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Organization

Lectures and Exercises
lecture Thursday, 9:20 — 10:50, room INF E005
hands-on exercise Wednesday, 9:20 — 10:50, room INF E005

Course Web Page
http://www.inf.tu-dresden.de/?node_id=3482&1ln=en

Contact

Sebastian Rudolph sebastian.rudolph@tu-dresden.de, room 2035,
scheduled individually ...or at the Open House

Sebastian Rudolph (TUD) Formal Concept Analysis
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Organization

hands-on exercise means

@ autonomous work on the practice sheet in small teams of 3-4
students, under supervision

@ no general repetition of lecture material

@ no demonstration of the sample solution (will be provided later)

necessary for that is

@ making notes during the lecture

@ performing autonomous follow-up course work before the exercise
@ bringing material and your notes to the exercise
o

developing own activity

Sebastian Rudolph (TUD) Formal Concept Analysis

4/7



Organization

Why this exercise concept?

active development of the lecture material is more effective
discovering relationships in the material

learning structured thinking and autonomous working
learning team work

learning to explain things

exercise for the exams ;-)

You have finished your study of ... Your personal strengths include
pro-activity and team work, you are communicative and willing to
cooperate. (typical job advertisement)
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Overview

Organization
| Contexts, Concepts, and Concept Lattices

@ Concept Lattices
® Multi-valued Contexts and Conceptual Scales

[l Closure Systems and Implications

@ Closure Systems
@ Implications

1l Knowledge Discovery

O Attribute Exploration
@ Rule Exploration
@ Attribute Exploration with Background Knowledge

IV Extensions of FCA
@ Triadic Formal Concept Analysis
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History of Formal Concept Analysis

. e STIFTUNG WARENTEST <AFFEE
Formal Concept Analysis (FCA) originated bt KOMPASS

in Darmstadt, Germany around 1980 as a
mathematical theory that delivers a

Neckermann best-N 86268409 (40~ (35170 | bugl mi Oto Hamsestc Bes Ay 4327357 | aufrledenst.

H H u " Ot Hanseatic ses-t 4327357 (40~ [30-9/Q [0 [+  [++ [0 |aufrledenst.
formalization of the concept of a “concept”. [ o 10 |oy mbmmrmmsions | —
Severin KA 9660 50~ 35123~ | baugl. mit Otto Hanseatic Best. i 4327357 | zufriedenst.

Severin KA 4050 80- 50-/Q + + + gut

Tehibo Aroma Garant An-tu 8e69 80~ |2750/1950 [+ |+ [+ |0 |eut

Ismet KM 582 starlight [7S VY AYEVIE B + ++ |0 qut

Since then, FCA spread into different areas
of computer science, e.g.,

@ data analysis
@ knowledge discovery

@ software engineering

Starting from datasets, FCA derives concept s,
. .

hierarchies. FCA allows you to create and

visualize concept hierarchies based on

well-grounded mathematical foundations.
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Example: Comparison of Coffee Machines

ST|F UNG WARENTEST KAFFEEMASCHINEN MIT WARM

test KOMPASS HALTEKANNE (8 bis 10 Tassen)

Preis fir Er Tech-

Mittlerer | satzkonne/ nische Hand-

Preisin |Glaseinsatz | Kaffee- | Prii- | Sicher | ha- toet-

DM ca. |in DM ca. qualitt | fung | heit bung | Qualitatsurteil

35% [30% [10% [25%

Neckermann Best.-Nr. 8628/409 40~ 35-%/Q baugl. mit Otto Ni. 4327357 fried -
Otto Hanseatic Best-Nr 4327357 40~ 30-)/Q |0 |+ |++ |o zufriedenst. sufficient handling,
Quelle Privileg Best-Nr. 7030720 40~ [24,50/17,50 | baugl mit Otto Hanseatic Best e 4327357 | zufriedenst. S“"' /‘ Y
Severin KA 9660 S0~ [ 35123~ | baugl. mit Oto Hanseatic Best e 4327357 | zufriedenst. & e
Severin KA 4050 80 50-/Q + + +
Tchibo Aroma Garant Art-Ne 48469 |80~ [27,50/19,50 [+ + + o
Ismet KM 582 starlight 8- |47-114- |+ + ++ |0

very high technical quality
0

Philips HD 7612]

Rowenta FT 74| Boseh TKA 2930

deficient security

good handing |deficient technical cualjty]
very good handling very high coffee quality|
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Database Marketing at Jelmoli AG, Zurich!

1
J. Hereth, G. Stumme, R. Wille, and U. Wille. Conceptual knowledge discovery and data analysis. In Proc.
ICCS 2000, volume 1867 of LNCS, pages 421-437. Springer, Berlin/Heidelberg, 2000.
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Analysis of Plane Movements at Frankfurt Airport?

012 Ort der benétigten Staubahn [SBE]
G12a Positionen (grobe Struktur) [POS]

[Halle A ]
|

2503
60 ) &¢
[ OX

@

I

2
G. Stumme, R. Wille, and U. Wille. Conceptual knowledge discovery in databases using formal concept
analysis methods. In Proc. PKDD, volume 1510 of LNCS, pages 450-458. Springer, Berlin/Heidelberg, 1998.
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IT Security Management3

54.39 Deactivation for periods of absence] / \ [52.54 Procuremer of suitable |
" |

[$2.57 Regular playback and deletion of recorded |

S3.16 Briefing personnel on the operation of answering machines| [$2.11 Provisions governing the use of security codes|

$2.4 Maintenance/rep: |

S4.38 Deactivation of unneccessary service features|

T4.1 Disruption of power supply|

‘51 .29 Adequate siting of an IT syslem‘

T1.8 Dust, soiling

T5.37 Determining security codes

‘TA 19 Information loss due to full storage medlum‘
$2.56 Avoidance of confidential information

$2.58 Limitation of message time
. . $1.23 Locked doors

‘T2.6 unauthorized access to rooms requiring protection|

[s2.55 Use of security code| y code

'o

‘86.40 Regular battery ct

[T2.5 Lack of, or inadequate, maintenance

T4.18 Di: or fatigued power supply‘

T2.1 Lack of, or insufficient, rules|

[73.15 Incorrect operation of ines|

‘T5.36 Deliberate overloading of answering machines

‘TS.SB Misuse of remote inquiry features

3K. Becker, G. Stumme, R. Wille, U. Wille, and M. Zickwolff. Conceptual information systems discussed
through an it-security tool. In Rose Dieng and Olivier Corby, editors, Knowledge Engineering and Knowledge
Management Methods, Models, and Tools, volume 1937 of LNCS, pages 352-365. Springer, Berlin/Heidelberg,
2000
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Text Clustering®

) ]

servic: y
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jsaf3
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A
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4
A. Hotho, S. Staab, G. Stumme. Ontologies improve text document clustering. In Proc. ICDM, pages
541-544, 2003.
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Concept Email Manager

A list of referees: ICC!
Datei Bearbeiten Ansicht Gehe Machricht Communicator  Hife
% ; 7 =7 |
Nachr. abr, Neue Nachr. Antwart Antwort an dlle  Weitereiten Ablegen Néchste Drucken Lischen Stop
Mame | Ungelesen | Insgesamt [1]¥ | =] Beteff | % | Absender | Datum = | Friii 4[>
@ Drafts - E  final notification > Guy Mineau 26.05.2000 16:37 -
@ Templates = 1CCS2000 @ Janos Sarbo 26.05.200015:20
Sent 1651 =) Re:Retumed mall: Hostu.. » Alex Borgida 26.05.200017.40
&3 Trash 2 1639 =1 status of all papers o Guy Mineau 23.05.2000 16:50
5. AIFB 94 51 esperssscoversdtogot. o Guy Mineau 29.05.2000 20:22
Shem AUSTRALIA 77 =) Re: Cofimation ICCS2000 »  Galia Angelova 30.05.2000 0229
3 colerichard 26 =) addiional reviewer forICC.. + Hamy Delugach 30.05.2000 21:20
£3 eklund pater LI . - 73 =1 list of referees: ICCS-20000 = Guy Mineau 30.05.2000 21:32
3 giehbend il T B0 othet referess: reminder o Guy Mineau 30052000 21:59
Z3 martin.phiippe 77 /El of referees: ICCS... & Peter Eklund 31.05.2000 11:... H |
1z CALLFORPAPERS 17 y =1 Additional reviewers @ Ulike Sattler 31.05.2000 11:46
1453 Conferences T =1 Re: List of Referees o+ Paval Kocura 31.05.2000 1240
g ECAID2Workshop [E Re:ICCS 2000 o Deborsh L. MecGuinness 31.05.2000 20:32
rgg ECMLOL...otkshop =) Please help with accomo... = Guy Mineau 31.05.2000 21:20 LI
Sy maiingaktion
3 antworten ) =]
[ lesenswert Betreff: list of referees: ICCS-2000
Eley. ICC52000 187} Datum: Wed, 31 May 2000 11:01:11 +0200 {(MEST)
(23 CAMER™$M SUM ki 4 Von: Peter Eklund <Peter, Eklund@sophia.inria fr=
o meeme o - An: stumme@mathematik. tu-darmstadt.de
CC: ganter@math.tu-dresden.de

Conferences/ICC52000
Vs

ferer

conventional e-mail programs store mails

AUSTRALIA /eklund.peter | . in a tree structure

™ — only one search path exists which must

- LE;LE already been set when saving the mail

L) o b o
3 Vorragends el
3 Iccs2om
[ = [Machrichten insgesamt: 187 Ungelesene Machrichte
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Concept Email Manager

o [ Concept Emall Manzager

File Lattice Miew

BRI IX K

In CEM an e-mail

H From Friends
E From Qrganisstion
From Griffith Uni
E From KVO Members
B | Fraom Darmstadt Group
Fram Rudalf Wille
From Jo Herath
B Fram Gerd Stumme
from Gerd
from stumme @
From g.stumme@
From Darmstadt
B From tdailing List
G Mailing List
B To Hermes
Tao Hermeas Elat
To Hermes Chat
To Hermes Joke
Text Retrieval List
E Conlerences
|
Sebastian Rudolph (TUD)

165
1878
1431
37
308
il

10
238
238
238
12
46
2617
323
2117
427
633
738
171
143
114

Blank | Mawl

can be tagged with
several keywords.

o
Gerd Stumme lIncs.cls

Gard Stumme Paper

Gerd Stumme Re: [Fwd: Umschlagsenty

to: "roole@gu eduad” <rcole@gu edu. au:
<stumme@mathematik.tu- darmstadt. de=
from: "Gerd Stumme” =g stumme@gu.edy.aL
Subject: Paper

Hi Richard.

here's the Tex-File of our paper. !
1lncs. cls, plesse hawe = lock at tl
follow the links to the Springer In
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Concept Email Manager

x| Concept Email Manaaer Ols1s]
Eile Attributes Lattice

|2 it @ = « & [keywors]| I
8 top 3338 all |ine Diagram ‘ Local Diagram |\/iew Ernall |
B Groups 1786
B KVO 1130
B KVO Projects 428
B TOSCANA 83
Rention TOSCANA 83
B ECA 44
Warp9 15
HibKE 65
WebKB 277
B KVO Members 738
B From Richard Cole 402
From Cole 402 From Darmstadt]
From Bernd Groh 240 Darmstadt
From Francois Modave 62
From Tom Tilley 0
From Fhilippe Martin 35
B DSTC 446
B FromDSTC 304
B From DSTC 304
Barbagallo 47
From Melfyn 257
About DSTC 233
Bl Darmstadt 406 KVQIMImbers
. 73
Several search paths are possible:
e Darmstadt/KVO/KVO_Members

e KVO/Darmstadt/KVO_Members
o KVO/KVO_Members/Darmstadt
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Concept Email Manager

x| Concept Email Manaaer Ols1s]
Eile Attributes Lattice

H“&. iLEh@=>e8 [Keywords:‘ I

8 top 3338 all |ine Diagram ‘ Local Diagram |\/iew Ernall |
B Groups 1786
B KVO 1130
B KVO Projects 428
B TOSCANA 83
Rention TOSCANA 83
B ECA 44
Warp9 15
HibKE 65
WebKB 277
B KVO Members 738
B From Richard Cole 402
From Cole 402 From Darmstadt]
From Bernd Groh 240 Darmstadt
From Francois Modave 62
From Tom Tilley 0
From Fhilippe Martin 35

Mails from sub-folders can also be found

in parent folders.
—H Darmsfadt I T F = r

Several search paths are possible:
e Darmstadt/KVO/KVO_Members
e KVO/Darmstadt/KVO_Members
o KVO/KVO_Members/Darmstadt
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Co

ncept Email Manager

x| Concept Email Manager
File Attributes Lattice
Hg Lh @8 [Keywards‘[ ”
8 top 3338 ~[[ Line Diagram | Local Diagram |v\sw Email |
& Groups 1786
B KO 1130
B KO Projects 28
B TOSCANA 1]
Mention TOSCANA 0
B ECA 44
Warp3 15
HibKE 85
WebkE 7
B/KVG Members 729 a
& From Richard Cole 402 ‘\ A
From Cole 402
From Bernd Groh 240
From Francols Modaue 52
From Tom Tiley 0
From Philppe Martin 35
3 05TC 446
B From DSTC 304
B From DSTC 304
Barbagallo a7
From Meliyn 257
Abou DSTC 233
O Darmstadt 06
From Darrstact 06
O Scale 1 2108
& From Richard Cole 402
From Cole 402
o EED 3
About EED 1
Mention EED 3
From EED 0
B ekind 1272 <
’ Several views can be combined.
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Formal Concept Analysis

| Contexts, Concepts, and Concept Lattices

Sebastian Rudolph

Computational Logic Group
Technische Universitdt Dresden

slides based on a lecture by Prof. Gerd Stumme
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Agenda

@ Concept Lattices
@ What is a concept?
@ Formal Context
@ Derivation Operators
@ Formal Concept
@ Concept Lattice
@ Computing All Concepts
@ Drawing Concept Lattices
o Clarifying and Reducing a Formal Context
@ Interlude: ConExp
@ Additive Line Diagrams
@ Nested Line Diagrams
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What is a concept?

Formal Concept Analysis models concepts as units of thought that consist
of two parts:

@ The concept extent comprises all objects that belong to the concept.

@ The concept intent contains all attributes that all of the objects have
in common.

FCA is used, amongst others, data analysis, information retrieval, data
mining and software engineering.
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What is a concept?
DIN 2330/1SO 704: Concepts and their Denomination

FCA is working on the conceptual layer. The representational layer plays
only a minor role.

representational layer Denomination ‘ ’Definition
concept
concept layer eitloiiz &
ptiay attribute b
attribute c
N S S ;\.
(e e o s e |
object 1 object 2 object 3
. property A property A property A
object layer property B property B property B
property C property C property C
property D property D property D
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Formal Context

Def.: A formal
context is a triple
(G, M, I). where
e (G is a set of
objects,
@ M is a set of
attributes, and

@ [ is a relation
between G and
M.

We read (g,m) € I as
“object g has
attribute m”

Sebastian Rudolph (TUD)

IR &
3| |8 .
National Parks IR Bl
in California SlelIE822Y
L= |s|S|o|w |88
S| T | T | v |Q L Qv
Cabrillo Natl. Mon. x| x
Channel Islands Natl. Park X x x
Death Valley Natl. Mon. x| x| x| x X
Devils Postpile Natl. Mon. x| x| x| x x
Fort Point Natl. Historic Site X X
Golden Gate Natl. Recreation Area x | x| x| x x | x
John Muir Natl. Historic Site x
Joshua Tree Natl. Mon. x| x| x
Kings Canyon Natl. Park x| x| x X X
Lassen Volcanic Natl. Park X | x| x| x| x|x x
Lava Beds Natl. Mon. x | x
Muir Woods Natl. Mon. X
Pinnacles Natl. Mon. X
Point Reyes Natl. Seashore x | x| x| x x | x
Redwood Natl. Park X | x| x| x X
Santa Monica Mts. Natl. Recr. Area X | x| x| x| x|x
Sequoia Natl. Park x | x| x x x
Whiskeytown-Shasta-Trinity Natl. Recr. Area || x | x | x | x | x | x
Yosemite Natl. Park X | x| x| x| x| x| x]|x
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Derivation Operators

2 ‘?
. 3 2 S
For A € G we define f 3 e
".={meM|v¥ge | National Parks LA g e &5
: in California I HEE S
A:(g,m)el}. el 8151815188
2T (T | v || qQ|Co
Cabrillo Natl. Mon. x | %
Channel Islands Natl. Park X X X
. Death Valley Natl. Mon. x| x| x| x X
FOI’ B < M we deflne Devils Postpile Natl. Mon. x| x| x| x X
— {g e G | Vm c Fort Point Natl. Historic Site X x
Golden Gate Natl. Recreation Area X | x| x| x x| x
B:(g,m)eI}. John Muir Natl. Historic Site x
Joshua Tree Natl. Mon. x| x| x
Kings Canyon Natl. Park x | x | x x x
Lassen Volcanic Natl. Park x | x | x| x| x| x X
Lava Beds Natl. Mon. x | x
Muir Woods Natl. Mon. X
Pinnacles Natl. Mon. X
Point Reyes Natl. Seashore x | x| x| x x | x
(X/ is spoken Redwood Natl. Park x | x| x| x x
o . " Santa Monica Mts. Natl. Recr. Area X | x| x| x| x|x
X prime ) Sequoia Natl. Park x | x| x x x
A Whiskeytown-Shasta-Trinity Natl. Recr. Area || x | x | x | x | x | x
Yosemite Natl. Park x | x| x| x| x| x|x]|x

Sebastian Rudolph (TUD) Formal Concept Analysis 6 /41



Derivation Operators

.

2 ‘?
, S| e &
For A € G we define = 3 e
".={meM|v¥ge | National Parks £ 5 &5
: in California Sluwld 5|2 x|}
A:(g,m)el}. s 25|35 |5¢
2| | |»w|Q|Lio|lo
Cabrillo Natl. Mon. x | %
Channel Islands Natl. Park X X X
. Death Valley Natl. Mon. X x| % X
FOI’ B < M we deflne Devils Postpile Natl. Mon. x| x| x| x X
— {g e G | Vm c Fort Point Natl. Historic Site X x
Golden Gate Natl. Recreation Area X | x| x| x x| x
B:(g,m)eI}. John Muir Natl. Historic Site x
Joshua Tree Natl. Mon. x| x| x
Kings Canyon Natl. Park x | x | x x x
Lassen Volcanic Natl. Park x | x | x| x| x| x X
Lava Beds Natl. Mon. x | x
Muir Woods Natl. Mon. X
Pinnacles Natl. Mon. X
Point Reyes Natl. Seashore x | x| x| x x | x
(X/ is spoken Redwood Natl. Park x | x| x| x x
o . " Santa Monica Mts. Natl. Recr. Area X | x| x| x| x|x
X prime ) Sequoia Natl. Park x | x| x x x
A Whiskeytown-Shasta-Trinity Natl. Recr. Area || x | x | x | x | x | x
Yosemite Natl. Park x | x| x| x| x| x|x]|x
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Derivation Operators: Properties

For A,A1,A, € G
0o A C A=
Ay C Al
e Ac A"

° A/ — Alll
holds.

For B,B1,By € M
e B € By =
B) c Bj]

e Bc B
° BI — BIII
holds.

Sebastian Rudolph (TUD)

.

s &
3 |2 <12
National Parks HEEIE Z|g
in California SR IR
Q| xX|s5|S|38|v |58
=S| T [T |»w|Q | |jan|o
Cabrillo Natl. Mon. x | %
Channel Islands Natl. Park X X X
Death Valley Natl. Mon. x| x| x| x X
Devils Postpile Natl. Mon. x| x| x| x X
Fort Point Natl. Historic Site X x
Golden Gate Natl. Recreation Area X | x| x| x x| x
John Muir Natl. Historic Site X
Joshua Tree Natl. Mon. x| x| x
Kings Canyon Natl. Park x | x | x x x
Lassen Volcanic Natl. Park x | x | x| x| x| x X
Lava Beds Natl. Mon. x | x
Muir Woods Natl. Mon. X
Pinnacles Natl. Mon. X
Point Reyes Natl. Seashore x | x| x| x x | x
Redwood Natl. Park x| x| x| x x
Santa Monica Mts. Natl. Recr. Area X | x| x| x| x|x
Sequoia Natl. Park x | x | x X x
Whiskeytown-Shasta-Trinity Natl. Recr. Area || x | x | x | x | x | x
Yosemite Natl. Park x | x| x| x| x| x|x]|x
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Formal Concept

Def.: A formal
concept is a pair
(A, B) with
e Ac G and
Bc M
o A'=B
e B=A

A is the extent and
B the intent of the
concept.

Sebastian Rudolph (TUD)

extent

intent
HNE &
= ;: _ E‘
National Parks N gl
in California SR IHHEE
Q| = |(s|S|3|6|8|°e
= | | T || Q|L|a|o
Cabrillo Natl. Mon. x | x
Channel Islands Natl. Park x x x
Death Valley Natl. Mon. x| x| x| x X
Devils Postpile Natl. Mon. x| x| x| x X
Fort Point Natl. Historic Site X X
Golden Gate Natl. Recreation Area X | x| x| x x | x
John Muir Natl. Historic Site X
Joshua Tree Natl. Mon. x | x| x
Kings Canyon Natl. Park x | x| x X x
Lassen Volcanic Natl. Park X | x [ x| x| x|x x
Lava Beds Natl. Mon. x | x
Muir Woods Natl. Mon. x
Pinnacles Natl. Mon. X
Point Reyes Natl. Seashore X | x| x | x x| x
Redwood Natl. Park X | x| x| x X
Santa Monica Mts. Natl. Recr. Area x | x| x| x| x| x
Sequoia Natl. Park x | x | x X x
Whiskeytown-Shasta-Trinity Natl. Recr. Area || x | x | x | x | x | x
Yosemite Natl. Park X | x| x| x| x| x|x]|x
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Formal Concept

Lemma: (A, B) is a
formal concept iff
Ac G, BS M and
A and B are both
maximal with respect
to Ax BC .

l.e., every concept
corresponds to a
maximal rectangle in
the relation 1.

Def.: The set of all
concepts of (G, M, I)
is depicted as

B(G, M, I).

Sebastian Rudolph (TUD)

extent

intent
HNE K
= ;: _ E‘
National Parks N E|E
in California SR IHHEE
Q| = |(s|S|3|6|8|°e
= | | T || Q|L|a|o
Cabrillo Natl. Mon. x | x
Channel Islands Natl. Park X x x
Death Valley Natl. Mon. x| x| x| x X
Devils Postpile Natl. Mon. X | x| x| x X
Fort Point Natl. Historic Site X X
Golden Gate Natl. Recreation Area X | x| x| x x | x
John Muir Natl. Historic Site X
Joshua Tree Natl. Mon. x | x| x
Kings Canyon Natl. Park x | x| x X x
Lassen Volcanic Natl. Park X | x [ x| x| x|x x
Lava Beds Natl. Mon. x | x
Muir Woods Natl. Mon. x
Pinnacles Natl. Mon. X
Point Reyes Natl. Seashore X | x| x | x x| x
Redwood Natl. Park X | x| x| x X
Santa Monica Mts. Natl. Recr. Area X | x| x| x| x| x
Sequoia Natl. Park x | x | x X x
Whiskeytown-Shasta-Trinity Natl. Recr. Area || x | x | x | x | x | x
Yosemite Natl. Park X | x| x| x| x| x|x]|x
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Formal Concept: Subconcept and Superconcept

The blue concept is a
subconcept of the

concept
because

@ the blue extent is
contained in the
extent

o (« the

intent is
contained in the
blue intent)

Def.:

(A1, By) < (A2, By)

& A1 C A

(<:> B 2 B2)

Sebastian Rudolph (TUD)

National Parks
in California

Cross Country Trail

Bicycle Trail

Cabrillo Natl. Mon.

X

Channel Islands Natl. Park

Death Valley Natl. Mon.

Devils Postpile Natl. Mon.

Fort Point Natl. Historic Site

Golden Gate Natl. Recreation Area

John Muir Natl. Historic Site

Joshua Tree Natl. Mon.

KX X | XX | XX

Kings Canyon Natl. Park

Lava Beds Natl. Mon.

Muir Woods Natl. Mon.

Pinnacles Natl. Mon.

Point Reyes Natl. Seashore

Redwood Natl. Park

Sequoia Natl. Park

Formal Concept Analysis
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Concept Lattice
(Recapitulation: Partial Order)

Def. (recap.): (Al,Bl) < (AQ,BQ) = A C AQ(@ B, 2 BQ)

Def.: The set of all concepts B(G, M, I) together with the partial order

< is the concept lattice of the context (G, M, I) and is depicted with

B(G, M, I).

B On the blackboard:
@ definition of partial order
@ definition of total order

@ examples

Sebastian Rudolph (TUD)
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Concept Lattice: as Line Diagram

Bicycle Trail

The concept
lattice for the
national park
context.

Fishing

Cabrillo

Cross Country
Ski Trail

i'ﬂa&’ﬂ?' Parks

fornia

i

- Kings Canyon
- Sequoia

Lassen Volcanic

Yosemite

Sebastian Rudolph (TUD) Formal Concept Analysis

<]

NPS Guided Tours

Hiking

Muir Woods
Pinnacles

Horseback Riding

Lava Beds

Swimming

Tree

O

Death Valley

Devils Postpile
Redwood

Golden Gate
Point Rayes

Santa Monica Mountains
Whiskeytown-Shasta-Trinity
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Concept Lattice: Implications (Preview)

Def.: An implication X — Y Birele T
holds in a context, if every Fihing
object that has all attributes

from X also has all attributes

from Y.

Muir Woods
Pinnacles

Horseback Riding

Swimming

Cabrillo

Cross Country Death Valley

Ski Trail
Devils Postpile

Kings Canyon
¢ Y Redwood

Sequoia
Golden Gate

Point Rayes
Lassen Volcanic

Examples: _ ! s
Yosemite Whiskeytown-Shasta-Trinity
@ {Swimming} — {Hiking}
@ {Boating} — {Swimming, Hiking, NPS Guided Tours, Fishing, Horseback Riding}
@ {Bicycle Trail, NPS Guided Tours} — {Swimming, Hiking, Horseback Riding}
13 / 41
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Concept Lattice: Dual Context

Def.: Let (G, M,I) be a
context. Then (M, G, I71)
with

(m,g)eI™! <= (g,m)el
is the dual context of

(G, M, I).

Theorem: lIts concept lattice
is isomorphic to
(B(G,M,I),<).

Remark: In general, G and
M need not be disjunct, they
can even be identical.

Sebastian Rudolph (TUD)

AKIUuLL-RISRYS-UMOIKYSIYA
SUIRJUNOJA BITUOJA] BIUBS

AWASO {

JIUBJ[OA UISSR]
sakey wioq
den) uap[on
eronbag
uokue)) sSury

o[[Hqen

Sunuuinmg

Suipry yovgasiogy
saoruulg
SPOOA\ JINJAT
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Concept Lattice

Recapitulation: Lattices

B On the blackboard:

lower bound, upper bound

infimum (join, A\), supremum (meet, \/)
Lemma: For two formal concepts (A1, By), (A2, B2) we get
» the infimum (A1, B1) A (Ag, Ba) as (A1 n Ay, (By U Bs)")
» the supremum (A, By) v (Ag, Ba) as ((A1 u A3)", By n Bs)
Def. (complete) lattice (V, <)
Oy, 1y

Sebastian Rudolph (TUD) Formal Concept Analysis 15 / 41



Concept Lattice: The Basic Theorem on Concept Lattices

B On the blackboard:

@ supremum/infimum
reducible, irreducible,
dense

@ isomorphisms of
lattices

@ Basic Theorem

Sebastian Rudolph (TUD)

Bicycle Trail

Muir Woods
Pinnacles

Horseback Riding

Cabrillo

Cross Country

¢ - Death Valley
Ski Trail

Kings Canyon
Sequoia

Devils Postpile

Boating ‘ Redwood
Golden Gate
Point Rayes

Santa Monica Mountains
Yosemite ‘Whiskeytown-Shasta-Trinity

Lassen Volcanic
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Concept Lattice: The Duality Principle

o Let (V, <) be a (complete) lattice. Then (V,>) is also a (complete)
lattice.

o (cf. with the definition of the dual context)

o If a theorem holds for (complete) lattices, then the ‘dual theorem’
also holds, i.e., the theorem where all occurrences of
<, N, U, A, v, 1y, 0y, etc. have been replaced by
=, uU,n, v, A,Op, 1y, etc.

Sebastian Rudolph (TUD) Formal Concept Analysis 17 / 41



Computing All Concepts

There are several algorithms to compute all concepts:
@ naive approach
@ intersection method
@ Next-Closure (Ganter 1984) — Chapter 3
e TITANIC (Stumme et al. 2001) — Chapter 3
°

and several incremental algorithms

Sebastian Rudolph (TUD) Formal Concept Analysis 18 / 41



Computing All Concepts: Naive Approach

Theorem

Each concept of a context (G, M, I) has the form (X", X') for some
subset X € G and (Y',Y") for some subset Y < M.
Conversely, all such pairs are concepts.

Algorithm
Determine for every subset Y of M the pair (Y',Y").

Sebastian Rudolph (TUD) Formal Concept Analysis 19 / 41



Computing All Concepts: Naive Approach

Theorem

Each concept of a context (G, M, I) has the form (X", X') for some
subset X € G and (Y',Y") for some subset Y < M.
Conversely, all such pairs are concepts.

Algorithm
Determine for every subset Y of M the pair (Y',Y").

Inefficient! (Too) many concepts are generated multiple times.

Sebastian Rudolph (TUD) Formal Concept Analysis 19 / 41



Computing All Concepts: Intersection Method

@ Suitable for manual computation (Wille 1982)
@ Best worst-case time complexity (Nourine, Raynoud 1999)

@ Based on the following

Theorem

Every extent is the intersection of attribute extents. (l.e., the closure
system of all extents is generated by the attribute extents.)

Which intersections of attribute extents should we take?

B On the blackboard: attribute extent {m}’, closure system

Sebastian Rudolph (TUD) Formal Concept Analysis 20 / 41



Computing All Concepts: Intersection Method

How to determine all formal concepts of a formal context:

@ For each attribute m € M compute the attribute extent {m}’.

@ For any two sets in this list, compute their intersection. If it is not yet
contained in the list, add it.

© Repeat until no new extents are generated.
@ If GG is not yet contained in the list, add it.

@ For every extent A in the list compute the corresponding intent A’.

Sebastian Rudolph (TUD) Formal Concept Analysis 21 /41



Computing All Concepts: Intersection Method

B On the blackboard: “triangle” example

| Triangles ‘ Attributes | a|blc|d]|e
abbreviation coordinates diagram | symbol property T1 X

T1 0,0) (6,0) (3,1) —_— a equilateral T2 X X

b isoceles T3
T2 0,0) (1LO) (1,1) /] 1soceles x
~ c acute angled T4 || x| x|x

T3 (0,0) (40 (12 d obtuse angled | | T5 X

T4 0,00 (2,00 (1,/3) A e right angled 76 x| x

TS 00 @0 61 | — " *

T6 (0,00 (2,00 (1,3) A

T7 (00 (20 (o1 | B

Sebastian Rudolph (TUD) Formal Concept Analysis 22 /41



Drawing Concept Lattices

How to draw a concept lattice by hand:

© Draw a small circle for the extent G at the top.

@ For every extent (starting with the one's with the most elements)
draw a small circle and connect it with the lowest circle(s) whose
extent contains the current extent.

© Every attribute is written slightly above the circle of its attribute
extent.

@ Every object is written slightly below the circle that is exactly below

the circles that are labeled with the attributes of the object.

Sebastian Rudolph (TUD) Formal Concept Analysis
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Drawing Concept Lattices

How you can check the drawn diagram:
Q Is it really a lattice? (that's often skipped)

P Is every concept with exactly one upper neighbor g,
labeled with at least one attribute?

° Is every concept with exactly one lower neighbor l/\
labeled with at least one object? Cabrillo

Is for every g € G and m € M the label of the Cross Country
Q object g below the label of the attribute m iff Ski Trail
(g,m) € I holds? Kings Canyon
Sequoia

Sebastian Rudolph (TUD) Formal Concept Analysis 24 / 41



Clarifying and Reducing a Formal Context

B On the blackboard:

proper subconcept (<)
lower neighbor (<)

o
o
@ reducible objects/attributes
o clarifying and reducing

o

reduced context, standard context

Theorem

A finite context and its reduced context have isomorphic concept lattices.
For every finite lattice L there is (up to isomorphism) exactly one reduced
context, the concept lattice of which is isomorphic to L, namely its
standard context.
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Interlude: ConExp

Concept Explorer X
Files Help
[ Document MER A B|C|D[E|F

41
ntrlanles.cex ; albjcidle
& h
—
Parameter Value

Show arrow rel... [don't show
Compressed
Object count 7 I.

Attribute count |5 ‘| context Editor

[m] = = =
bastian Rudolph (TUD)
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Interlude: ConExp

Contexts Name Is selected
¢ [ Contexts f v
[ triangles. cex H [
iflc Ld|
Ald v]
‘e v]

% -
Layout options ‘
Drawing options

Parameter Value

Attribs Show labels Select all attributes
Objects Show labels R i s
Layout Minimal inters... Name Is selected
Draw node ~ to own obje... Ld
Draw edge One pixel Ld|
“Highlight Filter & Ideal [v]
Label font size |12 v
\|Grid Size 80 4
\|Grid Size ¥ 50 vl
Node radius 12 v

Select all objects

E?[ Context Editor l Lattice line diagram |

Formal Concept Analysis




Additive Line Diagrams

Def.: An attribute m € M is called irreducible, if there is no set X of
attributes with m ¢ X such that {m}’ = (), {z}"
The set of irreducible attributes is depicted as M;,...

We define the map irr : B(G, M, I) — B(M;,,) as
irr(A, B) := {m € B | m irreducible}.
Let vec : M — R x R.g. Then

pos : B(G, M, I) — R? with pos(A, B) := 2 vec(m)
meirr(A,B)

is an additive line diagram of the concept lattice B(G, M, I).
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Additive Line Diagrams

An additive line diagram of
the triangles context.

isoceles, ‘obtuse angled

The position of the attribute right angled acute angled
concepts defines the position > 2
of all remaining concepts. If

we consider the distance

between 19 and the attribute A
extents as vectors, then the

position of any concept is

equal to the sum of the

vectors that belong to its

concept intent.

equilateral

Sebastian Rudolph (TUD) Formal Concept Analysis 28 / 41



Additive Line Diagrams




Nested Line Diagrams: Motivation and ldea

@ readability of line diagrams often

lost for many concepts (g 50)
@ nested line diagrams allow us to @

go further

@ and: support the visualization of

changes caused by the addition

of further attributes @ %&
@ basic idea: cluster parts of an

ordinary diagram and replace Y

bundles of parallel lines between

these parts by one line each
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Nested Line Diagrams: Example

T

The previous concept lattice as ordinary line diagram and as nested line
diagram. (For simplification, object and attribute labels have been
omitted.)
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Nested Line Diagrams

@ a nested line diagram consists of
boxes which contain parts of the

ordinary diagram and which are
connected by lines

@ simplest case: two boxes that

are connected by a lineare
congruent — corresponding
circles are direct neighbors
@ double lines between two boxes: \_(
o
every element of the upper box
is larger than every element of
the lower box

Sebastian Rudolph (TUD) Formal Concept Analysis 32 /41



Nested Line Diagrams

@ two boxes connected by a single ] %}&
line need not be congruent but

contain a part of two congruent
figures

di
BauoNW 539

Fundament

@ the two congruent figures are
drawn as “background
structure” into the boxes

@ elements are drawn as bold
circles if they are part of the
respective substructure

Ewunsr@
| [
N
@ the line connecting both boxes

|
indicates that the respective m@
pairs of elements of the
background shall be connected o
with each other =
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Nested Line Diagrams: Drawing Example

Die Ducks. Psychogramm einer Sippe.

generation sex financial status
older \ middle \ younger || & \ Q rich \ carefree \ indebted
Tick X X X
Trick X X X
Track X X X
Donald X X X
Daisy X X X
Gustav X X X
Dagobert X X X
Annette X X X
Primus X X X
v. Quack

Taken from: Grobian Gans: Die Ducks. Psychogramm einer Sippe.
Rowohlt, Reinbek bei Hamburg 1972, ISBN 3-499-11481-X

Sebastian Rudolph (TUD)

Formal Concept Analysis

34 /41



Nested Line Diagrams: Construction

© split the attribute set: M = M; u M,
(needs not be disjoint, more important: both sets bear meaning)

@ draw the line diagrams of the subcontexts
K; := (G, M;, I nG x M;),ie{1,2}
and label them with with objects and attributes, as usual
B On the blackboard: Theorem 2 (script, p. 35)

© sketch a nested diagram of the product of the concept lattices B(K;)

@ draw a large diagram of B(K;) where the concepts are large boxes
@ draw a copy of B(Ky) into each box
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Nested Line Diagrams: Labeling

@ by Theorem 2, B(G, M, I) is embedded in this product as
\/-semilattice

e if a list of elements of B(G, M, I) exists, enter them according to
their intents

@ otherwise, enter the object concepts (whose intents can be read off
directly from the context) and form all suprema

This gives us another method for determining a concept lattice by hand:
@ split up the attribute set as appropriate
o determine the (small) concept lattices of the subcontexts
@ draw their product as nested line diagram

@ enter the object concepts and close against suprema

This is particularly advisable in order to arrive at a useful diagram quickly.
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Nested Line Diagrams: Example \

Baurecht in Nordrhein-Westfalen

Wand
Brandwand
n
X[ Treppenraum

X |[Fundament

XX | KellerfuBboden

XXX Schomstein

BauONW 15
BauONW 18
BauONW 17
BauCONW 18 Abs. 1
BauONW_18 Abs. 2

XXX Dach
X[X| [X|[Decke

X

X

BauONW_25 X
BauONW 26 X
X

X

X

BauONW 27

X
Taken from: D. Eschenfelder, W. Baoi 25 .
BauONW 30

Kollewe, M. Skorsky, R. Wille: Ein BauONW 31 H

BauONW 32

Erkundungssystem zum Baurecht: BaONW 32
BauONW 39 <

Methoden der Entwicklung eines BasoNW 40
TOSCANA-Systems. In: G. Stumme, B L
R. Wille (Eds.): Begriffliche

Wissensverarbeitung — Methoden

und Anwendungen. Springer 2000

XXX

XXX
XPXPXXIX
X

DIN 4109 XXX
DIN 18150 4
DIN 18160
DIN 18185
OIN 18531
DIN 68800 |
DIN-Narmen fur Feuerungsaniagen
DIN-Normen fur Entwa
ATV-Merkblatter
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Nested Line Diagrams: Example

Baurecht in Nordrhein-Westfalen
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Nested Line Diagrams: Example

Baurecht in Nordrhein-Westfalen

[Brandwand |

\Fundament

‘?uggw §30] [BauoNw §38) BT [Treppenraum | [KellerfuBboden |Schornstein
Baul ] : I
; BauONW §33 | ATV-Meribiitter
Dach | DIN 4108 Teil 3 DIN 18150
i 2 DIN 18160
[BauONW §18 LWG
BauONW §31 VGS
|DIN 18531 WHG
DIN bt
Wand A [Treppen |
[BaOnwgz5) | BauONW §18 Abs. 2| [DIN 18195 BauONW §16
Basonw §2l3| | Bavonw §32 ‘ |D\N 4108 Teil 1 u.2 [BauONW §39 |
Sidgm gi; | DIN 4102 EnEG | DIN 1054
T T [DIN4109 WarmeschutzV
[DIN 4108 Teil 3]
BauPG | [BauONW §17| [B2uONW §18 Abs. 1]
BauONW §17 ; ohig
BauONW §18 Abs. 1 [DIN 18185
|BauONW §18 Abs. 2
DIN 4102
DIN4108 Teil 1 u.2 |
DIN 4109 | BauONW §15
[EnEG - =
WarmeschutzV/ ‘ gﬁw?ggg §15] DIN 1055 _
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Nested Line Diagrams: Example

Baurecht in Nordrhein-Westfalen

[Kellerfuriooden |

(Treppenraum | (|17 |Schorstein

[BaONW §18 Abs 2
OiN 4102

DIN £109

Sebastian Rudolph (TUD) Formal Concept Analysis
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Nested Line Diagrams: Reading off Implications

@ implications within the inner scale can be read off at the top concept:
{Treppen} = {Treppenraum}
@ implications within the outer scale can be read off at it:

{Wand} = {Brandwand}
{Decke, Brandwand} = {Wand, Brandwand}
{Decke, Fundament} = {7}

@ implications between the inner and the outer scale are shown by “not
realized” concepts: premise = intent of the not-realized concept,
conclusion = intent of the largest realized subconcept:

{Decke, KellerfuBboden} = {Treppenraum}
{Treppenraum, Schornstein} = {Decke, Wand, Brandwand, Dach}
{Fundament} = {7}
{Wand, Dach, Schornstein} = {7}

Sebastian Rudolph (TUD) Formal Concept Analysis 41 /41



	00_organization-DD.pdf
	Organization
	Overview

	00_applications.pdf
	01_concept_lattices.pdf
	Concept Lattices
	What is a concept?
	Formal Context
	Derivation Operators
	Formal Concept
	Concept Lattice
	Computing All Concepts
	Drawing Concept Lattices
	Clarifying and Reducing a Formal Context
	Interlude: ConExp
	Additive Line Diagrams
	Nested Line Diagrams



