B if A is FOL-definable in B.

Exercise 5.1 Decide whether the following statements are true or false. Justify your answer.

(a) Each automata presentable structure has a countable domain.

(b) There is a finite structure which is not automata presentable.

(c) If A ∼= B, and A is automata presentable, then B is automata presentable, too.

(d) If A ≤FOL B, and A is automata presentable, then B is automata presentable, too.

(e) If A ∼= B, and A is universal, then B is universal, too.

(f) If A ≤FOL B, and A is universal, then B is universal, too.

(g) If A is a structure with a pairing function, i.e., a bijection p : A× A→ A, then A is not automata

presentable.

Exercise 5.2 Let A := (A; R1, . . . , Rn) be a structure such that ki is the arity of Ri. A congruence

relation ≈ on A is an equivalence relation on A that is compatible with each relation Ri of A, i.e., for

each index i ∈ {1, . . . , n}, (x1, . . . , xki) ∈ Ri and x1 ≈ y1, . . . , xki ≈ yki imply (y1, . . . , yki) ∈ Ri. Then,

the quotient of A with respect to ≈ is defined as the structure

A�≈ :=
(A�≈; R1�≈, . . . , Rm�≈

)
,

the domain of which is defined as the quotient

A�≈ := { [a]≈ | a ∈ A }

that consists of congruence classes [a]≈ := { b ∈ A | a ≈ b }, and furthermore for each index

i ∈ {1, . . . , m},
Ri�≈ := { ([a1]≈ , . . . ,

[
aki

]
≈) | (a1, . . . , aki) ∈ Ri }.

Show the following claim:

If A and ≈ are automatic, then their quotient A�≈ is automata presentable.

Hint. Show that { a ∈ A | ∀b ∈ A : a ≈ b =⇒ a ≤llex b } is FOL-definable in (A; R1, . . . , Rn,≈,≤llex).
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Exercise 5.3 Let A := (A; R1, . . . , Rm) be a structure such that ki is the arity of Ri. Show that the

following statements are equivalent:

(a) A is automata presentable.

(b) A is isomorphic to an automatic structure.

(c) There is a regular language Lδ ⊆ Σ∗ and a surjective function ν : Lδ → A such that the following

conditions are satisfied:

• The kernel Lε := ker ν = { (w1, w2) ∈ Lδ× Lδ | ν(w1) = ν(w2) } is automatic,

• for each i ∈ {1, . . . , m}, the relation LRi := { (w1, . . . , wki) ∈ (Lδ)
ki | (ν(w1), . . . , ν(wki)) ∈ Ri }

is automatic, and

• Lε is a congruence relation of (Lδ; LR1, . . . , LRm).

Exercise 5.4 LetA := (A; R1, . . . , Rm) andB := (B; S1, . . . , Sn) be structures. Prove that the following

statements are equivalent:

(a) A is isomorphic to a structure that is FOL-definable in B.

(b) There is a FOL-interpretation of A in B, i.e., there are FOL-formulae φδ, φε, φR1, . . . , φRm over the

signature of B and a surjective function ν : φBδ → A such that the following conditions hold:

• φBε = ker ν,

• for each i ∈ {1, . . . , m}, it is true that φBRi
= { (w1, . . . , wki) | (ν(w1, . . . , ν(wki)) ∈ Ri }, and

• φBε is a congruence relation of (φBδ ; φBR1
, . . . , φBRm

).

Exercise 5.5 Consider the structure (N;+, |p) where + denotes the addition of two natural numbers,

and |p is the weak divisibility for a p ∈N \ {0, 1} defined by x |p y if ∃k ∈N : x = pk | y.

Prove the following statements:

(a) (N;+, |p) is automata presentable.

(b) (N;+, |p) is universal.

Hint. The structures (N;+, |p) and ({0, 1, . . . , p− 1}∗;�, S0, S1, . . . , Sp−1,EqualLength) are mutually
FOL-definable.
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