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Introduction

Erst packt man, vielleicht, ihren
Schopf. Dann fliegt das linke
Vorderbein herzu, dann das rechte,
dann der Podex, dann eine
Hinterhaxe, Stiick fiir Stiick. Und
wenn man schon glaubt, die
Geschichte wdre komplett, kommt,
ratsch! noch ein Ohrldppchen
angebummelt.

(Erich Késtner)

Languages and Finite-State Automata

In this work we describe and investigate formal languages. A formal language (or simply
a language) is a set of finite strings, called words, with symbols from some finite alphabet.
One such language is the set L., over the alphabet > = {a, b, c}: we let L., consist of all
words w with an even number of occurrences of the symbol a, for example, cacba. As there
are infinitely many words that satisfy this requirement, L., is an infinite set. Whereas our
description of this language is intuitively clear, it is not a formal specification.

So how can one formally describe an infinite set in a finite way? This question is an essential
part of formal language theory and there are many answers. One of the most fundamental
concepts of theoretical computer science is a finite-state automaton — a very simple device that
can recognize particular languages. Such an automaton consists of a finite set of states together
with state transitions. Every time the automaton reads a symbol during a computation, it can
change its current state if there is an appropriate transition allowing this state change. By
specifying particular states with which each computation on a word has to start and to end,
one can define the language recognized by the automaton. For example, the automaton

recognizes the language L., Where each computation starts and ends in state q,. Obviously,
as an automaton only uses finitely many states, it possesses a finite memory. Thus, a very
limited set of languages can be described by finite-state automata — those languages are also
called recognizable languages.
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Beyond Recognizability

One typical example of a language that is not recognizable by a finite-state automaton is the
language

Labz{a"bnlneN} .

To recognize a word w € L, the number of as has to be memorized in order to compare
it afterwards with the number of bs following. However, this can not be done with finitely
many states.

Even though the recognizable languages are nice to handle (as they are representable by
very simple formalisms as automata), their limited expressiveness is a reason to consider more
complex language classes. One such class are the context-free languages where the language
L, belongs to. These languages can be described by pushdown automata — finite-state
automata which additionally use a pushdown, i.e., a stack with access only to the topmost
element. Context-free languages include regular languages and are a valuable formalism in
many areas. Among others, they are used to describe syntactic properties of programming
languages [ASU86] or, in the context of linguistics, to describe the structure of sentences
[Cho56].

However, also the context-free languages are limited in their expressiveness. For example,
the language

Lape = {a"b"c" | n e N}

can not be recognized by a pushdown automaton. It is a stack language — a language that can
be recognized by a finite-state automaton additionally using a stack.

There are many language classes of different complexity. However, besides their differences,
many such classes also possess similarities as their belonging to some superclass or common
closure properties. In the past, several approaches to group language classes by particular
properties were developed. A very prominent example was introduced by Ginsburg and
Greibach [GG69] - the concept of full abstract families of languages. A language class L is,
roughly speaking, a full abstract family of languages if certain closure properties are satisfied:
the class is closed under union, intersection with recognizable languages, homomorphisms,
inverse homomorphisms, concatenation, and Kleene plus. Among others, the recognizable
languages, the context-free languages as well as the stack languages are a full abstract family
of languages.

These three language classes also possess another interesting property: they can be recog-
nized by finite-state automata using an additional storage. This characteristic also applies to
many more language classes that already were investigated from the 60s of the last century
as, e.g., counter languages, nested stack languages, and iterated pushdown languages. And
indeed, all these classes can be described by a unifying framework: the concept of automata
with storage. It goes back to Scott [Sco67] as well as Hopcroft and Ullmann [UH67], who
started to abstract from a concrete memory and, therefore, described finite-state automata
working with an arbitrary storage. Such a storage is, roughly speaking, a memory set whose
elements (called configurations) can be tested by predicates and modified by instructions. A
similar approach was chosen by Ginsburg and Greibach [GG69] who introduced the concept



of abstract families of acceptors. They also proved that each class of languages £ is a full
abstract family of languages if and only if it is recognized by an abstract family of acceptors.
In this work, we further extend and investigate automata with storage.

From Languages to Tree Languages

A disadvantage of using word languages is that words lack structure: in order to describe
which parts of a word belong together in a certain way, one has to introduce additional
symbols as, for example, brackets. Another way to overcome this deficiency is to step from
word languages to tree languages. A tree is a term that can be represented by a directed,
acyclic, finite graph with one root and where each node (except the root) has one predecessor
and each node has an ordered sequence of successors. Moreover, the nodes are labeled by
symbols from an alphabet. Hence, trees can be seen as generalizations of words as exemplified
by the following graphic:

b a a c

o-—_R—Qa —o0o
(op
Q

Due to this clear order of the nodes, trees entail a hierarchical structure. Hence, trees and
tree languages are useful in many areas where data is structured in this way — for example in
the context of XML scheme languages [Sch12] or natural language processing [KGO05].

Similar to the word case, there are various classes of tree languages of different complexity.
The most prominent example is the class of recognizable tree languages — the class of tree
languages recognized by finite-state tree automata. Tree automata are a natural generalization
of word automata just as trees are a generalization of words. Also other word language
classes have been carried over to the tree case. A well-known example are the context-free tree
languages that are recognized by pushdown tree automata. The reader might suppose that,
also in the tree case, the concept of tree automaton with storage can be used as a unifying
framework. And, indeed - this notion was introduced by Engelfriet [Eng86].

Weighted Languages

There exists another generalization of word (and tree) languages that has a long tradition
going back to Chomsky and Schiitzenberger [CS63]: instead of considering languages in a
qualitative setting (i.e., either a word or tree belongs to the language or not), a quantitative
setting was established by assigning weights to the elements of a language. Originally, those
weights equaled the grade of ambiguity of a word recognized by a context-free grammar, i.e.,
the number of possible derivations of this word. In the setting of automata, this corresponds
to the number of different possibilities of an automaton to recognize a word.
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Later this concept was transferred to other measures such as probabilities or simply values
from some appropriate weight algebra. In this sense, a weighted language as well as a weighted
tree language is nothing else than a mapping from the set of words or trees over some alphabet
to some arbitrary set, respectively. Often, this set is a particular algebra such as a semiring.

Also language accepting formalisms have been extended to the weighted setting by defining
weighted automata as well as weighted tree automata. Weighted automata are, roughly
speaking, finite-state automata were each transition carries a weight. By combining the
weights occurring during the recognition of a word w appropriately, the weight the automaton
assigns to w is computed.

This perspective of languages offers many advantages as it provides a finer graduation:
Words or trees are not only elements of a language but can be compared due to their assigned
values — depending on the respective weight algebra, a word can be “better” in terms of some
measure or “more probable” than another word. For this reason, weighted languages and
weighted automata are also interesting for practical applications. Among others, they are
used in natural language processing [KGO5], speech recognition [MPRO2], and digital image
compression [AK09].

The Aim of this Work

In this work, we bring together all three generalizations of word languages and finite-state
automata mentioned above: (i) from words to trees, (ii) by using an arbitrary storage type in
addition to a finite-state control, and (iii) by considering languages in a quantitative setting
using a weight structure. As a unifying framework, we investigate weighted tree automata
with storage.

In this thesis we will examine this automaton model and the language classes it recognizes
from different perspectives: among others, we will investigate automata-theoretic properties
such as the removal of e-transitions or the recognizability of support tree languages, we will
show certain closure properties and two characterizations for the language classes associated
to our automaton model and we will extend this model (in the string case) to an infinite input
set. Thus, this work intends to comprise a broad theoretical investigation of weighted tree
automata with storage. This approach has a very nice implication: by instantiating the storage
type or the weight structure appropriately, we reobtain many automaton models mentioned
before. All the general results we show in this work thus also hold for the numerous instances
of our abstract model.

There are several interesting applications for the language classes described by particular
instantiations of weighted (tree) automata with storage. For the different dimensions (i.e.,
automata with storage, tree automata, and weighted automata) we already mentioned
application areas above. There are also examples for combinations of these dimensions:
Weighted context-free grammars were proposed for the modeling of RNA sequences [MaiO7].
In [Den17, Den20], weighted automata with storage were used for coarse-to-fine parsing in
the context of natural language processing.

Thus, we do not want to exclude the possibility that our generalized automaton model
might be useful in some of these areas. However, this will be neither the focus nor the main
motivation of this work. Rather, the aim of this thesis is a theoretical investigation of a very



general automaton model in order to discover properties and relations which hold for all
instances of our formalism.

Outline and Contributions

This work is structured as follows.

Chapter 1 In this chapter we introduce the fundamentals needed for this thesis. We start
with mathematical notions and structures, recall the definitions of (weighted) word and
tree languages as well as the respective automaton models, and finally revise the basics of
(weighted) monadic second-order logic.

Chapter 2 In Chapter 2 our main automaton model is defined. For this, we first recall the
concept of a storage type (slightly modified for our setting) and storage behavior. Afterwards,
in Section 2.2 we give the definition of a weighted tree automaton over X with storage S and
weights in K, in the following called (S, >, K)-wta, where K is a complete M-monoid. We
compare this model with existing automaton models by showing different instantiations for
S and K. Moreover, we theoretically investigate (S, X, K)-wta:

In Section 2.3 we show that each finite storage type is redundant as it can be simulated by
the finite-state control of a weighted tree automaton (Theorem 2.3.2).

In Section 2.4 we examine the removal of e-transition of (S, 3, K)-wta. We obtain that
simple (S, X, K)-wta over compressible M-monoids can be made ¢-free (Theorem 2.4.2).

In Section 2.5 we investigate the support tree languages of (S, 3, K)-wta. We obtain that
those tree languages are (S, X)-recognizable if K is a commutative and complete (and, thus,
zero-sum free) strong bimonoid (Theorem 2.5.8).

Finally, in Section 2.6 we prove certain closure properties of the (S, 3, K)-recognizable
weighted tree languages (i.e., the weighted tree languages recognizable by (S, X, K)-wta).

Chapter 3 In this chapter we present two characterization results for the class of weighted
tree languages recognizable by (S, >, K)-wta. In Section 3.2 we prove a characterization
by decomposition. We show that the (S, X, K)-recognizable weighted tree languages can be
represented by the combination of three elementary concepts: a tree transformation, an
alphabetic monomial mapping, and a recognizable tree language (Theorem 3.2.4). Moreover,
in Section 3.3 a logical characterization of the (S, 3, K)-recognizable weighted tree languages
is shown (Theorem 3.3.3).

Chapter 4 In Chapter 4 we consider a subclass of the (S, X, K)-recognizable weighted tree
languages by introducing linear (S, 37, K)-wta over commutative and complete semirings K —
particular (S, 3, K)-wta that may copy a storage configuration at each node of an input tree
to at most one child tree of that node. We prove that linear (P, >, B)-wta, where P is the
pushdown storage type and B the Boolean semiring, recognize exactly the linear monadic
context-free tree languages (Theorem 4.1.4 and Corollary 4.1.5).

The remaining part of this chapter is dedicated to prove that the weighted tree languages
recognizable by linear (S, X, K)-wta are closed under inverse application of linear tree homo-
morphisms (Theorem 4.1.6). The proof of this statement can be split into two parts: first,
we show the closure under inverse linear alphabetic tree homomorphisms (Lemma 4.2.1) and,
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afterwards, we show the closure under inverse elementary tree homomorphisms (Lemma 4.3.1).

Chapter 5 In this chapter we present a Medvedev characterization of (X, K)-recognizable
weighted tree languages (without storage) where K is an arbitrary semiring. For this, we
define the notion of representable weighted tree languages as well as an appropriate restriction.
We prove that the restricted representable weighted tree languages characterize the (X, K)-
recognizable weighted tree languages (Theorem 5.2.2). In contrast to our original publication
[Her17], we extended this characterization from commutative semirings to arbitrary semirings.

Moreover, we compare the representable weighted tree languages with the weighted
tree languages definable by unrestricted monadic second-order logic. We obtain that each
representable weighted tree language is definable (Theorem 5.3.5). However, the opposite
direction does not hold (Theorem 5.3.6).

Chapter 6 Finally, in Chapter 6 we consider weighted string automata with storage over
infinite input alphabets. For this we extend the concept of a storage type S to that of a data
storage type S4 and define K-weighted symbolic automata with data storage type Sq and input
D where K is a unital valuation monoid.

We show that this model captures two recently introduced automaton models. In Section 6.3
we define the storage type VP(N) and prove that weighted symbolic automata using VP(N)
are exactly the weighted version of symbolic visibly pushdown automata. Similarly, in Section
6.4 we define the storage type TIME(C) and show that weighted symbolic automata using
TIME(C) are equally expressive as weighted timed automata.

Finally, in Section 6.5 we show a logical characterization of the weighted languages recog-
nized by weighted symbolic automata with data storage.



Chapter 1
Fundamental Notions and Structures

In this chapter we introduce the foundations of this thesis — most of them are elementary
basics of mathematics and automata theory.

We start in Section 1.1 with the usual mathematical definitions for sets, relations, and
functions. In Section 1.2 we recall some basics from universal algebra and, afterwards,
introduce some algebraic structures that will be used in this work. In Section 1.3 elementary
definitions from formal language theory can be found. We recall some important language
classes and automaton models — both for the unweighted and for the weighted setting.
Afterwards, in Section 1.4 we mainly recall the content of Section 1.3 for the tree case:
we introduce recognizable tree languages, tree automata, pushdown tree automata, and
weighted tree automata. Additionally, we consider recognizable step languages and prove
some basics for weighted tree homomorphisms. Finally, in Section 1.5 we recall weighted
monadic-second order logic and two extensions of it to the weighted setting.



Chapter 1 Fundamental Notions and Structures

1.1 Mathematical Preliminaries

Sets A fundamental concept of mathematics is that of a set. For this work it suffices to treat
set theory in a naive way. Thus, we understand a set as a collection of definite, distinct objects,
called its elements. As usual, we mean by a € A that a is an element of the set A.

From this definition well-known problems arise which we will neglect here. In the same
manner, we will not distinguish between sets and classes. For a comprehensive and axiomatic
introduction into set theory, we refer the reader to [DeilO].

We assume the reader to be familiar with the basic set theoretic notions such as the empty
set (), set union U, set intersection N, set difference \, set equality =, subset C, and strict
subset C. We call two sets A and B disjoint if ANB = (.

Let A be a set. We often use set builder notation, i.e., the set of all elements of A that
fulfill a property p is denoted by {a € A | p(a)}. If A is clear from the context, we simply
write {a | p(a)}. The power set of A, denoted by P(A), is the set of all subsets of A, i.e.,
P(A) = {B | B CA}. Aset A C P(A) is called a partition® of Aif | JA =Aand A; NA, =0 for
each A;,A, € A with A; #A,.

We denote by N the set of natural numbers, i.e., the set of all nonnegative integers including
zero, and we let N, be the set N\ {0}. For each n € N we use [n] as an abbreviation for the
set {k € N|1 < k < n}. Thus, [0] = (. We denote by Z the set of integers, i.e., in contrast to
N also negative integers are included. The set of real numbers is denoted by R and the set of
nonnegative real numbers is denoted by R, i.e., Rsg = {x € R | x > 0}. We let B = {0, 1} be
the set of Boolean numbers.

We assume the reader to be familiar with the usual arithmetic operations and relations
on N and R. Given a subset A of N, we denote by maxA and minA the maximal respectively
minimal element of A with respect to < if it exists. Clearly, this notion can be extended to R.
If A consists of two elements, say A = {a, b}, we sometimes write max(a, b) and min(a, b).

For n € N and sets Ay, ...,A,, the Cartesian product of A,,...,A,, denoted by A; x ... xA,,
is the set {(ay,...,a,) | a; €A;,i € [n]} consisting of so called n-tuples. A 2-tuple is sometimes
also called a pair. Given an n-tuple a = (ay,...,a,) €A; x...A,, we denote for each i € [n]
by (a); its ith component a;. Note that, if A; = @ for some i € [n], then A; X ... x A, = 0.
Moreover, for n = 0 we obtain A; x ... x A, = {()}, where () denotes the empty tuple. If
Aq,...,A, are all the same set A, then A; x ... x A, corresponds to the Cartesian power A".

Now let us briefly recall the notion of cardinality of a set A, denoted by |A|. If A is finite, we
mean by |A| the number of its elements. We say that A is countable if we can assign to each
a € A a natural number such that each n € N is assigned to at most one element from A. In
particular, each finite set is countable. We note that, for each finite set A, |P(4)| = 2"/, If A
is a singleton, i.e., it contains exactly one element, then sometimes A is identified with that
element.

Relations Let A and B be sets. A relation (over Aand B) is a set R CAx B. If (a,b) €R,
we will also write aRb. If (a, b) ¢ R, we sometimes write aRb. We call A the domain of R
and denote it by dom(R). The inverse relation of R, denoted by R}, is defined to be the

!We note that sometimes our definition of a partition is called a generalized partition as we allow the empty set
as an element.
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relation R™! = {(b,a) € B x A | aRb}. For each subset A’ C A, we denote by R(A’) the set
{b€B|3a €A aRb} and call it the image of A" under R. Then the image of R is the set R(A).
In the same way we define for each subset B’ C B the preimage of B’ under R to be the set
R™Y(B’) and call R"(B) the preimage of R.

Now assume sets A, B, and C, and let R CAx B and S C B x C be relations. The composition
of R and S is the relation SoR C A x C defined by SoR = {(a,c) € Ax C | 3b: aRb A bSc}.
Thus, for each A’ € Awe have (SoR)(A") = S(R(4)). Sometimes we write R ; S instead of SoR.
Note that (R; ©Ry) oR3 = Ry o (R, o R3) for compatible relations R;, R,, and R3. Consequently,
we often drop the parenthesis and simply write R; o R, o R5.

Let A be a set. A relation R C A x A is also called a (binary) relation on A. The identity
relation 1D, on A is defined to be 1D, = {(a,a) | a € A}. If A is clear from the context, then
we sometimes just write I1D. We say that a relation R on A is

* reflexive if ID4, CR,
 symmetricif R=R"!,

e antisymmetric if RNR™! C 1Dy,
* transitive if RoR CR, and

e total if RUR™ = AxA.

If a relation is reflexive, symmetric, and transitive, then it is called an equivalence relation.
Let ~ be an equivalence relation on a set A and let a € A. The equivalence class of a (induced
by ~), denoted by [a]., is the set [a]. = {a’ €A| a ~ a’}. By the quotient set A/~ we mean
the set of all equivalence classes induced by ~, i.e., A/~ = {[a]. | a € A}. Note that A/~
forms a partition of A.

A relation < on a set A is called a partial order if it is reflexive, transitive, and antisymmetric.
A partial order that is also total is called a linear order. Given a partial order < on a set A, we
denote the relation < \1D, by <.

Let A be a set and R a relation on A. The transitive closure of R, denoted by R™, is the
smallest relation S 2 R on A that is transitive. Moreover, the relation R* U 1D, is called the
reflexive transitive closure of R and denoted by R*. Finally, we set R" = R" ! oR for each n > 1
and R® = 1D,,.

Functions Let A and B be sets. A relation f € A x B is a function or mapping if f(a) is a
singleton for each a € A. In this case we write f (a) = b in preference of b € f(a) and use
the conventional notation f : A— B instead of f € A x B. The set of all functions of the form
f:A— B is denoted by B*. We say that a function f: A— B is

* injective (or an injection) if f(a) = f(a’) implies a = a’ for every a,a’ € A,
* surjective (or a surjection) if f(A) = B, and

* bijective (or a bijection) if it is injective and surjective.
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Let A and B be sets, A’ C A, and g: A’ — B. We say that a function f : A— B extends g (or
is an extension of g), if f(a’) = g(a’) for each a’ € A'.

LetneN,letA,,...,A, be sets, and let i € [n]. A function f: A; x ... XA, — A; is called
the ith projection if f (ay,...,a,) = q; for each (ay,...,a,) €A; X ... XA,.

Sometimes in this work we allow functions to be partial. A relation f C A x B is a partial
function if |f (a)| < 1 for each a € A. We say that f(a) is defined if |f (a)] = 1 and f(a) is
undefined otherwise.

Convention. As usual, we agree that function application is left associative and, thus, avoid
additional brackets. This means, given a function h: A— C8 and some elements a €A, b € B,
we often write h(a)(b) instead of (h(a))(b).

Operations Let A be a set and let n € N. An n-ary operation (on A) is a function f : A" — A
and we denote the set of all n-ary operations on A by Ops(™(A). We let

Ops(A) = UHGN ops™(A) .

Moreover, for each B € Ops(A) and k € N we set B® =Bn Ops(k)(A). As usual, we refer to a
0-ary operation f : A’ — A as a constant and identify f with its image. Moreover, 1-ary and
2-ary operations are called unary and binary, respectively. For a binary operation %: A2 — A
we often write a x a’ instead of x(a,a’) for each a,a’ € A.

Let A be a set, let x and + be binary operations on A and let 0 € A. We say that O is

* an absorbing element of % if 0 xa =0 =a 0 and
* aneutral element of * if 0xa=a =a*0.

for each a € A. Note that absorbing and neutral elements are unique. Furthermore, we say
that x is

e associative if (ax b)xc=ax*(bx*c),
e commutative if ax b = b xa,
e left-distributive over + if a x (b+c) = (a* b) + (a*c),
e right-distributive over + if (b+c)*a =(bx*a)+ (cxa),
e distributive over + if it is right- and left-distributive over +, and
* idempotent ifaxa=a
for each a, b,c €A.

Families and matrices Given two sets A and I, we define an (I-indexed) family (of elements
in A) as a function f from I to A. In this context, I is also called an index set. Instead of f we
write (a; | i € I) where a; = f (i) for all indices i € I.

Now let A, I, and J be sets. An (I x J)-matrix M (over A) is a mapping M : I x J — A. For
eachi €1, j €J we call the element M(i, j) the (i, j)-entry of M and sometimes write M, ;
instead.

10
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Asymptotic complexity Sometimes in this work we want to describe the limiting behavior
of a function. For this, we use asymptotic notation. Let f : N — R. We let

Of)={geRY|Ic>03InyeNVn>ny: g(n) <c-f(n)}

and we call f an asymptotic upper bound of each g € O(f). As usual, from now on we will
write g(n) € O(f (n)) instead of g € O(f).

11



Chapter 1 Fundamental Notions and Structures

1.2 Algebraic Structures

1.2.1 Algebraic Fundamentals

Alphabets An alphabet is a finite and non-empty set whose elements are called symbols.
A ranked alphabet is a tuple (X, rk) where 3 is an alphabet and rk: 3 — N is a function
assigning a rank to each symbol in 3. We will usually write 3 instead of (X, rk) and assume
the function rk implicitly.

Now let > be a ranked alphabet. For each n € N we denote k™1(n) by =™ and the
symbols in (™ are sometimes called n-ary. Symbols of rank 1 or 2 are often called unary
or binary, respectively. To show the rank of a symbol o € ™ for some n € N explicitly,
we write 0. In particular, this notation is used when introducing ranked alphabets by
writing, e.g., = = {a®,y(D 0@}, The maximal rank of a ranked alphabet X is given by
maxrk(X) = max{i € N | (O £ §}. We say that X is non-trivial if = # .

Sometimes we want to build a new ranked alphabet A from a ranked alphabet X and some
finite set A by using the cross product X~ x A. When doing so, we adopt the ranks from X, i.e.,
if o € & for some n €N, then (o,a) € AM for each a € A.

Algebras Let X be a ranked alphabet. For each n € N, a symbol in (™ can be interpreted as
an n-ary operation. For this, we recall the notion of X-algebras. For an excellent introduction
to the topic of universal algebra, we recommend [BS06, BS81]. Other standard references
are [Gra08] and [Wec92].

A X-algebra is a pair (4,-,) where A is a set (called the carrier set) and -4 is a family
(04| 0 € %) of functions such that 0,: AK > Aforeachk €N, o € =k, we identify (A, -4)
with its carrier set A and, if A is clear from the context, we denote a function o, just by o.
Moreover, we often write (A, 04, ...,0,) instead of (4,-,) if ¥ ={0,...,0,} forsomeneN
with rk(o;) = ... = rk(o,). In this case, for the sake of brevity, we do not specify > and call
(A,04,...,0,) just an algebra. An algebra is finite if its carrier set is finite.

Let (A, -4) be a X-algebra and let B C A. A X-algebra (B, -g) is called a subalgebra of A if

op(b1,..., b)) = 0(by, ..., bi)

foreachk € N, o € Z(k), and bq,...,b, € B. Let H C A be nonempty. Then there is a
smallest subset B C A containing H such that (B, -3) is a subalgebra of A, called the subalgebra
generated by H. If H is finite, then we say that (B, -g) is finitely generated.

Homomorphisms Now let (4,-4) and (B, -3) be two X-algebras. A mapping h: A — B is
called a homomorphism (from (A, -4) to (B,p)) if foreach k €N, o € ¥ and ay,...,a;, €A

h(O-A(a]_, .. .,ak)) = O-B(h(al), .. .,h(ak)) .

1.2.2 Monoids

A monoid, a set together with an associative binary operation and a neutral element, is a
fundamental algebraic structure all weight structures we consider in this work are based on.
As, sometimes, it is not sufficient for our purposes to apply the monoid’s operation finitely
often, we will also recall here how to equip a monoid with an infinitary operation.

12
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Monoids A monoid is an algebra (M,-,1) where 1 € M and - is an associative binary
operation having 1 as its neutral element. Given a monoid (M, -, 1), we call each monoid
(N,-,1) with N € M a submonoid of M.

A monoid (M, -, 1) is commutative if - is commutative. Commutative monoids are sometimes
denoted (M, +,0) instead. Moreover, we call M idempotent if - is idempotent and locally finite
if each finitely generated submonoid is finite.

Let (M, +,0) be a commutative monoid. We call M gzero-sum free if a + b = 0 implies
a=b=0foreverya,b e M.

Let in the following (M, -, 1) be an arbitrary monoid. An element 0 € M with 0 # 1 that is
an absorbing element of - will sometimes be called a zero. Now let O be a zero of M. We say
that M is gero-divisor free if a - b = 0 implies a = 0 or b = 0 for every a, b € M.

For each n € N and a € M, the n-fold product a - ... - a is often abbreviated by a™ and we
leta® =1.
Convention. As usual, finite sums a; +...+a; (respectively, finite products a; -...-a; ) are

abbreviated by >5;c(; ;1 a; (respectively, [ [;c(; ;1 @). Whenever the order of the elements
a; in the sum or product is important, we state it where the notation is used.

Complete monoids In various parts of this work we can not ensure that the index sets of
sums Y. are finite. Thus, we recall the notion of completeness (cf. [Eil74, HW98, DK09])
that is based on infinitary summations as extension of finite sums.

Let A be a set and I a countable index set. An infinitary summation over A is a mapping
> : Al > A Instead of > ;(a; | i € I) we write D, q;.

We say that a monoid (M, +,0) is complete if it has an infinitary summation ), over M for
each countable index set I such that

D Diep@ =0, Dic(y@=0aj, Qe =0, +a for j#k, and
(11) ZjGJ(ZiGIj ai) = ZiEI a; if UjEJ I] =T and I] n Ik = (0 forj 7é k.

Moreover, a complete monoid M is called completely idempotent if ), m = m for each m € M
and countable index set I. Each complete monoid is commutative.

1.2.3 Lattices and Boolean Algebras

Here we recall the definition of a lattice which we will afterwards use as basis for Boolean
algebras. Moreover, lattices are also useful as particular weight structures of automata.
Boolean algebras will be used in Chapter 6 as label structures of symbolic automata to provide
predicates over some infinite input set.

Lattices There are two common ways to define lattices — as particular partially ordered
sets or as algebraic structures satisfying certain axioms. As this work is based on universal
algebra, we choose the second one.

A lattice is an algebra (L, V, A) with two binary operations V and A such that

(i) Vv and A are commutative,

13
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(ii) V and A are associative, and
(i) av(aAnb)=aandaA(aVvb)=aforalla,belL.

From these axioms it follows that vV and A are idempotent [Heb20, Folgerung 2.2], which is
often regarded as additional axiom.

To utilize lattices for our purposes, we recall some restrictions of them. A lattice (L, V, A)
is called bounded if there are two elements 1, T € L such that V has L as its neutral element
and A has T as its neutral element. In this case L is denoted by (L,V, A, L, T). Moreover, a
lattice (L, V, A) is distributive if for all elements x, y,z € L the identity

xAN(yVz)=(xAy)V(xAz)

holds.
Now we are prepared to define Boolean algebras.

Boolean algebras A Boolean algebra is an algebra (B, V, A, —, L, T) where
@ (B,V,A,L,T)isabounded, distributive lattice and
(ii) —is a unary operation such that x A—x = 1 and x V-x = T for each x € L.

Example 1.2.1. Let A be a set. Then the power set algebra (P(A), U, N, —,d,A) with = being
the set-theoretical operation complement, given by =B = A\ B for each B € P(A), forms a
Boolean algebra. O

Sometimes it is desirable to generate a Boolean algebra from a given set. For this, the
following closure is helpful. Given a Boolean algebra (B,V,A,—, L, T) and a set AC B we
define the Boolean closure of A (under B), denoted by BC(A), as the smallest subalgebra
(B’,V,A,—, L, T) of B such that A C B’. Clearly, BC(A) is again a Boolean algebra.

Lemma 1.2.2 ([GHO09, Chap. 11, Cor. 2]). Let (B,V,A,—, L, T) be a Boolean algebra and let

IT C B be finite. Then BC(II) is finite as well. In particular, BC(IT) has at most 22" elements.

1.2.4 Strong Bimonoids and Semirings

In the following we recall an intensively investigated structure which is especially useful in
the field of weighted automata: Semirings allow by their two operations to connect weights
within a run of an automaton as well as to sum over several runs. Later, also the more general
structure of strong bimonoids proved useful for weighted automata [DSV10].

Strong bimonoids A strong bimonoid is an algebra (K, +,-,0, 1) such that
(i) (K,+,0)is a commutative monoid,
(i) (K,-,1)is a monoid, and

(iii) - has 0 as its absorbing element.

14
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We say that K is commutative or zero-divisor free if (K, -, 1) is commutative or zero-divisor free,
respectively. Moreover, K is idempotent, zero-sum free, or complete if (K, +, 0) is so, respectively.
We note that each complete strong bimonoid is zero-sum free [Gol99, Proposition 22.28].

Convention. We note that we use as convention that, given a strong bimonoid (K,+,-,0, 1),
the operation - binds more strongly than +. For this reason, we avoid brackets by writing, e.g.,
a+ b -cinstead of a + (b - ¢). This convention carries over to infinite summations.

Example 1.2.3. Many examples for strong bimonoids can be found in [DSV10, Example 1].
Let us here recall two of them:

* The strong bimonoid (N, +, min, 0, 00) with N, = NU {oo} and with the usual
extensions of + and min to N, is called in [DSV10] tropical bimonoid. Note that + is
not distributive over min as, e.g., min{1,2 + 3} # min{1, 2} + min{1, 3}.

* Each bounded lattice (L, V, A, L, T) is a strong bimonoid. Note that L is the absorbing
element of A: By using axiom (iii) from the definition of lattices and the fact that L is
the neutral element of V, we obtain L. = L A(LVa)=_1Aaforeacha€lL. |

Semirings A semiring is a strong bimonoid (K, +, -, 0, 1) where additionally the condition
(iv) - distributes over +

holds. The notions of commutative, idempotent, zero-sum free, and zero-divisor free carry over
from strong bimonoids, respectively. Moreover, K is called complete if (K, +, 0) is complete
and distributivity holds for its infinitary summation, i.e.,

w(ZanZa-ai and (Zai)‘a=Zai~a
i€l i€l i€l i€l
for each countable index set I, family (a; | i € I) of elements in K, and a € K. Finally, we call
K locally finite if both monoids, (K,+,0) and (K, -, 1), are locally finite.

Example 1.2.4. Here we recall semiring examples from [DK09], some of them we will also
use in this work.

* The Boolean semiring B is the semiring ({0, 1}, V, A, 0, 1) with truth values 0 and 1 and
where V and A are the logical disjunction and conjunction, respectively. The Boolean
semiring is complete and commutative.

* The semiring N of natural numbers is given by (N, +,-,0,1). Note that this semiring is
commutative but not complete.

* To obtain a complete semiring of natural numbers we can extend the semiring N to
Ngo = (NU{oo},+,-,0,1) where oo is the absorbing element of + and n- 0o = oo =
oo - n for each n € (N, U {co}).

 The semiring R, of nonnegative reals is the semiring (R, +,,0, 1). Note that Ry is
commutative but not complete.
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* The tropical (or min-plus) semiring (N U {oo}, min, +, 00, 0) is commutative and com-
plete.

e The arctic (or max-plus) semiring (N U {—o00, oo}, max, +,—00,0) where oo is the
absorbing element of max and n + co = o0 = 00 + n for each n € NU {00} is
commutative and complete.

* Let X be an alphabet. The semiring (P(X*),U,-,®, {¢}), where - denotes the concate-
nation of languages as defined in Section 1.3, is called the semiring of formal languages
(over X). This semiring is complete but not commutative.

e Each bounded, distributive lattice (A4, V, A, L, T) is a commutative, idempotent, and
locally finite semiring [DG0O]. a

Using the distributivity law for complete semirings, the following helpful observation can
be made.

Observation 1.2.5. Let K be a complete semiring, let I, and I be two countable index sets, and
let (a; | i €I,) and (b; | j € Ig) be two families of elements in K. Then

> Onaib)=> e b)=la)- (O b)) .

i€l, jelp €]y J€EIp i€l J€EIR

1.2.5 Multioperator Monoids

Now let us recall the definition of a multioperator monoid — the most general weight structure
we will use in this work to consider tree automata in a quantitative setting. It was originally
introduced by Kuich [Kui97, KuiO0b] as a distributive £2-monoid which is a generalization of
distributive F-magmas of Courcelle [Cou86]. Later, not necessarily distributive multioperator
monoids were studied in [SVF09] and [FSV12]. We will use this latter version in our work.

The idea of multioperator monoids is to generalize the multiplication of a semiring to
arbitrary algebra operations. Thus, to each tree position of rank n an n-ary operation can be
assigned. The obtained tree (or term) of operations then can be evaluated in the respective
algebra which results in a single value.

Let (K,+,0) be a commutative monoid and let n € N. The n-ary constant zero function
0, € Ops(™(K) is defined by 0,,(ky,...,k,) = O for every kq,...,k, € K. Moreover, we say
that an operation f € Ops™(K) is absorptive if for every ky,...,k, € K, and i € [n], the
equality k; = 0 implies f (kq,...,k,) =0.

M-Monoids A multioperator monoid (for short: M-monoid) is a tuple (K, +, 0, £2) such that
(i) (K,+,0) is a commutative monoid,
(ii) £ S Ops(K),
(iii) 1pg € 2 and 0, € 20 for every n €N, and

(iv) each operation w € 2 is absorptive for every n € N.
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We note that in [SVF09, FSV12] such an M-monoid was called absorptive. Even if, properly
speaking, an M-monoid is not a > -algebra as defined in this work (as we allow an arbitrary
number of operations), we will call it in later sections a weight algebra.

Now let (K, +,0, £2) be an M-monoid. We say that K is complete if (K, +, 0) is so. Moreover,
K is distributive if for every n € N and operation w € 2™ the distributivity law holds, i.e.,

CO(kl, . l 1,k+k kl+l’ . k)
=w(ky,..., ki1, kkiyg, .. k) ke, ki, K ki, k)

for every i € [n] and k,k’,kq,...,ki_1,ki41,---,k, € K. Finally, a distributive M-monoid
(K,+,0,£2) is called completely distributive if the distributivity law carries over to infinitary
summations, i.e., for each n € N, w € 2™, j € [n], ki,....kj—1,kj41,...,k, €K, countable
index set I, and family (a; | i € I) over K the equality

w(kly L) ] lazl’elai:kj+li"' n) Zle[ C()(kln LS} _1 laalﬂk]+1>"~zkn)

holds. This concept was introduced as complete DM-monoid in [Kui97].
Now let us consider some examples of M-monoids.

Example 1.2.6. The structure (NU{oo}, +,0, £2) is a complete M-monoid, where + is extended
to sum over countable index sets in the obvious way, 2 = {0,, | n € N} U {min, | n € N}, and
min,, is the n-ary minimum function (both 0,, and min,, extended to NU {c0}). We note that
IDNU{oo) = min;. O

Example 1.2.7. The M-monoid ({0, 1},V,0, £2), also denoted by B,? is called the Boolean
M-monoid, where for each n € N we have 20" = {0,, A,,} with

/\Tl(kl""’kn):]‘ = k]:---:kn:]-

for every ky,...,k, € {0,1}. We note that A; = 1D ;. Clearly, V can be extended to an
infinitary summation \/ .+ {0,1} — {0, 1} for each countable index set I such that B becomes
a complete M-monoid (letting \/ie[ k; =1 if and only if k; = 1 for some i € I). m|

The M-monoids of the last two examples look very similar to strong bimonoids and semirings
we showed before. Indeed, each strong bimonoid (and, thus, each semiring) induces an

M-monoid which will become clear with the next example.

Example 1.2.8. In [FMVO09, Definition 8.5] it is described how to build an M-monoid for
simulating a given semiring. The same procedure works for strong bimonoids:

Let (K,+,-,0,1) be a strong bimonoid. We have to simulate the multiplication - of K with
operations of the M-monoid. For this, we define for each rank n € N and each element k € K
the n-ary multiplication with k as the mapping mul,,; : K" — K where we set

muln’k(kl,...,kn)=k1'...'kn'k

2The reader might notice, that this denotation introduces an ambiguity. However, it will always be clear from
the context (and, indeed, not crucial) whether we mean the Boolean M-monoid or the Boolean semiring.
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for every ky,...,k, € K. Now we construct the M-monoid (K, +,0, £2) by letting 20 =
{mul, ; | k € K} for each n € N. We note that 0, = mul, ; for each n € N and 1Dy = mul ;.

The M-monoid resulting from this construction for some strong bimonoid (or even semiring)
K is often denoted by M(K). We note that if K is a semiring, then M(K) is a distributive
M-monoid. Moreover, it can easily be checked by the reader that if K is a complete semiring,
then M(K) is completely distributive.

In [EKO3, Example 1.1 and 1.2] two more possibilities to simulate semirings by M-monoids
are given. O

The following example shows that M-monoids can also be used for more complex calcula-
tions such as, e.g., a discounting function.

Example 1.2.9 (cf. [TO15, Example 2]). Let A = (A; | i € N,) be a family of elements
in Ry and let R = Ry U {—00, 00}. Then we denote by K* _ . the complete M-monoid

DISC
(R, max, —00, ‘les ), where max is extended to R in the obvious way and

‘lesc = {wt(ln; IneN,a E@}U{ID@} .

For each n € N and a,ay,...q, € R we let

wi?i(al,...,an)=a+ll-a1+...+An~an,
where the commutative operations + and - on reals are extended to —oo and oo as follows:
We let for each a € Ry U {00}
—00 +a=—00+—00 =—00, 00 +a= 00,

and

— R0 a=—00--—00 =—00 o0 -a = 0Q.

5

We note that 0, is given by wggo , for each n € N. It is easy to see that each operation of

A . .
K/ . is absorptive. a

Compressible M-monoids Now we want to recall some restrictions of M-monoids that go
beyond the usual limitations and, finally, allow us to define compressible M-monoids. Let
(K,+,0, £2) be a complete M-monoid.

In [FMVO09, Definition 3.1], the sum of two operations w;, w, € Ops"™(K) was defined to be
the n-ary operation wj + w4 given by (w1 + w4)(kq, ..., k,) = wi(ky,..., k) +wo(ky, ..., k)
for every kq,...,k, € K. We extend this sum to an infinite summation as follows. Let n > 0, I
be a countable index set, and (w; | i € I) a family of operations in Ops(™(K). We define the
operation »._; w; in Ops(™(K) by letting

(Do w)ky, k) = > wilky, ., ky) (1.1)

i€l i€l

iel

for every ky, ..., k, € K. We say that K is completely 1-sum closed if (3}, _; w;) € 2O for every

countable index set I and family (cw; | i € I) of operations in 2.

iel
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Moreover, we introduce a modified version of the composition closure defined in [FMV09,
Definition 3.1 and 4.3]. Let w; € Ops™V(K) and w, € Opst™(K) for some n € N. The
composition of w; and w, is the operation w; o w4 € Ops™ defined by

(wlowz)(kli"':kn)z 601(602(k1,...,kn)) (12)

for every ky,...,k, € K. We say that K is (1, n)-composition closed if w; o w, € 2™ for every
wy € 2 and w, € 2. Moreover, K is (1, x)-composition closed if it is (1, n)-composition
closed for every ne N .

The following statement follows easily from the corresponding definitions.

Lemma 1.2.10 ([FHV17, Observation 6.2.]). For each countable index set I, family (w; | i € T)
of operations in OpsV(K), n > 0, and w € Ops"™(K), we have Dici(wiow) = (Zie] a)l-) ow.

Proof. Let I be a countable index set, (w; | i € I') a family of operations in Oops(K), n >0,
and w € Ops™(K). Then

(Q (w0 k.o ka) = D (@0 @)Ky, ... Ky)) (1.1)

- = li(wi(w(kl, )] (1.2)

= (i w)(w(ky, ..., k,)) (1.1)

= ((i ) o w)(ki,-.., ky) (1.2)

for every ky,...,k, €K. - m

Finally, we call K compressible if it is (1, *)-composition closed, completely 1-sum closed,
and completely distributive.

Example 1.2.11. Each M-monoid associated with a complete semiring is compressible. The
fact that such an M-monoid is completely 1-sum closed and completely distributive can be
derived from the generalized distributivity law of the complete semiring. In particular, the
Boolean M-monoid is compressible. O

Matrices over unary operations Let (K, +,0) be a complete and commutative monoid and
let I be a finite set. Moreover, let V and W be (I x I)-matrices over Ops‘)(K). We define the
product V- W of V.and W by

VWi, = D Vi o Wi,
JjEI
for every iy, 1, € I. Note that, although the set I is not ordered, the expression »_ jer Vini® Wi,
is well-defined, because the monoid (OpsP(K), +, 0) is commutative. Moreover, for every
n € N we define the (I x I)-matrix W" over Ops(l)(K ) by induction as follows: let W° = E
and W" = W - W™ ! for every n > 1, where E is the unit matrix over Ops(”(K) defined by
E; i, = 1Dk if iy =iy and 0, otherwise for every i, i, € I. Finally, we define W* = > Wh,

where (3. W"). . =3 W', forevery iy,ip €1.

neN

i1,0o
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1.2.6 Valuation Monoids

The concept of a valuation monoid goes back to [DM10, DM11] who introduced this weight
structure to generalize the product operation of a semiring. This extension was motivated
by the wish to model quantitative aspects of technical systems as, for example, the average
consumption of some resource. A suitable weight calculation for such applications often needs
a “global” consideration of weights which is not possible in semirings. Hence, [DM10, DM11]
used a valuation function to combine weights in a global manner. Later, in [DV13] valuation
monoids were extended to unital valuation monoids by using a unit element 1.

Properly speaking, a unital valuation monoid is not an algebra as defined above as it uses
infinitely many operations (to allow an arbitrary number of parameters for the valuation
function). However, this subtlety is immaterial in this work and, thus, we nevertheless speak
about a (weight) algebra.

Unital valuation monoid A unital valuation monoid is a tuple (K, +,val, 0, 1) such that
1. (K,+,0) is a commutative monoid and

2. val: K* — K is a mapping such that
a) val(k) =k for each k €K,
b) val(kOk’) = O for every k,k’ € K*,
¢) val(k1k") = val(kk’) for every k,k’ € K*, and
d) val(e) =1.

Remark 1.2.12. We note that valuation monoids were introduced in [DM10, DM11] as a
structure (K, +,val, 0) with a mapping val: K™ — K satisfying conditions 1, 2(a), and 2(b). As
shown in [DV13], each valuation monoid can easily be extended to a unital valuation monoid:
Using a new element 1 not in K, one can define a unital valuation monoid (K’,+’,val’,0,1)
such that K’ = K U {1}, +’ extends + with k +' 1 = k for each k € K/, and val’ extends val (cf.
[DV13, Example 1]). <

We refer the reader to [DV13] for a number of examples for unital valuation monoids. Let
us recall here that the valuation function can capture each binary operation and, thus, each
strong bimonoid can be simulated by a unital valuation monoid.

Example 1.2.13. Let (K,+,-,0,1) be a strong bimonoid. It is clear that K can be viewed as
a unital valuation monoid (K, +,val, 0, 1), where for every n € N and k;,...,k, € K we let
val(k;...k,)=kq-... -k, (see [DV13]).

In particular, we consider the Boolean semiring B = ({0, 1}, V, A, 0, 1), which can be simu-
lated by the Boolean unital valuation monoid B = ({0,1}, V,val,0, 1), where for every n € N
and by,...,b, €{0,1} we have val(b;...b,) =b; A...Ab,. |

Next we want to consider an example for a valuation mapping that provides more func-
tionality than the product operation of a strong bimonoid.

Example 1.2.14 ([DV13, Example 1 (2.)]). Unital valuation monoids can be used to compute
averages. For this consider K,,, = (RU {—00, 00}, sup, avg, —00, 0c0) where sup denotes the
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least upper bound,

1
avg(al...an)zz- Z a;

1<i<n
for every n > 1 and ay,...,a, € RU{—0c0}, and + and - are extended as usual to —co.
Note that oo is removed from each sequence by requirement 2(a) in the definition of unital
valuation monoids and, moreover, avg(e) = oo. O
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1.3 Languages and Weighted Languages

In this section we recall some fundamental notions from formal language theory. After
introducing the usual basics for words and languages, we consider two prominent language
classes: the class of recognizable languages as well as the class of context-free languages.
Moreover, we also recall the concept of a weighted language and a weighted automaton.

For a comprehensive introduction to formal language theory and weighted languages, we
refer the reader to [Sak09] and [DKV09].

1.3.1 Words, Languages, and Automata

Note that all of the following definitions can be extended straightforwardly to the case of
infinite alphabets. Thus, here we only consider a (finite) alphabet as introduced.

Words Let X be an alphabet. A word (over X)) is a finite sequence of symbols from X, i.e, if
2; ={a, b}, then aab is a word over . The set of all words over X is denoted by >*.
Letw=a,...a, for some ne N and ay,...,a, € . The length of w, denoted by |w|, is n.
If n =0, then we call w the empty word and denote it by ¢. We set &+ = %* \ {¢}. For some
set I' C 3, we define
wly = |{i € [n] | a; € T}|

and if I' = {a} we briefly write |w|,. We let pos(w) = {1, ..., |w|} denote the set of positions
of w. Moreover, for each i € [n], the label of w at i, denoted by w(i), is a;. Given a word
v=>b,...b,, forsome me N and b,...,b,, € X, the concatenation of w and v, denoted by
w-v,is

w-v=a;...a,b;...b,.

Often we simply write wv instead of w - v.

Remark 1.3.1. In the usual way, in this work we do not distinguish between the set of words
over 3 of length n and the Cartesian power X". Accordingly, we will identify (a,...,a,)
with a; ... a, and () with €. Clearly, Z* = | .oy =" <

Remark 1.3.2. It is quite common in formal language theory to consider words over some
alphabet 3 in an algebraic setting. Indeed, the structure (X*,-,¢) is a free monoid over X,
[Wec92, Section 3.2, Example 1]. Thus, for each monoid B and mapping h: 3’ — B there
is a unique homomorphism h’: %* — B that extends h. In the further, we identify h and h’.
Moreover, for each L € X* we let h(L) = UweL h(w).

Given an alphabet A, each mapping of the form h: X — A as well as its extension h’: X* —
A* is called a relabeling. <

Partial orders on words Let X be an alphabet. In the following we will define two partial
orders on 3*: the prefix order and the lexicographic order.

Given two words v,w € X*, we let v C w if w = vu for some u € X* and in this case we
call v a prefix of w.

Let < be a partial order on . Then the lexicographic order <., on %™ is defined as follows.
Given two words v,w € X%, we let v <o, w if
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e vEwor
* there are a,b € X with a < b and u, y,z € X* such that v =uay and w = ubz.

Obviously, if < is total, then <., is total as well.

Formal languages Let 3 be an alphabet. A (formal) language (over %) is a set L € X* of
words over 3.

Let L, L’ C X* be two languages. In addition to the usual set-theoretic operations L U L’,
LNL, and L\ L', we will use the following operations between languages: We let the
concatenation of L and L', denoted by L - L’, be defined as L - L' = {wv | w € L,v € L'}.
Note that we sometimes omit the operator - and briefly write LL’ instead. Moreover, we
can iterate the concatenation of languages by letting L = {¢}, L" =L - L" ! foreach n > 1,
L*=J.ey L', and LT = Usen, Lt

We note that formal languages are possibly infinite sets. To describe those sets yet in a finite
way, numerous language accepting or generating formalisms, such as automata, grammars,
logics, and many more, were established and investigated. Not only do they differ in their
functionality, but also in their expressiveness (i.e., in which languages they are able to
describe). In the following we want to recall some very prominent classes of languages
together with respectively one appropriate language formalism.

Recognizable languages

One of the most fundamental language classes in formal language theory is the class of
recognizable languages — the class of languages that can, among others, be generated by
regular grammars, expressed by regular expressions, defined by monadic second order logic,
or (which we will use here) accepted by finite-state automata.

Finite state automata Let X be an alphabet. A finite-state automaton over % (or a X-
automaton) is a tuple A = (Q,Qo,Qf, T) where

e (Q is a finite set (its elements called states),
* Qp€QandQ FCQ (their elements called initial and final states, resp.), and
* T C(Q x X xQ) (its elements called transitions).

For each transition T = (q,a,q’) in T we let 7 be the binary relation on the set Q x X*
such that for each w € X* we have

(g, aw) 7 (¢',w) .

The computation relation of A is the binary relation k= ( J
a sequence

e F°. A computation of A for w is

L ST e
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suchthatn €N, 74,...,7, €T, {o,...,{, €Qx X" such that {, = (w,qo) and {,, = (&, q;) for
some qq € Qq, 45 € Qf, and {;_; F" {; for each i € [n]. We denote the set of all computations
of A for w by © 4(w). Then the language recognized by A, denoted by L(.A), is the set

L£(A) = {we T |0 4(w) # 0}.

We say that a language L C X* is X-recognizable if there is a X-automaton A with £(A) = L.
The class of all 3 -recognizable languages will be denoted by REc(X).

Context-free languages

We proceed with a language class that includes all regular languages but is strictly greater than
REC(X) — the class of context-free languages. In the following we use pushdown automata,
introduced by Schiitzenberger [Sch63], to describe this class. But we note that, as for the
recognizable languages, there are many ways to define context-free languages.

Pushdown automata Let X be an alphabet. A pushdown automaton over X (or a X-pda) is
a tuple A= (Q; F: Yo, QO’ Qf> T) where

e Q is a finite set (its elements called states),

e [ is an alphabet (called the pushdown alphabet),

* vy € I' (called the initial pushdown symbol),

* Qp<SQand QrcQ (their elements called initial and final states, resp.), and
e TCQx(XU{e})xTI xQx I* (its elements called transitions).

The semantics of a X-pda A= (Q, I',1¢,Qq,Qy, T) is defined as follows. For each transition
7=(q,a,7,q’,w)in T we let 7 be the binary relation on the set Q x X* x I'* such that for
each w € X¥* and u € I'* we have

(q,aw,yu) F* (¢',w, ).

The computation relation of A is the binary relation = [ |
by A, denoted by L(A), is the set

-er F". Then the language recognized

‘C(A) = {W ex” | (qO’W3 YO) F* (qfa E,M) for some do € QO) Qf € quu' € F*}
We say that a language L C X is context-free (over X) if there is a X-pda A with £(A) = L.
The class of all context-free languages over 3 will be denoted by CF(X).
Other classes of languages

Obviously, there are more language classes than REc(X) and CF(X). Two prominent exam-
ples, completing the Chomsky hierarchy, are the classes of context-sensitive languages and
recursively enumerable languages, recognized by linear bounded automata and Turing machines,
respectively.
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Many language classes were defined by using automaton models with some additional
memory (similar to a pushdown automaton). Examples are counter automata [ Gre69, VP75],
nested stack automata [Aho69], or iterated pushdown automata [AU, Mas74]. To unify these
approaches, several abstract automaton models with arbitrary storage were introduced — we
will give a survey in the introduction of Chapter 2.

1.3.2 Weighted Languages and Weighted Automata

In the previous section, a language classifies words in a Boolean way (i.e., either a word
belongs to the language or not). However, there is also a great interest in a finer graduation.
This can be obtained by assigning to each word a value from some algebra — such a mapping
is called a weighted language. Intuitively, one might think of some measures such as the word
length, a probability, or similar, a weighted language assigns to a word.

Indeed, the concept of weighted languages is known for a long time. Already in [CS63],
Chomsky and Schiitzenberger proposed to assign to each word generated by a grammar the
count of its ambiguity. Later, different weight structures such as semirings [Eil74, KS86] or
strong bimonoids [DSV10] were used to assign (and connect) weight values.

Here we recall weighted languages over unital valuation monoids [DM10, DM11, DV13].
As it was shown in Example 1.2.13, this weight structure subsumes the ones mentioned
before.

Thus, in the remaining Section 1.3 we let (K, +, val, 0, 1) denote an arbitrary unital valuation
monoid.

Weighted languages Let X be an alphabet. A (K-)weighted language (over %) is a mapping
of the form s: ¥* — K. We denote the set of all such mappings by K { =*).

Let s € K{X*). The support of s, denoted by supp(s), is defined as supp(s) = {w € X* |
s(w) # 0}.

Now lets,s’ € K{X*) and L C X*. We define the weighted language (s N L) € K{X*) for
each w € X* by
s(w) ifwel, and
0 otherwise.

(snL)(w)= {

Moreover, the sum of s and s’, denoted as s +s’, is the weighted language given by (s +s")(w) =
s(w) +s’(w) for each w € Z*.

Remark 1.3.3. While usually the domain of a weighted language is a finite alphabet, in
Chapter 6 we will use mappings of the form s: D* — K for some non-empty but possibly
infinite set D. As the concepts and operations defined above carry over easily, we will call
those mappings also weighted languages and use the introduced notions for them as well. <

Recognizable weighted languages

Just as its unweighted counterpart, a recognizable weighted language can be described by a
language accepting formalism — a weighted automaton. Weighted automata, going back to
[Sch61, CS63], are finite-state automata where, additionally, each transition carries a weight
from some weight structure. To assign a value to some input word w, this weight structure
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needs two operations: one operation to connect all weights occurring in a computation of
the automaton for w and one operation to “sum” over the weights of all computations for w.

As weighted languages, weighted automata were defined over several weight structures
such as semirings [Eil74, KS86] or strong bimonoids [DSV10]. Here, we stay in the setting
of unital valuation monoids and recall unital valuation monoid-weighted automata [DM10,
DM11, DV13].

Weighted finite-state automata Let X be an alphabet and let K be a unital valuation
monoid. A weighted finite-state automaton over X and K (or a (3, K)-automaton) is a tuple
A = (Q) QO) Qf: TJ Wt) Where

* (Q,Qp,Qyf,T)is a X-automaton (called the underlying X-automaton) and
* wt: T — K (called the weight assignment).

Let w € X*. The notion of a computation of A for w and the set © ,(w) of all computations
of A for w carry over from .As underlying >-automaton. Now let 8 =, "1 ... " {, be a
computation in © 4(w) for some n € N, {,...,{, €Q x X*, and 74,...,7, € T. We define
the value wt(60) € K, called the weight of 0, by

wt(0) =val(wt(t,)...wt(t,)) .

The weighted language recognized by A is the K-weighted language [A]: ¥* — K defined for
each w € X* by
[Alw) = > wt(6) .

0€0 ,(w)

A weighted language r: X* — K is (X, K)-recognizable, if there is a (X, K)-automaton .4 with
[A] = r. We denote the class of all (¥, K)-recognizable weighted languages by REc(X,K).

More classes of weighted languages

Weighted language acceptors were not only introduced for recognizable weighted languages
but for several classes of weighted languages. Weighted pushdown automata [KS86] recognize
semiring-weighted context-free languages and were later extended to weighted pushdown
automata over unital valuation monoids [DV13]. In [RT19], the concept of weighted context-
free grammars over bimonoids (where, in contrast to strong bimonoids, the sum is not
necessarily commutative) was introduced. Also in [KS86], weighted counter automata and
a first version of weighted automata with storage (using matrices of rewrite operations to
represent storage types) over commutative semirings were introduced. In [HV15, HDV19],
the classes of languages recognizable by weighted automata with storage over unital valuation
monoids were considered.
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1.4 Tree Languages and Weighted Tree Languages

This section recalls some basics from the theory of formal tree languages and weighted tree
languages. After considering the definition of a tree as well as several tree functions, we
will address tree languages. As in the word case, we consider two particular classes of tree
languages: the recognizable tree languages and the context-free tree languages. Moreovet,
we recall some basic definitions for tree homomorphisms.

We proceed similarly in the weighted setting: after introducing weighted tree languages,
we recall weighted tree automata, recognizable step functions and, finally, weighted tree
homomorphisms.

1.4.1 Trees, Tree Languages, and Tree Automata

Trees Let X be a ranked alphabet and let H be a set. The set of trees (over X and indexed by
H), denoted by Tx(H), is the smallest set T such that

e HC T and
. a(gl,...,in)eTforeveryneN,GEZ'(”), and &4,...,8,€T.

If H = @, then we simply write Ty, instead of Tyx,(H). We usually denote the tree a() by a
for each a € . Moreover, for eachn €N, & € Tx(H),and y € =M the tree r(...(y(£)),
where y occurs n-times consecutive, is abbreviated as y"(&).

Example 1.4.1. Consider the ranked alphabet = = {o®,y() a(®} and the set H = {x}. Then

£ =0(a,r*(x))

is a tree over X indexed by H. In this work we often use a graphical representation to depict
a tree, i.e., the graph

represents the tree &. a

X,-term algebras In universal algebra, Ty.(H) is an important example of a X-algebra: a
3-term algebra is given by the structure (Ty(H), -1, ) where -t = (-, | 0 € X) and, for each

neN,cex® and &,,...,&, € Tx(H), welet -, (Eq,...,E) =0(Eq, ..., Ep).
It is well known that for each X-algebra A and mapping h: H — A there is a unique
homomorphism h’: Tx.(H) — A that extends h (cf. [Wec92, Theorem 4]).
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Positions, height, and size Let 3 be a ranked alphabet, H a set, and £ € Tx,(H). We define
the set of positions pos(£) C N* of & and the height ht(£) € N of £ by structural induction on
& as follows. For every x € H we let

pos(x) = {e} and ht(x)=0 .
For each a € = we let
pos(a) = {e} and ht(a)=1 .
Finally, if £ = 0(&4,...,&,) forsome n>1, 0 € &M and &;,...,&, € Tx(H), we let

pos(§) ={e}u{iv|ie[n],v €pos(&;)} and ht(§) =1+ max{ht(&;) | i € [n]} .

We abbreviate |pos(&)| by |€] and call it the size of &.
Sometimes we call an element v € pos(&) also a node of £ and the root of & refers to the
node ¢. Moreover, each node v € pos(&) with v1 ¢ pos(&) is called a leaf of &.

Subtrees, labels, and symbol occurrences Let X be a ranked alphabet, H a set, & € Tx;(H),
and v € pos(&). The subtree of £ at position v, denoted by &|,, and the root symbol of &,
denoted by root(&), are defined as follows. If & = x for some x € H, then pos(x) = {¢} and
we let

x|, =x and root(x) = x.

Nowlet§ =0(&4,...,&,) forsomeneN, o € =M and &, ...,&, € T;(H). Then we define
&l =¢ and root(§) =o .

Moreover, if v # ¢, let i € [n] and v/ € N* such that v =iv’. Then

gliv’ = €i|v’ .

We set sub(§) = {&], | v € pos(&)} and call each ¢ € sub(&) a subtree of £. Moreover, we let
the label of & at position v, denoted by £(v), be defined as £(v) = root(&],).

For every subset AC X' UH we let pos,(&) = {v € pos(&) | £(v) € A} and ||, = [pos, (&)
We abbreviate pos,;(&) by pos,(&) and €], by [€], for each a € ZUH.

Paths and tree traversal Let X be a ranked alphabet, H a set, and & € Tyx,(H). Moreovet,
let n € N and vy,...,v, € pos(§). We say that v, ...v, is a path from vy to v, if there are
ly,...,l,—; € N such that v;[; = v;;; for each i € [n—1]. If, moreover, v; = ¢ and v,, is a leaf,
then we call vy ...v, a path of £. Let v;...v, be a path of £. The sequence £(v;)...&(v,) is
called a path word of £. The set of all path words from the root to some leaf node of & is
denoted by paths(&).

Sometimes we need to fix an order in which all nodes of a tree are visited. For this, we use
a linear order on the positions of the tree with the following intuition: at each position v, first
the subtrees are visited from left to right before visiting v itself. Formally, the depth-first post-
order®, denoted by Eqp S pos(& )2, is defined as follows. Given two positions v;, v, € pos(&),
we let v Egp, vy if

3We note that in the literature this order is often referred to as depth-first left-to-right traversal. However, since
this term does not reflect that subtrees are visited first, we use another notation here.
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* ey or

* there are u € pos(§), i,j € N with i < j, and w;,w, € N* such that v; = uiw; and
Vo = UjWs.

Yield Let X be a ranked alphabet, H a set, and £ € Tyx;,(H). The yield of £, denoted by
yd(&) € (= U H)*, is inductively defined as follows. If £ € £ UH, then

yd(&) = €.

Now let § =0(&,,...,&,) forsomen>1, 0 € > and &1,...,&, € T(H). Then

yd(&) =yd(&;)...yd(&E,).

Finally, let T € Ty.. We set yd(T) = J ceryd(€) and call it the yield language of T.

Variables, contexts, and composition We fix a countable set X = {x1, xo, ...} of variables
and let X, = {xy,...,x,} for each n € N. When considering X; we sometimes abbreviate x;
by x. We assume that X is disjoint from each ranked alphabet considered in this work. A tree
& € Tx(X,,) is called linear if, for each i € [n], the variable x; occurs at most once in &.

Now let H be a set and & € Ts,(H UX;). We say that & is a context if there is exactly one
position p € pos(&) with £(p) = x;. We denote the set of all such contexts over 3 and H by
Cx(H,X;). If H =0, we write Cx(X;) instead. The composition of a context £ € Cyx,(H,X;)
and a tree { € Tx.(H UX), denoted by & - , replaces x; in & by {. Formally, & - { denotes the
tree &’ € Ty, (H UX) such that

pos(&") = pos(&£) U p - pos({)
and, for each p’ € pos(&’),

o= EPD) e Ep!
(p”) if p’ =pp” for some p” € N*,

where p denotes the position of x; in &.

The notion of replacing a variable by a tree can be enhanced from contexts to arbitrary
trees from Ty(X): For each £ € T (X), k €N, and &1,..., &, € Tx(X) we denote by

5[51,---,51(]

the tree { that is obtained from & by replacing, for each i € [k], each occurrence of x; by &;.

Tree languages and tree transformations For every ranked alphabet X, each subset of
Ty, is called a (formal) tree language (over ).

Let X and A be two ranked alphabets. A tree transformation from X to A is a mapping
h: TZ’ g P(TA).
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Example 1.4.2. Consider the ranked alphabet % = {c®, a(©, (O}, We let T, € Ts. denote
the tree language consisting of trees £ of the form

(%

VAN
o
Z2/ \
o

7N

Zn—1 Zn

2

where n > 2, z; € {a, B} for each i € [n], and ||, is even. For example, the tree

o
VAN
a o
VAN
a

(=
p

is an element of Ty - m|

Example 1.4.3. Consider again the ranked alphabet = = {o®,a(®, g}, We let Tep €Ty
denote the tree language consisting of trees of the form

(o)
VRN
Z1 o
/
§= 23 \
o

7N

Zn—1 Zn

where n > 2, z; € {a, 8} for each i € [n], and ||, = [£]. For example, the tree

is an element of T, whereas the tree { € T,y from Example 1.4.2 is not an element of
Top- O

Convention. At several positions of this work we consider a tree £ € Ty of the form § =
0(&q,..., &) forsomeneN, o € =™ and &1,.--,&, € Tx. In the further; we will often avoid
the quantifications for n, o, and &4, ..., &, and assume that they are of the above form.

As in the string case, also tree languages can be described by various formalism as, e.g.,
grammars, automata, and logics, that may differ in their expressiveness.
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Recognizable Tree Languages

Here we recall the class of tree languages that is recognized by tree automata which go back
to Thatcher and Wright [TW68] as well as Doner [Don70]. Recognizable tree languages can
be understood as a generalization of the recognizable languages to the tree case.

Tree automata Let X be a ranked alphabet. A tree automaton over X (or a X-ta) is a tuple
A= (Q,F, &) where

e Q is a finite set (its elements called states) such that Q N X =0,
* F CQ (its elements called final states), and

« 5§ =(6,| 0 € X)is a family of relations 6§, € Q" x Q for each n € N and o € £
(called the transition relations).

Now let £ € Ts;. We say that each mapping «: pos(§) — Q is a run (of A on &). Moreover,
a run x is valid if

(x(v1)...x(vn),x(v)) € Or()

for each v € pos(&) and n = rk(£(v)). We denote the set of all runs of A on & by Run 4(&)
and the set of all valid runs of A on £ by Run',(&). Now let k € Run 4(§) and v € pos(&). The
subrun of k at position v, denoted by k|, : pos(&],) — Q, is defined by

kl,(v) =x(v)

for each v/ € pos(&|,). Obviously, if k € RunY, (&), then x|, € RunY,(&],).
The tree language recognized by A is the set

L(A) ={& € Ty | Ix € Run’;(&): k(e) € F}.

A tree language L C Ty is called X-recognizable if there is a >-ta A such that £(A) = L. We
denote the class of all X-recognizable tree languages by RT(X).

We call a X-ta A total deterministic (or a X-dta) if 6, is a function of type Qk — Q for each
k eNand o € 5. We say that a tree language L C Ty, is deterministically X-recognizable
if there is a X-dta A such that £(A) = L. It is well known that ¥-dta and X-ta are equally
expressive:

Lemma 1.4.4 ([TW68, Theorem 1]). Let L C Ts.. Then L is deterministically >.-recognizable
if and only if it is X-recognizable.

Example 1.4.5. Recall the ranked alphabet X = {o®, a(®, 30} and the tree language Ty
from Example 1.4.2. This tree language can be recognized by the X-ta A,y = (Q,F,6)
where

Q=1{qq dp,9es 9o} F ={q.},

and
6,=1{(e,q9)}, 65 =1{(e,qp)},
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60 :{(qaqaa qe), (qﬁqﬁ: qe): (qaqo, qe); (qﬁqe: qe)}
U{(4498>90)> (490> 90)> (dade> 90)> (4890, 90)}-

Intuitively, A,y remembers with its states q, and g, whether an even or odd number of a’s
has already been processed: each occurrence of the symbol a forces a switch between g, and
q, in the state control. |

The tree language in the above example is ~-recognizable as not the concrete number of a’s
in a tree is important but only the fact whether there occurs an even or an odd number. This
is a finite information that can be processed with the states of a finite-state tree automaton. In
contrast, to recognize the tree language T,z from Example 1.4.3, the concrete number of a’s
and f3’s has to be handled in order to compute the difference. This cannot be accomplished
by a tree automaton which can be shown by a pumping argument [Eng15, Theorem 3.71].
Thus, to recognize this tree language, one needs more expressive tree acceptors. Indeed, we
will show in the later Example 2.2.1 that a tree automaton enriched by a counter storage type
is able to recognize Tp.

Remark 1.4.6. We note that there are tree languages with the same number of a’s and f3’s
in their yield which are X-recognizable. However, the trees of such a tree language have a
particular structure (different from the trees in T,g) as they, intuitively, encode derivation
trees of a context-free grammar. This connection is substantiated by a prominent theorem of
[Tha67], stating that a language L is context-free if and only if it is the yield language of a
recognizable tree language T. <

Context-Free Tree Languages

Similar to the recognizable languages, also the context-free languages have been generalized
from the word to the tree case. The class of context-free tree languages goes back to Rounds
[Rou69] who introduced context-free tree grammars.

Here, again we recall an automaton model to describe context-free tree languages: push-
down tree automata. This formalism was introduced by Guessarian [Gue83]. However, to
smooth the ways to later results of this work, we will show here an equivalent model of
[FKOO]. These pushdown tree automata can be seen as a variant of Guessarian’s automata,
using a string pushdown instead of a tree pushdown and accepting with empty pushdown
storage. It was already shown in [ Gue83] that both models are equally expressive.

Pushdown tree automata Let X be a ranked alphabet. A pushdown tree automaton over %
(or X-pta) is a tuple A =(Q, I',qq, Yo, T) where

* (Q is a finite set (its elements called states) such that Q N X =@,

e [' = I, U T is an alphabet such that Iy # @ and I, and I are disjoint (called the
pushdown alphabet),

* go € Q (called the initial state),

* yo € I (called the initial pushdown symbol), and
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1.4 Tree Languages and Weighted Tree Languages

* T is a finite and non-empty set (its elements called transitions) such that each transition
has one of the following forms:

q(a,y) —a @)
q(o-(xb cees Xn), 6) - O-(ql(xl’ 7T1), o an(xn’ nn)) (2)

wherea e 20, yer,,n>1,q,q1,....,q,€Q, 0 € 5™, 5§ €I, and nq,..., 7, €
I'fTo U Ty (called read transitions), or one of the following forms:

q(x,y) = q'(x,my) (3)
q(x,8) = q'(x, my) 4

where q,q" €Q, y € Iy, 6 € I, my € I'f Ty, and my € I Ty U T (called e-transitions).
The semantics of a X-pta A = (Q, I',qq, Yo, T) is defined as follows. We denote by ID the set

Q x Ty x I'{ I,. For each transition 7 in T we let -* be the binary relation on the set Ty(ID)
such that for each {4, {, € Tx(ID) we have

SR NS

if there are fe Cx(ID,X,), 81, 82 € Tx(ID) such that {; = 3 . 81 and ¢y = é’ . 82, and one of
the following conditions holds:

* 7 =q(a,y) — ais aread transition of form (1), 31 =(g,a,y), and 82 =a,

e 7 =q(o(xq,...,x,),6) = 0(q:(xq,71),...,q,(x,, T,)) is a read transition of form
(2), ¢; = (q,0(&4,...,&,),06w) for some &;,...,&, € Ty and w € I|Iy, and ¢y =
o((q1,&1,m1),...,(qn, &n, Ty)), where t; = m;w if m; € I'' and 7T; = 7; otherwise for

eachi€[n],

« 7 =q(x,7) = ¢'(x,n) is an e-transition of form (3), {; = (q,&,y) for some & € Ty,
and CZ = (q/: §J ﬂ:):

e 7=q(x,8) — q'(x,n) is an e-transition of form (4), é’l =(q,&,06w) for some £ € Ty
and w € I'1 Ty, and ¢, = (q', &, ) where @ = ntw if 7 € I'f and T = 7 otherwise.

The computation relation of A is the binary relation k4= | J_c; F*. Then the language
recognized by A, denoted by L£(A), is the set

LA)={E €Tz [(q0,& 7o), E}-

We say that a tree language L C Tsy; is context-free (over X)) if there is a X-pta A with £(A) = L.
The class of all context-free tree languages over 3 will be denoted by CFT(X).
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More Classes of Tree Languages

Besides RT(2) and CFT(X), more classes of tree languages were considered in the literature.
One example is the class of tree languages generated by tree adjoining grammars [JLT75, JS97].
It was shown in [KR10, GO15] that this class corresponds to the class of tree languages
generated by linear monadic context-free tree grammars which, in turn, is recognized by a
instance of our linear weighted tree automata with storage from Chapter 4 (as stated in
Corollary 4.1.5).

In [Eng86, EV86] very general classes of tree languages were defined by introducing regular
tree grammars with storage.

1.4.2 Tree Homomorphisms

Here we recall the notion of a tree homomorphism and mention some particular tree homo-
morphisms we will use in this work.

Tree homomorphisms Let 3 and A be ranked alphabets. A mapping h: ' — T, (X), where
h(o) € TA(X,,) for each n € N and o € X, is called a tree homomorphism. In the usual way,
h can be uniquely extended to a mapping h’: T5(X) — T, (X) by letting h’(x;) = x; for each
x; €X and, foreachn €N, o € =™ and &1, 8, € TR(X),

h'(o(&r,-., &) =h(o)[R' (&), ... . W (€] -

In the further we identify h and h’. Moreover, when we consider trees without variables, we
sometimes write h: Ty, — Tx.

Particular tree homomorphisms Let h: Tx(X) — TA(X) be a tree homomorphism. We say
that h is

e linear if h(o) is linear and

* alphabetic if ht(h(c)) <1
for each o € X. Moreover, h is a relabeling if, foreachn € N and o € >

h(o) =06(xq,...,x,)
for some 6 € AM, Finally, h is elementary if there are n,k € N, o € =) 0, € Aln=k+1),
5, € AW with §,,6, ¢ =, and | € [n—k + 1] such that
h(o) =610x1,. ., %11, 620X, -+ X115 X5 - -5 X)

and h(y) = y(xq,...,x,,) foreach meN, y € =M\ {o}.

Now let us recall a decomposition of linear tree homomorphisms that will be useful in later
parts of this work:

Lemma 1.4.7 ([AL80, Lemma 10]). Let h: T5;(X) — TA(X) be a linear tree homomorphism.
There are a k € N and tree homomorphisms fi,..., fi such that h = fi o...o f; and, for each
i € [k], f; is either linear and alphabetic or elementary.
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1.4.3 Weighted Tree Languages and Weighted Tree Automata

As in the word case, also tree languages have been investigated in a quantitative setting:
instead of simply accepting or rejecting a tree as an element of a tree language, a weighted
tree language assigns to each tree a value (such as, e.g., a probability or the number of
occurrences of some pattern in the tree). And again, weighted tree languages were stud-
ied for a plenty of weight algebras — for instance, fields [BR82], semirings [AB87, EK03],
strong bimonoids [Rad10], multioperator monoids [Kui97, SVF09, FMV09], or tree valuation
monoids [DGMM11].

Here, we will first recall K-weighted tree languages for some arbitrary set K. We will see
that K can be the carrier set of different algebras such as semirings or M-monoids. Afterwards,
we will step back to semirings when introducing weighted tree automata and recognizable
step functions in order to prepare the concepts used in Chapter 5.

Weighted tree languages Let X be a ranked alphabet and let K be a set. We denote the set
of all mappings of the form r: Tx(X) — K by K{Tx(X)). Each element r € K(Ty;) is called a
(K-)weighted tree language (over X).

Convention. When considering a weight structure as, e.g., a multioperator monoid K., =
(K,+,0, £2), it may be the case that the identifier K., of this structure differs for reasons of clarity
from its carrier set K. However, in this case we assume that K., stands for K and, thus, allow to
define weighted tree languages of the form r: Ty, = K.

Example 1.4.8. Let & = {0®, a9} be a ranked alphabet. Moreover, consider the semiring
(PHo,a}"),u,-,0,{e}) of formal languages over {o, a}.
We define the weighted tree language rp,ms: Ts; = P({o, a}*) by letting

paths(§) = {0, ...01|nEN,04,...0, € X,07...0, € paths(§)}

for each € € Ty;. Thus, intuitively, ., maps each tree to the set of its inverted paths words,
i.e., path words read from right to left. For example,

o
VRN
o
VRN
a a

Tpaths a :{(XO',C(O'O'} .

O

Example 1.4.9. Recall the tree language Ty, € Tsx from Example 1.4.2 over the ranked
alphabet = = {c®, a(®, O}, Moreover, let Neo+ = NU {—00, 00} and consider the arctic
semiring (Noo+, max, +,—00,0).

We define the weighted tree language r v, : Ty, = N+ by letting

1€l if & € Typy
—o0 otherwise

rE,YD(g) = {
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Chapter 1 Fundamental Notions and Structures
for each & € Ty,. Thus, r v, maps each tree in T,y to the number of its positions labeled
by a, e.g.,

o
VAN

o
/N
a

T'e,yD a

B

and all other trees to —c0. O

Example 1.4.10. Recall the tree language T,z C Ty, from Example 1.4.3 over the ranked
alphabet X = {c® a0 /3(0)}, Moreover, let R = Rsq U {—00, 00} and consider the dis-
counting M-monoid KQISC = (R, max, —oo, lesc) from Example 1.2.9 for A =(A; | i € N,)
with A; = 0.5 for each i € N,

We define the weighted tree language rp;s.: Ts; — KQIS . as follows. For each £ € Ty, with

yd(§)=2;...2, forsomen €N, z,,...,2, € 50 we let

(g) Al'§1+12'§2+...+ln'§n ingTaﬁ
T =
pise —00 otherwise,
where for each i € [n]
. 1 ile- = ﬂ
Y2 ifz;=a

Intuitively, this weighted tree language sorts trees of the same size regarding their yields: the
more a’s occur in the beginning of the yield, the higher the value a tree gets by .-
For example, we obtain

Tbisc VAN =3.375> 3.125 =1y RN

O

Now we will show how the usual functions on tree languages are defined in the weighted
setting. For this, we need certain operations of an algebra. Thus, in the following we will
assume semirings as weight structure.

Convention. In the remaining section, we let (K,+,-,0, 1) denote an arbitrary semiring.

Characteristic weighted tree languages and support For each L C Ty we define the
characteristic weighted tree language 1; : Ts; — K by letting 1, (&) = 1if £ € L and 0 otherwise.
We let

supp(r) ={€ € Ty | r(&) # 0}.

Obviously, supp(1;) = L for each L C Ty..

36



1.4 Tree Languages and Weighted Tree Languages

Combining weighted tree languages Now let r,s € KTy ). During this work we will use
the following functions on weighted tree languages.
The sum r +s and the Hadamard product r ® s are defined pointwise for each £ € Ty, as

(r+s)E)=r(E)+s(f) and  (ros)(&)=r(&)-s(&)

and, thus, constitute the weighted versions of union and intersection of tree languages.
Moreover, let K be complete and let (s; | i € I') be a family of weighted tree languages from
K(Tyx) for some countable index set I. The sum of (s; | i € I), denoted by »>.;;s;, is the
weighted tree language in K {~*) defined for each & € Ty, by

Qo sE =D si(&)

Obviously, if I is finite, say I = {1,...,n}, then >...,s; =s; +... +5,.

For an arbitrary semiring K and each a € K, we denote by (a - r)(§) = a - r(&) and
(r-a)(&) =r(&) - a the scalar left multiplication and the scalar right multiplication of a and r,
respectively.

Let K be complete, let h: Ts; — P(T,) be a tree transformation, and let r € K{T,). We let
h; r denote the composition of h and r, defined as the weighted tree language in K {T,) such
that

(h;r)(&)= > r(Q)
{eh(&)

for each & € Ts..

Monomials A weighted tree language s € K(Ty) is called a monomial if supp(s) is the
empty set or a singleton. If supp(s) C {£} for some & € Ty, then we also write s(&).& instead
of s. We denote the set of all monomials in K {(Ts.)) by K[Ty].

Remark 1.4.11. We note that the above functions supp, +, Zie] s;, ;, and the concept of
monomials only depend on the commutative monoid (K, +,0) of (K, +,-,0,1). Thus, we can
easily transfer these notions to the case of M-monoids respectively complete M-monoids. <

Recognizable Weighted Tree Languages

Just like weighted automata extend finite-state automata to the quantitative setting, we can
obtain from tree automata a quantitative tree automaton model by assigning weights to
their transitions. Consequently, we obtain weighted tree automata which, similar to weighted
tree languages, were studied for several weight algebras and are used to describe recogniz-
able weighted tree languages — e.g., for fields [BR82], semirings [AB87, EK03], strong bi-
monoids [Rad10], multioperator monoids [Kui97, SVF09, FMV09], or tree valuation monoids
[DGMM11].

Here we recall semiring-weighted tree automata [AB87, FV09]. However, note that in
Section 2.2.1 we obtain M-monoid-weighted tree automata as in [FSV12] as a particular
instance of weighted tree automata with storage.

37



Chapter 1 Fundamental Notions and Structures

Weighted tree automata Let > be a ranked alphabet and let K be a semiring. A weighted
tree automaton over X and K (or a (X,K)-wta) is a tuple A = (Q, F, ) where

e Q is a finite set (its elements called states),
* F:Q — K is a function (assigning so-called root weights), and

* §=(6, |0 €X)is afamily of functions §,: Q" x Q — K for eachn € N and o € =™
(called the transition mappings).

The definition of a run carries over from (unweighted) X-ta. Additionally, a (X, K)-wta
assigns to each run a weight which is the product of all weights of transitions used in this
run. As the semiring K is not necessarily commutative, we have to fix an order in which these
weights are multiplied. Let £ € Ts: and k € Run 4(&). We define the value wt 4(&, k) € K by
letting

wia(G) = [ ee(x(vD)...k(vik(Em)), k().
vepos(&)
where in the product we follow the depth-first post-order Eg4p- We note that if A is clear from
the context, we sometimes simply write wt(&, k) instead.

The weighted tree language recognized by A is the mapping [A]: Tx, — K given for each

§ €Ty by
[N = D, wea(Ex)-Flx(e)) .*
K€Run 4 (&)
We say that a weighted tree language s € K(Ty) is (X, K)-recognizable if there is a (X, K)-wta
A such that [A] =s. The class of all (¥, K)-recognizable weighted tree languages is denoted
by RT(Z, K).

We call a (¥, K)-wta A deterministic if for each o € ¥, q, ..., qu () € Q there is at most
one q € Q such that 6,(q; ... qr(s),q) # 0. If there is exactly one such q € Q, then we call A
total deterministic (or a (3, K)-dwta). It is well known that, in contrast to the unweighted
setting, (X, K)-dwta and (X, K)-wta are, in general, not equally expressive (which also holds
for weighted string automata, cf., e.g., [Moh97]).

Moreover, we say that .4 has Boolean transition weights if 6 ,(q; ...q,,q) € {0, 1} for each
nen, oex® q,41,---,9, € Q, and Boolean root weights if F(Q) € {0, 1}.

Example 1.4.12. Recall from Example 1.4.8 the ranked alphabet X = {o?, (%)}, the semiring
(P({o,a}*),u,-,0,{e}), as well as the weighted tree language ryams: T, = P({0, a}").

This weighted tree language can be recognized by the following (X, P({c, a}*))-wta Ay,

We let Apms = (Q,F,6) with Q = {q,q,}, F(q,) = {¢}, and F(q) = §. Moreover, we set

6a(e,qx)=1{a},  64(e,q) ={e},
and
{o} ifq<€{(q:+9,9x),(q9x,q:)}
6,(@)=141{e} ifqg=1(qq,q)
] otherwise

“Note that, in contrast to unweighted tree automata, we do not need the concept of a valid run here. This is due
to the fact that each transition of .4 is now a function assigning to a “forbidden” state combination the value 0.
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for each § € Q* x Q. Clearly, A,y is not deterministic.

The recognition of a tree € Ty; by A, Works as follows. For each path w=v;...v, of
¢ thereis arun x,, € RunApth(g) with wt(&,«,,) = {&(v,)...E(v;)} and such that «,, is of
the following form: for each v € pos(&) we have «,,(v) = q, if v =v; for some i € [n] and
K,,(v) = q otherwise. We denote the set of all such runs by RunP(&).

On the other hand, by construction of §, for each run k € Run Apaths(g ) with xk ¢ RunP(§),
either wt(&,x) = {e} and (&) = q or wt(&,x) = 0.

Finally, as F(q) = @ and F(q, ) = {¢}, we obtain

[l (©) = D wia(&,x) F(e(e) = | wt(E,x) = rpans(E).
€3] k€RunP(&)

KERun Apaths

O

Example 1.4.13. Let us consider the ranked alphabet ¥ = {c®, a(®), (9} the arctic semiring
(Noo+, max, +,—00,0) with N+ = NU {—00, 00} as well as the weighted tree language
eyp: Ty = Noo+ from Example 1.4.9. We construct the X-wta A = (Q, F, §) where

0 ifg=gq
Q=1{qw 98599} F(q)={ ¢

. b
—oo otherwise

and
1 ifg=1_(g,q4)

0 ifg={(eqp)
—o0 otherwise ’

04(q)= { 6/5(q) - {—oo otherwise

0 if § € {9a94, 95985 9a90- 9p9e}

: , and
—o0 otherwise

50(51: qe) = {

0 if ¢ €{949p,9p9a> 9ae> 4905 9o}
—o00 otherwise ’

50(61) qo) = {

Note that A is deterministic and, thus, for each £ € Ty; there is at most one k € Run 4(&)
with wt(&,k) # —oo. Moreover, A allows as non-zero weighted transitions exactly the
transitions of the ¥-ta A,y from Example 1.4.5. Thus, and as N+ is zero-divisor free,
supp([A]) = Tygx-

Now let & € Ty and let k¢ be the unique run in Run 4(&) with non-zero weight. Then,
by construction of 6, we have for each v € pos(&) with £(v) = a that xz(v) = q, and,
thus, 6 yields 1 for this position. Moreover, for the remaining positions, 6 yields 0. Hence,
wt(&, k¢) = ||, Finally, x(¢) = q,. Thus,

[A](&) = Z wi(&, k) - F(k(e)) =wt(&, k) +0=[E], =1 yp (&) -

K€Run 4 (&)
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We now recall some elementary properties of recognizable weighted tree languages we
will use in this thesis.

Theorem 1.4.14 ([DV06, Lemma 3.3]). Let K be a semiring and let L C Ty, be X-recognizable.
Then 1; is (3, K)-recognizable.

The next theorem is a generalization of [DPV04, Lemma 6.4 and Lemma 6.3], where
commutative semirings were considered. In [Rad10] these results were shown even for
strong bimonoids.

Theorem 1.4.15 (cf. [Rad10, Lemma 5.1 and Theorem 5.4]). Let K be a semiring, r,r’ €
K(Tx), and a € K. Then the following statements hold:

1. If r and r’ are (X, K)-recognizable, then r + r’ is (X, K)-recognizable, too.
2. If r is (X, K)-recognizable, then a-r and r - a are (X, K)-recognizable, too.

Theorem 1.4.16 ([Bor04, Corollary 3.9]). Let K be a commutative semiring and r,r’ €
K{Ts). If r and r’ are (X, K)-recognizable, then r ® r’ is (X, K)-recognizable, too.

Theorem 1.4.17 (cf. [DGMM11, Theorem 5.12.]). Let K be a semiring, L C Ty, and r €
K(Ty). If L is X-recognizable and r is (X, K)-recognizable, then 1; ® r and r ® 1; are (X,K)-
recognizable.

Recognizable Step Functions

Recognizable step functions describe almost Boolean weighted tree languages. Let K be a
semiring. We say that a weighted tree language r € K (Ty) is a recognizable step function if

for some n > 1, k; € K, and X-recognizable tree languages L; for each i € [n]. We note that
without loss of generality we can assume that the tree languages L., ..., L, form a partition
of Ty, (see [DV06, Lemma 3.1]).

Example 1.4.18. Consider the ranked alphabet ¥ = {o® y(1), a(® B} Moreover, for each
ue Xlet L, ={§ €Ty | root(§) = u}. Clearly, L, is X-recognizable.
Now consider the semiring (P(Z*),U,-, 0, {¢}). Then the weighted tree language ry, €

P(Z*)(Ts) given by
Try = Z {u}- 1,

ue{o,a,p}

is a recognizable step function. It maps each tree in L, with u € {0, a, B} to the singleton
set containing its root symbol and each tree in L, to §. This weighted tree language can
be recognized by the following (3, P(X*))-wta Ag;. We let Ay, = (Q,F,5) where Q =
{qo, y>9q,9p },

F(g)=90, and  F(q,)={u}
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for each u € {0, a, f}. Moreover, for each v € ¥ and q,q3, ..., Gw) € Q We let

{e} ifqg=gq,

0,(q1 -Gk, q) = Vo
CIEELORY {0 otherwise

It is easy to see that [Ay.] = ry; and that Ay is total deterministic and has Boolean transition
weights. O

In the above example we have seen that the recognizable step function r;, can be recognized
by a very restricted weighted tree automaton. Indeed, it is rather folklore that this holds for
each recognizable step function as stated in the next lemma.

Lemma 1.4.19 (cf. [Rad10, Theorem 7.3.]). Let K be a semiring and r € K{Tx) a recogniz-
able step function. Then there exists a (X, K)-dwta A with Boolean transition weights such that
[A] =r.

Proof (sketch). We can assume that each step language L; can be recognized by a X-dta
A;. We construct a (X, K)-dwta A that uses as states the Cartesian product of the states of
Aq,...,A,. In its unique non-zero weighted run on &, A simulates in the ith component of its
states the valid run of 4; on &. The weight of a final state is the sum of all weights k; where
Aj; results in a final state. [ ]

In the further we will recall some common properties of recognizable step functions we
will use in this work.

Lemma 1.4.20 ([DV06, Lemma 6.1.]). Let K be a locally finite and commutative semiring
and let r € K(Tx) be (X, K)-recognizable. Then r is a recognizable step function.

Lemma 1.4.21 (cf. [DGMM11, Lemma 5.9.]). Let K be a semiring and r,r’ € K{Tsx) recog-
nizable step functions. Then r +r’ and r ® r’ are recognizable step functions, too.

Lemma 1.4.22 (cf. [DGMM11, Theorem 5.12.]). Let K be a semiring and let r,r’ € K{Ty) be
(X, K)-recognizable. If r or r’ is a recognizable step function, then r ® r’ is (X, K)-recognizable.

Proof. For the case that r is a recognizable step function, this property was proved in
[DGMM11] for left-distributive product tree valuation monoids. As semirings are also right-
distributive (and, hence, scalar right multiplication preserves recognizability), we can prove
the second case as well: Assume that 1’ is a recognizable step function, i.e., r’ = . ki1,
for some n > 1, k; € K, and X-recognizable tree languages L;, i € [n]. Then

re > kil = > rok-1)= > (rk)ol,

i€[n] i€[n] i€[n]

i€[n

where the last equation obviously holds as

if £ el

r(&)-k;
r(&)-(ki-1,)(8)= 0 =(r-k)(E)o1.,(8)

otherwise

for each £ € T, and i € [n]. Now it follows by Theorem 1.4.14, 1.4.15, and 1.4.17 that
Dietm (7 ki) © 1 is (2, K)-recognizable. [
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More Classes of Weighted Tree Languages

In contrast to the string case, there is less literature on classes of weighted tree languages
beyond RT(X,K).

In [Kui01], a weighted version of pushdown tree automata is introduced - this formalism
recognizes so-called algebraic tree series. Moreover, in [Ost14], weighted context-free tree
languages are a special case of the described weighted tree translations. Subclasses of them
are generated by weighted linear monadic context-free tree grammars [Teil6] and weighted
tree-adjoining grammars [Ned09, BNV11].

We will show in Chapter 2 how one can extend weighted tree automata over M-monoids
with some arbitrary storage and thus, define a variety of weighted tree language classes.
Moreover, in the introduction of Chapter 2 we give an overview on the literature for this
unifying approach.

1.4.4 Weighted Tree Homomorphisms

Here we consider tree homomorphisms in a weighted setting and show that in this case the
decomposition of linear tree homomorphisms from Section 1.4.2 works as well.

In this section, we let X and A be ranked alphabets and we assume a complete semiring
(K) +) .’ O) 1)‘

Weighted tree homomorphisms As usual, we extend a tree homomorphism h: Tx(X) —
TA(X) to a mapping h: K{Tx(X)) — K{TA(X)) by letting

A= D (&)
geh1(¢)

foreachs € K(Tx(X)), { € TA(X). Again, we often identify h and h and we write h: K(Ty) —
K({T,) when considering trees without variables.

Moreover, following [DV12], we define the inverse application of a tree homomorphism in
the weighted setting as follows: Given a tree homomorphisms h: K{(Tx(X)) — K(TA(X)),
we set for each s € K{T,(X)) and & € Tx(X)

R (5)(E) = s(h(E)) .

Remark 1.4.23. We note that, if h: Ts.(X) — T,(X) is a relabeling, then the set h*({) is finite
for each { € T5. Thus, we can extend h to a mapping of the type K (Tx (X)) — K{TA(X)) as
above even if the semiring K is not complete. <

Lemma 1.4.24 ([DV06, Lemma 3.4]). Let K be a semiring, r € K{(Tx), and h: K{Tx) —
K(T,) a relabeling. If r is (X, K)-recognizable, then h(r) is (A, K)-recognizable.

Note that in [DV06, Lemma 3.4] this closure was shown for nondeterministic relabelings,

i.e., mappings of the type h: X — P(A) with h(c) € A™ for each n € Nand o € ™. As the
relabelings considered here are a special case, obviously this result also holds in our setting.
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Decomposition of weighted linear tree homomorphisms

In Section 1.4.2 we recalled that each linear tree homomorphism can be decomposed into
a number of linear alphabetic tree homomorphisms and elementary tree homomorphisms.
Here we will show that this decomposition also works in the weighted setting. To ensure
the readability of the following proofs, we will now explicitly distinguish between a tree
homomorphism h and its extension k. In the following, let X, A, and I be ranked alphabets.

First of all, let us show that the extension of tree homomorphisms to the weighted setting
and the composition of tree homomorphisms commute.

Lemma 1.4.25. Let K be a complete semiring. Moreover, let f : K (T5(X)) — K(Tr(X)) and
§: K({T (X)) = K(TA(X)) be two tree homomorphisms and let s € K {T5(X)). Then

(gof)s)=(goF)s)

Proof. Let & € TA(X). Then

(o HOE) =D, s )
ge(gof)1(&)
= > s
Ce(f~tog™1)(&)
= > s
Cef~1(g71(&)
= > s
g'eg1(&), Cef UL
= Z ( Z s(C)) (by associativity)
eg (&)  Lef7H(¢N
=@FENE) )
= (20 F)(s)(E)-

where (*) holds by the definition of the extension of tree homomorphisms to the weighted
setting. m

Lemma 1.4.26. Let K be a complete semiring, let h: K(T5(X)) — K{TA(X)) be a linear
tree homomorphism, and let s € K(Tx(X)). There are some k € N and tree homomorphisms
f1, -+, fx for such that

h(s) = (fro...0f1)(s)

and, for each i € [k], f; is either linear and alphabetic or elementary.

Proof. Let h: T5(X) — T4(X) be a tree homomorphisms. Then, by Lemma 1.4.7, there are
some k € N and tree homomorphisms f;, ..., f; such that h = f; o...o f; and, for each i € [k],
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fi is either linear and alphabetic or elementary. Now let s € K{Tx(X)) and & € TA(X). Then

ASE = Y. s@) )
geh1(&)
= Z s(Q) (by Lemma 1.4.7)
Ce(fyo...of1)71(E)
=(fro...of1)s)(E) ()
=(fxo...0f1)s)(E). (by Lemma 1.4.25)

where () hold~s by theNdeﬁnitioNn of the extension of tree homomorphisms to the weighted
setting. Thus, h(s) = (fi ... f1)(s). [ |

Finally, as we will later consider the inverse of a thus decomposed linear tree homomorphism,
we show that also our definition of the inverse application commutes with the composition
operator.

Lemma 1.4.27. Let K be a complete semiring, let f: K(Tx(X)) — K{(Tr(X)) as well as
Z: K(Tr(X)) = K{TA(X)) be two tree homomorphisms, and let s € K{T,(X)). Then

Eo ) ) =F oz ).

Proof. Let { € TA(X). Then

EoF) ) =(gof) M) (by Lemma 1.4.25)
=s((g o F)(L)) )
=s(g(F(O))
= 2 () (O) )
= E GO )

= (F oz ().

where (x) holds by the definition of the inverse of weighted tree homomorphisms. Thus,

Eof) )= og ™). n
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1.5 Monadic Second-Order Logic

1.5 Monadic Second-Order Logic

In this section we recall the fundamental concept of monadic second-order logic (or, shortly,
MSO logic). It was introduced by several authors as monadic second-order logic with one
successor (or S1S) over strings (cf. Remark 1.5.2 for a bibliographic explanation). Later, this
logic was extended by Thatcher and Wright [TW68] as well as Doner [Don70] to second-order
logic with multiple successors for trees. Here, these formalisms are simply called MSO logic
(on trees respectively on words).

Second-order logic allows, in contrast to first-order logic, to quantify over relations (repre-
sented by second-order variables). MSO logic is a fragment of second-order logic where those
relations are assumed to be unary (i.e., they are sets). It plays a fundamental role in automata
theory, motivated by the fact that finite-state automata were used to prove decidability of the
satisfiability problem of MSO-formulas.

We will first recall classical MSO logic on trees. Afterwards, we will show two extensions
of this logic to the weighted setting: weighted MSO logic for the semiring case and weighted
multioperator expressions for the M-monoid setting. For a good introduction to the topic we
refer to the seminal works [DGO5, DV06] as well as [FSV12], respectively.

1.5.1 Classical MSO Logic

MSO-formulas We let V;, be a set of first-order variables (often denoted by x, y, or z) and
let V,, be a set of (monadic) second-order variables (as X, Y, or Z) such that Vi, N V,, = 0.
Moreover, let X be a ranked alphabet. The set MSO(2)) of MSO-formulas over X is given by
the EBNF

Y :=label,(x) | edge;(x,y) | x €X
pu=vY e eVe|Ixe|IX.p

where o € ¥, i € [maxrk(X)], x,y € Vg, and X € V,,. We call ¢y an atom and we sometimes
refer to dx and 3X as first-order respectively second-order existential quantification.

Free variables Free variables denote those variables in a formula which are not bound
by a quantifier. Formally, we let Free: MSO(X) — P(V;, U V,,) be the mapping defined by
induction as follows. For each atom we let

Free(label, (x)) = {x}, Free(edge;(x,y)) = {x,y}, and Free(x € X) = {x,X}.
Moreover, we define

Free(p; V ¢3) = Free(p;) UFree(y,),
Free(—p) = Free(yp),

Free(3x.¢) = Free(¢) \ {x}, and
Free(3X.p) = Free(¢) \ {X}.

A formula ¢ € MSO(X) is called closed if Free(¢) = 0.
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Variable assignment and updates Let £ € Ty; and V € (V;, UV,,) be a finite set. A function
mapping each first-order variable in V to a position of £ and each second-order variable in V
to a subset of positions of £ is called a V-assignment for . We let &), » denote the set of all
V-assignments for &.

For each p € @y, ¢, i € pos(&), I € pos(&), x € Vg, and X € V,, the assignment updates
plx —i] € &y and p[X — I] € ), (x} ¢ are defined as
i ifu=x

(p[x = iD(w) ={

p(u) otherwise

and

I ifv=X
(p[X = INv) = {p(v) otherwise

for each u € (VU {x}) and v € (VU {X}). In addition, we define the update (i - p) € &), ; by
letting
(i-p)x)=ip(x)
and
(i-p)X)={iw|wepX)}
for each x,X € V.

Extended ranked alphabet and valid trees Instead of considering a tree £ € Ty, together
with a variable assignment p € &, ; as interpretation of a formula, sometimes we use an
alternative representation by encoding the assignment into the ranked alphabet. For this, we
let ¥, = X x P(V) be a ranked alphabet® and we identify X with X. Then a tree { € Ty, is
called valid if for each first-order variable x € V there exists exactly one position i € pos({)
such that x € ({(i)),. We denote the set of all valid trees in Ty, , by T}V. It is easy to see that
there is a bijection between the two sets {(§,p) | £ € Ty, p € @), ¢} and T;V. Thus, as usual,
we will not distinguish between them.

Semantics of a formula Let ¢ € MSO(X), let V € (V;, UV,,) be a finite set of variables
such that Free(¢) €V, and let (§,p) € Tgv. The satisfaction relation (&, p) = ¢ is defined
inductively on the structure of ¢ as follows. If ¢ is an atom, we let

(&, p) = label,; (x) = Ep(x)=0
(&, p) E edge;(x,y) < p(y)=p(x)i
(& p)FExeX s p(x) € p(X)

and we set

(&, p) E(p1V ) = (EP)EPIV(EP)FE ¢,
EpE-9 o (Ep)EY
(&,p) EIx.¢’ = there is a v € pos(&) such that (&, p[x = v]) = ¢’
(&, p) EIX.¢’ = there is a set J C pos(&) such that (&, p[X = J]) = ¢’.

SRecall from Section 1.2.1 that we adopt the ranks from X.
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The set of models of ¢, denoted by L,,(¢), is defined to be

Ly(p)={(& p) Ty |(E,P) =¥}

and we simply write £(¢p) instead of Lgree(,)(¢)-
We say that a tree language L C Ty, is -definable if there is a closed formula ¢ € MSO(X)
such that L = £L().

Convention. In the common way, we use the abbreviations
* p1Apr="(091 V),
* Vx.p =-dx.—p,
* VX.p=-3X.—p,
* edge(x,y) =edge;(x,y) V... Vedgenay (s (x, ),
* P12 2=V gy, and
* 012 9= (1= 92) Alpa = 1),

where @, 1,9, € MSO(X), x,y € Vi, and X € V,,. We sometimes refer to Vx and YX as
first-order respectively second-order universal quantification.

Convention. We agree that A and V bind stronger than quantifications. Thus, we sometimes
omit brackets and write, e.g., Ax.p1 A @4 instead of x.(©1 A @5).

It is a fundamental result of formal language theory that the tree languages definable by
MSO logic are exactly the recognizable tree languages:

Theorem 1.5.1 ([TW68, Don70]). Let L C Tx. Then L is X-recognizable if and only if L is
X.-definable.

This theorem generalizes the well-known result of Biichi [Biic62], stating that the definable
languages are exactly the recognizable languages, from strings to trees. However, as strings
can be seen as monadic trees, we can reobtain the string case from the tree case.

Remark 1.5.2. Several authors contributed to the establishment of monadic second-order
logic in automata theory. A good historical overview can be found in [Tra08]. Languages that
are based on restrictions of S1S were developed by Trakhtenbrot [Tra58], Church [Chu59],
and Biichi [Biic60], often in the context of regular expressions. Moreover, Elgot proved a
connection between S1S and regular expressions [Elg61]. As stated by [Tra08], Biichi was
the first one who proved the expressive equivalence of finite-state automata and monadic
second-order logic [Biic62]. <
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MSO logic over words We obtain from MSO(2') the usual MSO logic over strings by
replacing the atoms edge;(x, y) by the atom next(x, y). Thus, for each alphabet > (without
ranks) the set MSO4(X) of string MSO-formulas over 3 is given by the EBNF

y ::=label,(x) | next(x,y) | x € X
pu=dlopleVve|dxg|IX.g
where 0 € X, x,y € Vg, and X € V,,. If it is clear from the context that we consider string
MSO-formulas, then we sometimes simply write MSO(3) instead of MSO,(3)). Obviously, we
can easily transfer all concepts introduced above to the string case by using string positions

instead of tree positions. Moreover, we set Free(next(x,y)) = {x,y} and let (w,p) |=
next(x, y) iff p(y) = p(x) + 1 for each w € X* and variable assignment p € &y, ,,.

1.5.2 Weighted MSO Logic

The weighted version of monadic second-order logic goes back to [DGO05] for strings and
was generalized by Droste and Vogler [DV06] to the tree case. In both works commutative
semirings were used as weight structure. Later, Droste and Vogler [DV11] proved a logical
characterization of RT(X, K) also for arbitrary semirings K.

In the following, let (K, +,-,0,1) be an arbitrary semiring and 3 a ranked alphabet. More-
over, as in the last section, we let V;, and V, be disjoint sets of first-order and second-order
variables, respectively.

Weighted MSO-formulas The set MSO(X, K) of weighted MSO-formulas over X and K is
given by the EBNF

¢ ::=label,(x) | edge;(x,y) | x€X |xCy
pu=klp|l-ploVvelpAp|Ixp|IX.p|Vx.p|VX.p

where k €K, o € X, and i € [maxrk(X)].

We note that in the case of weighted MSO-formulas, the negation — is restricted to atoms.
That is because semirings have no natural complement operation one could use to define
the semantics of - elementwise. As we, therefore, include conjunction as well as universal
quantification explicitly to the syntax, weighted MSO-formulas over the Boolean semiring
are equally expressive as classical MSO-formulas.

We further note that often MSO(X, K) is defined without the atom x T y. However, we
include it here as it will be later useful for disambiguation of formulas.

Free variables As before, we define a function Free: MSO(X,K) — P(V;, UV,,) by letting
Free(x E y) = {x,y}, Free(k) =0,
and

Free(¢; A ¢,) = Free(p;) UFree(yp,),
Free(Vx.p) = Free(p) \ {x},
Free(VX.p) =Free(¢) \ {X},
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1.5 Monadic Second-Order Logic

and Free() is defined as for its unweighted counterpart in all other cases of ¢. As before, a
formula ¢ € MSO(X,K) is called closed if Free(p) = 0.

Interpretations The definitions of variable assignment, variable update, as well as that of
valid trees over the extended alphabet X, carry over from the unweighted case.

Semantics of weighted formulas Now let ¢ € MSO(X,K) and let V € (V;, UV,,) be a
finite set of variables containing Free(y). The semantics of ( with respect to V is the weighted
tree language [¢],: Ty, — K such that supp([¢],,) S Tgv and which is inductively defined
for each (&,p) € T}v as follows:

[[k]]v(g, p) = k:

1 if&(p(x))=0o
0 otherwise,

[label, (x)] (&, p) = {

1 if p(y) =p(x)i
0 otherwise,

[[edgei(x: }’)]]V(ga p) = {

(1 ifp(x)ep)
[x eX]y(&,p)= {0 otherwise,

_ )1 ifp(x) Egp p(y)
b EyIv&p)= {O otherwise,p

1 if [¥]y(8,p) =0

0 otherwise,

[—¥]v(E,p) = {

[o1V @2]v(& p) = [e1]v(E, p) + [@2]v (&, p),
[e1 A 2lu(E,p) = [P1]v (& p) - [02] (€, p),
[Fx.010(&, P) = Dicposir [P Tvuixy (&, p[x = iD),
[3X.]v(&, P) = 2 rcposiny [0 Tvuixy (€, p[X — 1D),

[Vx.0]u(& P) = [ icposier [¢vuxy (€, pLx — i]) where we use for the product the
order Ey;,, and

[VX.¢]yv(&, p) = ]_[Igpos(g)[[tp]]vu{x}(g,p[X — I]) where we use for the product the
order ¢ on subsets of positions defined as follows: We define for each & € Ty, a

mapping enc; : P(pos(§)) — {0,1}* encoding sets of positions by strings. For this,
let £ € Ty, with |£] = n and let vq,...,v, € pos(§) be pairwise distinct and such that
V1 Egp V2 Egp - -+ Edp Vn- Then, for each I € pos(&), encg(I) =w; ... w, with w; = 1 if
v; € I and 0 otherwise. Finally, we let I; £, I if and only if encg(I;) <jex encg(I,) for
each I;,I, C pos(&).
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As usual, we abbreviate [ [pree() by [¢]. A weighted tree language s: Ty, — K is called
(X, K)-definable if there is a closed formula ¢ € MSO(X,K) with [¢] =s.

Let K = B be the Boolean semiring. Then MSO(3,B) reduces to the classical unweighted
MSO-formulas and we let £,,(¢) = supp([¢],) for each ¢ € MSO(X,B). We identify
MSO(Z, B) with MSO(X).

Unambiguous formulas Now let ¢p € MSO(2). We call a formula ¢ € MSO(X,K) an
unambiguous formula representing v if [p] = 1 z(y)-

Proposition 1.5.3 ([DV11, Prop. 5.3]). For each i) € MSO(X) we can effectively construct
an unambiguous formula ¢ € MSO(X,K) representing 1, i.e., such that [p] = 1 z(y).

In [DV11] the construction for a syntactically unambiguous formula was given. We will
not recall it here, but assume that the unambiguous formula ¢ € MSO(X, K) representing 1))
results from this construction and denote it by ¢ *.

It is well known that there are (X, K)-definable weighted tree languages that are not
(2,K)-recognizable (cf. [DGO5, Example 3.4]). Thus, in [DV11], a syntactic restriction of
weighted MSO logic was given that is based on the restriction of conjunction and universal
quantification. For the concrete definition of this restriction we refer to [DV11, Definition
6.1] (and, for a semantic restriction in case of a commutative semiring, to [DV06, Definition
4.8]). The set of all syntactically restricted MSO-formulas will be denoted by rMSO(X, K).
Therewith, the logical characterization of RT(2) could be extended to RT(X, K).

Theorem 1.5.4 ([DV11, Theorem 7.2]). Let X be a ranked alphabet and let K be a semiring.
A weighted tree language r € K (Ty) is (X, K)-recognizable if and only if there is a closed formula
¢ € tMSO(X, K) with [¢] =r.

1.5.3 Multioperator Expressions

Here we recall the definitions of M-expressions from [FSV12]. They were introduced as an
alternative to weighted MSO logic which even works for M-monoids as weight structure. This
logic has the advantage, that no restriction is needed in order to characterize the recognizable
weighted tree languages.

In the following, we assume that (K, +, 0, 2) is an M-monoid. As before, we let V¢, and V,
be disjoint sets of first-order and second-order variables, respectively.

X,-families of operations and induced homomorphisms Let X be a ranked alphabet.
We call each -indexed family w = (w, | 0 € %) such that w, € 209 for each o €
3, a X-family of operations in 2. Obviously, (K, w) is a X-algebra and there is a unique
homomorphism from the 3-term algebra Ts; to (K, w). In the further, this homomorphism is
called the homomorphism induced by « and denoted by h,,.

M-expressions The set of M-expressions over 3 and K, denoted by MExp(X, K), is the set
of all formulas generated by the following EBNF:

E:=H(w)|[(E+E)| (¢ >E)| D, E| D E,
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where w is a X;,-family of operations in {2 for some finite set i/ € (V;,UV,,), and ¢ € MSO(X).
The concept of free variables of an M-expression is similar to the case of MSO-formulas
(and, indeed, we use the already defined concept for ¢). Furthermore, we set

* Free(H(w)) =U if w is a X;,-family of operations,
* Free(e; +ey) = Free(e;) UFree(e,),

* Free(p > e) = Free(p) UFree(e),

* Free(), e) ="Free(e) \ {x}, and

* Free() , e) = Free(e) \ {X}.

A sentence is an M-expression without free variables.

Interpretations The definitions of variable assignment, variable update, as well as that of
valid trees over the extended alphabet X, carry over from classical MSO logic.

Semantics of M-expressions Let e € MExp(X,K) and let V be a finite set of variables such
that Free(e) € V. Then we let the semantics of e with respect to V be the weighted tree
language [e] : Ty, — K such that supp([e]y,) S T}, and that is inductively defined for each
{=(,p)e T;V as follows:

* for every U C V and every X;,-family w of operations we let
[H(ew)], (&) =hg(0)

where the X\ -family & is obtained from w by letting &, v) = w(s yry) for each
(0: V) € Z’V:

* for every e;, e5 € MExp(3,K) we let
[er + ezﬂv(g) = [[61]]1/(5) + [[ezﬂv(f:),
* for every ¢ € MSO(X) and e € MExp(X,K) we let

[e]v(¢) ifCe€Ly(y)

0 otherwise,

[ l>e]]v(C)={

for every first-order variable x and e € MExp(X,K) we let

D, (@)= D [elyum(E plx—il),

iepos({)

* for every second-order variable X and e € MExp(X,K) we let

D ()= D, el (Eplx—11) .

I1Spos({)
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As usual, we write [e] instead of [e]pree(e). We say that a weighted tree language s: Ty, — K
is M-definable if there is a sentence e € MExp(X, K) such that [e] =s. We denote by M (X, K)
the class of all weighted tree languages which are M-definable.

Finally, we recall the main theorem of [FSV12].

Theorem 1.5.5 ([FSV12, Thm. 4.1]). The class M( X, K) is the class of weighted tree languages
recognizable by the weighted tree automata over 3 and the M-monoid K from [FSV12].
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Chapter 2
Weighted Tree Automata with Storage

In this chapter we define and investigate the main automaton model of this thesis — weighted
tree automata with storage. It generalizes finite-state automata into three directions: from
words to trees, from (only) a finite-state control to an additional storage, and from (tree)
languages to K-weighted tree languages were K is a complete multioperator monoid.

Tree Automata

The generalization of finite-state automata to tree automata goes back to the late 60s and 70s
of the last century: Whereas string automata can bee seen as a finite X-algebra with unary
operations representing the transitions, Thatcher and Wright [TW68] and Doner [Don70]
extended this notion by allowing operations of arbitrary arity. This simple change was the
origin of a tree automaton and, as a consequence, many results from the word case could
easily be transferred to the tree case:

«...conventional finite automata theory goes through for the generalization — and
it goes through quite neatly!» [TW68]

Nowadays, a tree automaton is a well-investigated and understood concept. We refer the
reader to [GS84, Eng15] for surveys.

Beyond a Finite-State Control

Both in the word and in the tree case, finite-state automata have a very limited expressiveness
due to the fact that only finite information can be stored. To overcome this restriction, since
the 1960s new automaton models have been investigated which hold an additional memory
besides their finite-state control. Starting with pushdown automata (which use an auxiliary
pushdown storage) [Sch63], models such as counter automata [ Gre69, VP75], nested stack
automata [Aho69], or iterated pushdown automata [AU, Mas74] occurred - all according to
the principle: automaton + auxiliary storage.

Starting with [Sco67] and [UH67], many unifying frameworks for automata with storage
were introduced (cf. the later paragraph Related Work for an overview). Scott described his
abstraction as an interaction of a program (defining the finite-state control) and a machine
(representing the storage). The machine is, roughly speaking, a memory set whose elements
can be tested by predicates and changed by instructions. By instantiating the machine
appropriately, one gets back particular automaton models such as the pushdown automaton.
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This idea was later taken up by Engelfriet and Vogler [Eng86, EV86] who introduced the
formalism (context-free) grammar with storage this thesis is based on.

Weighted Automata

Also in the 60s of the last century, quantitative aspects of formal languages were investigated.
This involved extending automata to the concept of weighted automata as well as weighted tree
automata, both described in Chapter 1. Also in this field many distinct automaton models were
introduced, mainly differing in their weight structure. And again, in the search of unifying
approaches, very general models were introduced: e.g., string automata over unital valuation
monoids [DM10, DM11] and tree automata over multioperator monoids [Kui97, SVF09].
Moreover, weighted automata and weighted tree automata were established for many
applications for example in the context of natural language processing [KG05].

Weighted Tree Automata with Storage

By bringing together all three dimensions (i.e., trees as input structure, an arbitrary storage
as addition to the finite-state control, and a weight algebra as output structure), we obtain
K-weighted tree automata with storage S (also called (S, >, K)-wta), where K is a complete
multioperator monoid.

As with Scott and Engelfriet, a storage type S roughly speaking consists of a set of con-
figurations that can be tested by predicates and modified by instructions (which are partial
functions). Then, intuitively, an (S, X, K)-wta A recognizes a tree & as follows: if it reaches a
node labeled by o in state q and with the storage configuration c, it can apply a transition of
the form

q(p) = o(q1(f1); - -, qa(f3))

if p(c) =1 (i.e., the storage predicate p is true on ¢) and f;(c),..., f,(c) are defined (i.e.,
the storage instructions fi,..., f, can be applied to c). After applying that transition, each
subtree &; of the current node is processed in state g; and with the configuration f;(c) as
exemplified by the following picture:

@\ c
/ \ Q(P)*U(Q1(f1)CIz(fz)) .ﬁ bm

()—1
P! €2

Moreover, we also allow e-transitions where no symbol is read but the state as well as the
storage may be modified.

By combining the transitions used as described above during the recognition of a tree, we
obtain a computation of our automaton. Moreover, each transition is assigned an operation
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from the multioperator monoid: if the transition carries a symbol of rank k, then the operation
is k-ary, if it is an e-transition, then the operation is unary. The weight of a computation is
obtained by evaluating the respective term of operations.

In this chapter, we start to develop a theory of (S, 3, K)-wta and the class of weighted tree
languages recognized by them.

This chapter In Section 2.1 we fix the definition of storage type we use in this work. We
consider particular storage types and present the concept of storage behavior. Afterwards, in
Section 2.2 we define (S, X, K)-wta and consider several instantiations of them. We show
in Section 2.3 that each finite storage type does not increase the power of a weighted tree
automaton as it can be simulated by the finite-state control. In Section 2.4 we investigate the
removal of e-transitions and in Section 2.5 we prove that for certain M-monoids K the support
of an (S, X, K)-wta is recognizable as well. Finally, in Section 2.6 we consider some closure
properties of the class of weighted tree languages recognizable by weighted tree automata
with storage.

Related Work

Here we want to list other works that are related to our model of (S, 3, K)-wta. If existing,
more related articles are mentioned in the respective sections of this chapter.

Weighted automata Our tree automaton model is based on the weighted tree automata
over M-monoids used in [SVF09] and [FSV12]. An alternative approach for a weighted tree
automaton over a very general weight structure is obtained by considering tree valuation
monoids [DGMM11]. A link between those two models was established in [TO15]. Valuation
monoids have also been considered in the case of weighted string automata [DM10, DM11].
Moreover, there is an even more general weighted automaton model by [GM15] in which
different operations for the summation over computations may be used.

Automata with auxiliary storage Additionally to the early automaton models using an
auxiliary storage we already mentioned in Section 1.3 and 1.4, also nowadays such formalisms
are objects of investigation. In [Den16], an automata characterization for multiple context-free
languages using a tree stack as storage was introduced. Recently, iterated pushdown automata
received much attention, especially in the context of model checking [Ong13, HKO16]. As a
last example we mention the model of multi-pushdown automata which is nowadays revisited
due to its decidable emptiness problem [ABHOS8].

Automata with storage Starting in the late 1960s, many unifying frameworks for automata
with storage were introduced. Examples are the concept of program + machine of [Sco67],
the balloon automata of [UH67], abstract families of acceptors of [GG69], and automata with
data storage of [Gol77, Gol79].

Later, Engelfriet took up this concept and extended it by recursion: he introduced context-free
grammars with storage that can be seen as recursive program + machine [Eng86]. Moreover,
in this work the addition of storage to several models such as regular grammars, context-free
grammars, regular tree grammars, and transducers was presented. The approach of Engelfriet
has been intensively investigated and developed in the following years (cf., e.g.,[EV86, EH89,

55



Chapter 2 Weighted Tree Automata with Storage

DL91, EH93]).

Also in [Eng86, Section 1.2], the relationship of context-free grammars with storage and
attribute grammars [Knu68], another very general approach to extend context-free grammars,
was discussed. Context-free grammars with storage can be seen as attribute grammars with
one inherited attribute.

Another approach to describe language classes in an abstract way is that of full abstract
families of languages [ GG69] where languages are characterized by certain closure properties.
It was shown that full abstract families of languages, abstract families of acceptors, and
automata with data storage describe the same language classes [GG69, Gol79].

Valence automata (also called G-automata or M-automata) are a recent, intensively investi-
gated, automaton model [MS01, FS02, Kam09, Zet15] using an arbitrary group or monoid
as auxiliary storage. Thus, they are subsumed by automata with storage.

In [MP11] it was shown that several automaton models with an auxiliary storage can be
simulated by graph automata with bounded tree width and, thus, their emptiness problem
is decidable (due to the well-known decidability of satisfiability of MSO-logic on bounded
tree-width graphs, cf. [Cou97]).

Recently, Engelfriet and Vogler considered automata with MSO graph storage types [EV19].

Weighted automata with storage Automata with storage have also been, occasionally,
considered in the weighted setting. To the best of our knowledge, Kuich and Salomaa started
the investigation of weighted string automata with storage over commutative semirings
[KS86]. In this work, matrices of rewrite operations were used to represent storage types.

In [HV15], we extended the regular grammars with storage of Engelfriet to weighted
automata with storage over unital valuation monoids. This automaton model was further
investigated in [VDH16] and [HDV19]. Weighted automata with storage were also used in
[Denl7, Den20] in the context of language approximation and parsing.

We introduced the weighted tree automata with storage that we consider here in [FHV17,
FHV18] (there called weighted regular tree grammars with storage). In [FV19a], a Kleene
result for this model was presented. Moreover, in [FV19b] principal abstract families of tree
languages were introduced and it was shown that they are the weighted tree languages
generated by particular weighted regular tree grammars with storage.

Note: This chapter is a revised and extended version of [FHV18, Section 3, 4, and 6]. Note
that our automaton model was called in [FHV18] a weighted regular tree grammar with
storage. However, besides this renaming the same formalism is described. We note that
Section 2.6, showing certain closure properties, is new and contains easy generalizations of
closure properties we proved in [HDV19] for weighted string automata with storage.
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2.1 Storage Types and Storage Behavior

Here we recall the concept of a storage type [Eng86] — a (possibly infinite) set of configurations
that can be tested by predicates and modified by instructions. Used as an auxiliary compo-
nent of a finite-state (tree) automaton, it allows to store (possibly unbounded) additional
information and, thus, extends the expressiveness of the automaton.

Instead of considering concrete instances of configurations, predicates, and instructions (as,
e.g., for a pushdown automaton), our framework allows arbitrary sets and, thus, provides an
abstraction. However, after giving the main definition, we will show how one can instantiate
a storage type for concrete memories such as a pushdown or a counter.

Finally, we will present the concept of storage behavior — a tree that encodes the successive
application of predicates and instructions to an initial storage configuration. It can be seen
as an execution protocol of the storage type and is crucial for our later definition of a tree
automaton with storage.

We note that we use in this work a slight modification of the concept of storage type from
[Eng86] as we already did in [HV15].

Storage types

A storage type is a tuple S = (C, P, F, cy), where
* (C is a set (its elements called configurations),
* ¢y € C (called the initial configuration),

* P is a non-empty set of functions each having the type p: C — {0, 1} with TRUE; € P
(its elements called predicates), and

* F is a non-empty set of partial functions of type f: C — C (its elements called instruc-
tions) with 1D € F,

where TRUE. denotes the always-true predicate defined by TRUE(c) =1 for each c € C. If
C is clear from the context, we abbreviate TRUE. by TRUE.

Remark 2.1.1. Note that in contrast to [FHV18] (but in accordance with [HDV19]) we require
that each storage type S contains the predicate TRUE and the instruction 1D. This is due to
the fact that for most of our results we have to require this property anyway. Moreover, many
storage types either (i) possess these functions or (ii) allow to simulate them. E.g., when
considering a pushdown automaton, the predicate TRUE can be simulated by a number of
transitions testing for each possible topmost pushdown symbol. Moreover, the instruction 1D
can be simulated by pushing and afterwards popping some symbol to the pushdown. <

Remark 2.1.2. Our definition of a storage type is a slight modification of that in [Eng86]
(and also in [EV86, EV88]): There, instead of the initial configuration c,, a set I of inputs,
a set E of encoding symbols, and a meaning function m is used. Each encoding symbol e is
interpreted as a partial function m(e) : I — C and allows to define machines with input and
output. Moreovetr, also the sets of predicates and instructions just provide function names
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and are related to predicates respectively instructions by the meaning function. Thus, our
storage type (C,P,F,c,) is the storage type (C,P’,F’,I,E, m) in the sense of [Eng86] with
I={i}, E={e}, m(e)(i)=cy, P"={p’' | p€P},and F' = {f' € F | f € F} are sets of names
for elements in P and F, respectively, and m(p’) = p and m(f’) = f. <

Finite storage types A storage type S = (C, B F, c) is finite if C is a finite set. Clearly, each
finite storage type has only finitely many predicates and instructions.

Convention. For the remainder of this work, if S is unspecified, then it stands for an arbitrary
storage type S = (C, P, F, cp).

Particular storage types

Here we recall three particular storage types from [Eng86, EV86]: the trivial storage type,
the pushdown storage type, and the counter storage type.

Trivial storage The simplest storage type one can imagine is the trivial storage type, denoted
by TR1V, consisting of only one configuration ¢ together with the identity function as instruc-
tion and the always-true predicate. Formally, we define TR1V = ({c}, {TRUE 4}, {ID{4},¢)
for some arbitrary but fixed symbol c.

Pushdown storage Given a storage type S, now we define the storage type pushdown of S
and denote it by P(S). Intuitively, each pushdown cell of P(S) carries a pushdown symbol
and a configuration of S. Additionally to usual pushdown operations, the configuration in
the topmost pushdown cell can be tested by a predicate of S and modified by an instruction
of S during a push.

Let S = (C,P,F,cy) be a storage type, let I' be a fixed infinite set (its elements called
pushdown symbols) and let y, € I' be a fixed symbol (called the initial pushdown symbol).
Then P(S) is defined to be the storage type (C’, P, F’,c;) where

C'=(I'xC)",

* ¢5= (10, 0);

. P/Z{BOTTOM}U{TOPY|Y€F}U{TESTP|p€P}U{TRUEC/}, and
e F'= {porPtU{PUSH, ;,STAY, ¢ |y €T, f € F}U{IDo/},

such that foreveryyeI',peP, f €F,(6,c) €' xC,and a € (I' x C)* we have

BoTrToM((5,c)a) = 1 &  a=¢
TOPY((5,C)OL) =1 = Yy=206
TEST,((6,0)a) = p(c) ,
and
POP((5,c)a) = a if a#e
pusH, (((6,0)a) = (r,f(c))(8,c)a if f(c)is defined
STAYY’f((5,C)a) = (y,f(c)a if f(c) is defined
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and undefined in all other situations.
For each n > 0 we define the storage type P"(S) inductively as follows:

P($) =S and P"1(S) =P(P*(S)) .

The n-iterated pushdown storage, denoted by P", is the storage type P"(TRIV).

When considering the 1-iterated pushdown storage P!, in the further denoted as P, we
will ignore the part of the trivial storage type. This applies to the configurations (i.e., we use
elements from I'" instead of (I" x {c})1), instructions (we write PUS H, instead of PUSH,, |, {C})
and predicates (TES T pyg o I8 equivalent to TRUE(/). Moreover, we will remove the STAY-
instructions. Obviously, this modification does not change the power of the pushdown storage
type. Indeed, it was already mentioned in [Eng86, page 17] that a STAY-instruction is
superfluous for P.

In summary, we let P denote the storage type (I'*, B, F,y,) where

» P={BoTrTOM}U{TOP, |y €T'}U{TRUE[+}, and

v
« F={por}uU{rusH, |y eTl}tuU{iDp},

such that foreveryy,0 €I',peP, f €F,aeTI*

BOTTOM(6a) = 1 s a=¢ ,
ToP,(6a) = 1 = y==6,
PUSHY(5(1) = yéa ,
POP(6a) = «a if afe

and undefined in all other situations.

Remark 2.1.3. We note that the storage type P is very similar to the usual pushdown store
except that (i) no empty pushdown is allowed and (ii) instead of sequences of pushdown
symbols only one symbol at a time is pushed. However, this different behavior can easily be
simulated on both sides. It will later be shown in Theorem 2.2.6 that our definition of a tree
automaton with storage type P and that of a usual pushdown tree automaton are equally
expressive. <

Counter storage The next storage type was defined in [Eng86] as a restriction of the
pushdown storage P by allowing only one pushdown symbol. This corresponds to a non-
negative integer value with which the current number of pushdown cells is counted. Here we
use a slight modification by allowing also negative integers.

The storage type counter, denoted by COUNT, is the storage type

(Z,{TRUE4, ZERO},{IDy, INC,DEC},0)

where for each c € Z
ZERO(c) = 1 = c=0

and

INC(c) c+1
DEC(c) = c¢—1
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Storage behavior

Let P’ C P be finite and non-empty, let F’ C F be finite, and let n € N. Then we define the
ranked alphabet A n-corresponding to P’ and F’ as follows. We let for each k < n

AR =P x (F")

A= [ AW,

0<k<n

We recall that for each set A we have A’ = () which we identify with ¢. Hence, and as P’
contains at least one element, say p, we have that (p, ) € A, Often in this work n stands for
the maximal rank of some ranked alphabet 3 (or 1, if X contains only nullary symbols — we
will see in the next section that this exception is useful due to e-transitions of our automaton
model). Thus, if we call A the ranked alphabet corresponding to X, P/, and F’, than we mean
that A is the ranked alphabet n-corresponding to P’ and F’ where n = max{maxrk(X), 1}.

The concept of behavior goes back to that of an approximation [EV86, Def. 3.23] repre-
senting a storage protocol as a tree. Here we use a slight modification fitting to our storage
setting. Let c € C, n € N, and A be the ranked alphabet n-corresponding to some finite and
non-empty set P’ C P and some finite set F' C F. A tree b € T, is a (A, c)-behavior if there is
a family

and

(c, € C | v epos(b))
of configurations such that
* ¢, =cand
 for each v € pos(b): if b(v) = (p, f; ... fx), then
- p(¢c,)=1and
- fi(c,) =c,; for each i € [k] .°

In this case we call (¢, € C | v € pos(b)) the family of configurations determined by b and c.
We denote the set of all (A, ¢)-behaviors by B(A,c). Moreover, if ¢ = ¢y, we speak of a
A-behavior and denote the set of all A-behaviors by B(A).

Example 2.1.4. Consider the pushdown storage type P and let P/ = {rop, ,TOP,} and
F’={pUsH,,Pop}. Then the ranked alphabet 2-corresponding to P’ and F’ is of the form
A=AOUADUA® where

A9 ={(topr,,,&),(TOP,, )},

AV ={(top, ,x)|x € F'}u{(Tor,,x)|x €F'},

and
A® = {(top, ,x1x3) | x1,x3 € F'}u {(top,,x1x5) | x1,x5 € F'}.

In Figure 2.1, a (A, yo)-behavior b together with the family (c, | v € pos(b)) of configurations
determined by b and v is depicted. a

SNote that this implies that f;(c,) is defined.
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(top,,,PUSH,)
| .
(ToP,,PUSH, PUSH,)
/ \ e Ny
(top,,POP) (Top,,PUSH,)
| | g .
(top,,POP) (top,,POP)
| | . .
(top,,, ) (top,,POP)
| .
(rop,.2)

Figure 2.1: On the left-hand side, a (A, yy)-behavior b and on the right-
hand side, the family (c, | v € pos(b)) of configurations determined by
b and y for the ranked alphabet A from Example 2.1.4.
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2.2 The Automaton Model

Let X be a ranked alphabet, S = (C,BF,c,) a storage type, and (K, +,0, 2) a complete
M-monoid. A weighted tree automaton over X with storage S and weights in K (abbreviated
an (S, 2,K)-wta) is a tuple A = (Q,Qq, T,wt), where

* Q is a finite set (its elements called states) such that QN X =@,
* Qo € Q (its elements called initial states),

e T is a finite and non-empty set (its elements called transitions) such that each transition
has one of the following forms:

q(p) = o(q1(f1),-- - a(fx)) @)
q(p) = 4'(f) 2

where k>0, ¢,q4,...,91,¢ €Q, peP,c € x® and f,,..., fr,f €F, and

e wt: T — 2is a function (called the weight function) such that each transition of form
(1) is mapped to an element in 2% and each transition of form (2) is mapped to an
element in 2,

Note that, in contrast to the usual tree automaton case, we here write transitions in a
grammar style. This is due to readability reasons. If 7 is a transition of form (1), we denote its
components g by SOURCE(7), p by PRED(7), o0 by SYMB(7), and, for 1 <[ <k, q; and f; by
TARGET;(7)and INSTR;(7), respectively. In a similar manner, we denote the components of a
transition 7T of form (2) by SOURCE(7), PRED(7), TARGET(7), and INSTR(T), respectively.

For each o € 3 we let T, be the subset of T consisting of all transitions 7 of form (1) with
SYMB(7) = o. A transition of form (2) is called an e-transition and we denote the set of all
e-transitions of T by T,. If T, = @, then we say that A is e-free.

Convention. When considering a transition of the form q(p) — o(q:(f1),-..,q(fx)) of an
(S, X, K)-wta, then we will often omit the quantifications for k, q,q;,...,qx, O, p, and f1, ..., fx
as they should be clear from the transition’s form. The same applies to transitions of the form

a(p) = q'(f).
Sometimes we write q(p) — o(wq,...,w,) instead of q(p) — o(q1(f1),---,q(fi)). When
doing so, we mean that w; is of the form q;(f;) for each i € [n].

Computation Trees

Assume in the following an (S, 3, K)-wta A = (Q, Qy, T, wt). We define its semantics with help
of computation trees. For this, let us consider T as a ranked alphabet where each transition of
form (1) has rank k and each transition of form (2) has rank 1. Moreover, we extend SYMB
to a mapping SYMB : T; — Ty inductively such that for each ©(t,..., t;) € T; we have

SYMB(T)(SYMB(t;),...,SYMB(t;)) if 7 is of form (1)
SYMB(t;) if T is of form (2).

SYMB(7(ty,...,t;)) = {

Let £ € Ty, and t € Tr. We say that t is &-compatible if
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* sYMB(t) =€ and
* TARGET;(t(v)) = SOURCE(t(vl)) for each v € pos(t) and [ € [rk(t(v))].

Thus, £-compatible trees implement the usual concept of valid runs of a tree automaton
ignoring the storage part.

We now incorporate the storage behavior of A by defining a second mapping BEHAV. For
this, let P, C P and F, C F be the finite sets of predicates and instructions occurring in
transitions of A. Note that, since T is non-empty, P, is non-empty as well. In contrast, F 4
might be empty as, e.g., T might consist of only one transition q(p) — a. Moreover, let A 4
be the ranked alphabet corresponding to X, P4, and F 4. Then BEHAV is the tree relabeling
induced by the mapping BEHAV: T — A 4 defined for each 7 € T by

(PRED(7), INSTR1(T)... INSTRy()(7)) if 7 is of form (1)
(PRED(7), INSTR(T)) if T is of form (2)

BEHAV(T) = {

Let £ €Ty, Q' CQ,ceC,and t € Ty. We say that t is a (Q’, c)-computation (tree) of A for
£if
* SOURCE(t(¢)) €@/,
* t is £-compatible, and
* BEHAV(t) € B(A,c).

We denote the set of all such trees by © 4,(Q’, &, ¢) and abbreviate © 4(Qo, &, ¢y) by © 4(&), the
set of computation trees of A for &.

Assigning Weights

In the next step, we define the weight of a computation tree as follows. Let t € © 4(Q’, &, ¢)
for some Q' CQ, £ €Ty, and ¢ € C. For each v € pos(t), we define the value wt'(t,v) € K
inductively by letting

wt'(t,v) = wt(t(v))(wt'(t,v1), ..., wt (¢, vik(t(v)))).

For notational convenience we will drop the prime from wt’. Moreover, we abbreviate wt(t, €)
by wt(t).

Then the weighted tree language recognized by A is the mapping [A]: Ty, — K defined for
each £ € Ty, by

[AIE) = > wi(t).
€0 4(&)

Although © 4(&) might be infinite due to e-transitions, the sum is well-defined as K is complete.

A weighted tree language s: Ty, — K is called (S, X, K)-recognizable if there is an (S, X, K)-
wta A with [A] =s. Moreover, the class of all (S, >, K)-recognizable weighted tree languages
is denoted by RT(S, X,K). Similarly, a weighted tree languages s: Ty, — K is called e¢-
free (S, X,K)-recognizable if there is an e-free (S, X,K)-wta A with [A] = s and the class
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of all e-free (S, 3, K)-recognizable weighted tree languages is denoted by RT, ¢..(S, %, K).
Sometimes we want to consider the class of weighted tree languages which is the union of
RT(S, X, K) for each ranked alphabet X. This class is denoted by | J;, RT(S, Z,K).

Example 2.2.1. Recall the weighted tree language rp;s. € KQI sc{Tx) from Example 1.4.10,

where % = {c@®, ¢, [3(0)} and A = (; | i € N,) with A; = 0.5""! for each i € N,. We will

show here that r,s. is (COUNT, X, KSISC)-recognizable.

We construct the (COUNT, X, Kglsc)-wta A=(Q,Qo, T,wt) where Q = {q,94,9p,qa,0,98,0}>
Qo = {q} and T consists of the transitions

T, = q(TRUE) — 0(gq(1p),q(INC)), wt(t1) = )

WL
Ty = q(TRUE) — 0o(qp(1D),q(DEC)), wt(Ty) = wgz/)l
T3 = q(TRUE) — qgo(INC), wt(ts) = w&)\’
f= s = gp(080), (e =l
T5 = q,(TRUE) — a, wi(tg) = w(z?%,
Te = qp(TRUE) — B, wt(tg) = C0(10/)1
Ty = da0(ZERO) — a, wt(t,) = C[)(2(’)%,
"= dpo(zERO) = B, wi(tg) = ).

Intuitively, in state g, .A computes the difference of the numbers of a’s and f3’s encountered
so far. This is done by using the storage type COUNT: at a node labeled o, if the node’s
left subtree &, is accepted in state q, (and is, thus, of form a), then the counter for the
right subtree &, is increased by 1. Similarly, if ; is processed in state qg, the counter for
&, is decreased by 1. Then the rightmost leaf symbol can only be computed, if it causes the
difference to be zero. For this, state g switches to state q, o (or gg () by increasing (respectively
decreasing) the counter a last time and, afterwards, q, o computes a (and qg o computes f3)
if the test ZERO is successive. Note that, e.g., T5(7) is not a computation as the ZERO test
fails. Thus, for each & € Ty; we have

O(E)#0 = E ETyp-

Moreover, it is not hard to see that |© 4(&)| = 1 for each & € T,4. This unique computation,
denoted by t¢, is of the form
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q(TRUE) — 0(q,, (1D),q(f1))

" T~

qz, (TRUE) — 2 q(TRUE) — 0(q,,(1D),q(f>))
q;,(TRUE) — 2, q(TRUE) = 0(q,,_,(1D),q(fr—-1))
/ \
qzn_l(TRUE) —Zp1 q(TRUE) - qzn,O(fn)

4z, 0(ZERO) = 2,

where n > 2, z4,...,2, € ), %1...2, =yd(&), and, for each i € [n], f; = INC if 2; = a and
DEC if z; = . As & € T,p, by the above explanation we obtain that BEHAV(t) is a storage
behavior in B(A 4,0) as depicted in Figure 2.2 for a concrete example. The weight of this
computation is given by

(2)
@o,2
Z / ™ (2)
1 0,1
wi(ty) = W)
_ N 0
n—1 w A

0)

( (0)
2,A

where, for eachi € [n], 2; = w 12

evaluated as

=2ifz; =aand z; = w:, =1 if z; = B. This term can be

Wt(tg):ll §1+)(,2(A1 .§2+A’2.("'+A‘2.(A’1'En—1 +A2(A1 :‘Zn)).))
=1-%+05- (15 +05-(...+05-(1:Z,_; +0.5-(1:7,)...))
=0.5%-2, +0.5 - Z, +...+0.5" 1.3, (%)

where (%) holds as - distributes over +.

Thus, we obtain for each & € T, with yd(§) =2, ...z, forsome n > 2 and 2,,...,%, € 5(0)
that

[AIE) = D> wi(t)=wt(ts) =2y -F+..+ Ay Ey = rpy50(8) -
€@ 4(&)

As © 4(&) = 0 for each & ¢ T, and, thus, [A](&) = —o0, we obtain [A] = rp .

In Figure 2.2 the computation t; of the tree & = o(a, o(f8, (8, a))) is depicted in detail.

O
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(TRUE,ID INC)

o
~ ~N
a/ \0 (TRUE,¢) (TRUE,ID DEC)
e ™~
B / \U (TRUE,€) (TRUE,ID DEC)
/. e ~N
B a (TRUE,¢) (TRUE,INC)
\
(zZERO,¢€)
(i) symB(ty) (i) BEHAV(t;)
te = q(TRUE) — 0(q,(1D),q(INC))
/ \
q.(TRUE) > a q(TRUE) — 0(q4(1D),q(DEC))
— ™~
gp(TRUE) > B g(TRUE) = 0(g;(1D),q(DEC))
/ \
qp(TRUE) — f3 q(TRUE) = q,(INC)

Q4 0(ZERO) — a

(iii) wt(tz)

w?) =212+ 2, (A 1+ 25 (A - 1+ 25+ (4, - 2)))
(0)/ ~N ® =1-2405-(1-2+0.5-(1-24+0.5-(1-2)))
©22 “o =05%2+05"-1+0.52-1+0.5%-2
(0) (2) —
@12 @Wo 2 3
(0) o (1)
0 1
W3 Woa
|
©)
Woa

Figure 2.2: The unique computation t; € © 4(&) for & = sYMB(t;) =
o(a,o(B,0(B,a))) (depicted in (i)) with its underlying storage behavior
(depicted in (ii) together with the corresponding family of configurations)
and its weight evaluation (depicted in (iii)).
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Inductive semantics

Now we want to introduce an alternative definition of the computation trees of an (S, >, K)-
wta A by means of induction. This will be helpful for inductive proofs.
Let A =(Q,Qq, T,wt) be an (S, 3, K)-wta. We let the family

E.A = (Eq,g,c | q EQ,& ETZUC € C)
of sets over Ty be the smallest 7 family = of sets over T; such that

(1) foreachq,q’ €Q,§ €Ty, c,c’€C,t €5y, pEP,f €F,andt =q(p) —>q'(f)€T:
if p(c)=1and f(c) = ¢, then 7(t) € 5 ¢ ., and

(2) foreach k € N, o € 5, 4,91,---,9k € Q, &1,...,& € T, ¢,¢q,...c, €C, t; €

qu,él,clﬂ et € Eqk,ik,ck)p €P, flﬂ . '5fk €F, and T = Q(P) - O-(ql(fl): .- qu(fk)) €
T: if p(c) =1 and f;(c) =¢; for each i € [k], then T(t1,...,t;) € Eg oz, c-

Now we want to show that for each g €Q, £ € Ty;, and ¢ € C we have = ; . =0 4(q, &, ¢).
Lemma 2.2.2. Let q €Q, § €Ty, and c € C. Then © 4(q,&,¢) € g ¢ .-
Proof. To prove the statement we show the following property by strong induction on n.

Property (A). Foreachn€N,, q€Q, £ €Ty, c € C, and t € © 4(q,&,¢): if |t| = n, then

te Zg,E e

First, let n = 1. Then t = 7 for some 7 € T of the form gq(p) — a and £ = a. By item (2)
of the definition of 54, t € 5 ¢ ..

Now let n > 1 and assume that Property (A) holds for all n” € N, with n’ < n. We consider
the following case distinction on t:

Case 1: Let t be of the form 7(t") for some T = (q(p) = q'(f)) € T, and t’ € © 4,(¢’, &, f (¢)).
Then n = [t’| +1 and p(c) = 1. By induction hypothesis, t; € 5 ¢ ¢(.). By using item (1) of
the definition of =4, we obtain that 7(t') € & ¢ .

Case 2: Let t be of the form 7(tq,...,t;) forsome k > 1, 7 = (q(p) = o(q:(f1), - - -» 9 (fx)))
in T, and, for each i € [k], t; € © 4(q;,&;, fi(c)) for some &; € Ts.. Then p(c) =1, & =
0(&1,---,&k), and n = [tq| + ...+ [t;| + 1. By induction hypothesis, t; € 5, r (. for each
i € [k]. By using item (2) of the definition of = 4, we obtain that t(ty,...,t;) € Zgz.. W

Lemma 2.2.3. Let ¢ €Q, { €Ty, and c € C. Then Z ¢ . € © 4(q, &, ¢).

Proof. To prove this statement we show the following property by structural induction on t:

Property (B). Foreacht €Ty, q€Q, E €Ty, andc €C: if t €5 ¢, then t €O 4(q, &, ¢).

’Given two sets C and I and two families (a; | i € I), (b; | i € I) of sets over C, we say that (a; | i € I) is smaller
than (b; |i€I)if q; € b; foreachi .
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First, let t = 7 for some 7 € T of the form q(p) — a. Then £ = a, p(c) =1, and sYMB(t) =
a. Moreover, BEHAV(t) = (p, €), which is an element of B(A 4, c). Thus, t € © 4(q, &, ¢).

Now let t = 7(tq,..., t;) for some k > 1. We consider the following case distinction on 7:

Case 1: Let 7 = q(p) — q'(f). Then k =1, t; € 5 ¢ (), and p(c) = 1. By induction
hypothesis, t; € © 4(q’,&,f(c)). As syMB(t) = sYMB(t;) and TARGET(t(¢)) = q' =
SOURCE(t(1)), t is £-compatible. Moreover, we have BEHAV(t) = (p, f )J(BEHAV(t')) and
BEHAV(t) € B(A 4, f(c)). Let (¢, € C | v € pos(BEHAV(t"))) be the family of configurations
determined by BEHAV(t") and f(c). Now consider the family (c, € C | v € pos(BEHAV(t)))

defined by
c ifv=e
CV = .
¢/, if v=1w for some w € pos(t’)
for each v € pos(BEHAV(t)). As p(c,) = 1 and f(c,) = ¢;, we obtain that BEHAV(t) €
B(A 4,c¢). Thus, t €© 4(q,&,¢).

Case 2: Let 7 = q(p) — o(q:(f1),---,qx(fr)). We can prove this case by using a similar
argumentation as in Case 1. [ |

By the above lemmas we obtain that =, s . =© 4(q,&,¢) foreachq€Q, £ € Ty, and c € C.
Thus, in the following we identify these two sets.

Initial state normal form

Although we have defined (S, X, K)-wta allowing several initial states, this is not necessary:
we will show next that (S, 37, K)-wta with one initial state have the same expressive power.

Lemma 2.2.4 ([FHV1S, Errata, Lemma 3.2]). For each (S, X, K)-wta A there is an (S, X, K)-
wta A’ such that [A] = [A'] and A" has exactly one initial state.

Proof. Let A=(Q,Qq, T,wt) be an (S, X, K)-wta and let z be a symbol not in Q. We construct
the (S, X,K)-wta A" = (QU {z}, {z}, T, wt") where T’ contains the following transitions:

* For each q, € Q, the transition T = (2(TRUE) — qo(1D)) is in T’ and wt’(7) = ID.
e Ift=(q(p) = ¢'(f)) isin T, then 7 is in T’ as well and wt'(t) = wt(7).
Due to the second bullet we obtain that for eachqeQ, £ € Ty, and c € C

©4(q,8,c) =0 4(q,&,c¢) and wt(t) =wt'(t) foreach t €©4(q,&,c) . (%)
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2.2 The Automaton Model

Now let £ € T5.. Then

[AIE) = > wi(t)
te® 4 (&)

SDIDIRTC

q0€Q0 t€0 4(q0,,¢0)

= Z Z wt'(t) (by )
qo€Qo t€0 4/(qp,E,¢0)

- Z Z wt'(z(TRUE) — qo(1D))(wt'(¢))
q0€Qo t€0 4/(q0,&,¢o)

= Z wt'(t) = [A'](&) .

t'€0 4/(2,8,c0)
Thus, [A] = [A']. ]

Convention. During this work we sometimes assume for an (S, >,K)-wta A = (Q,Qg, T, wt)
that Qy, = {qo}. In this case, we will write A = (Q, qq, T, wt).

2.2.1 Particular Restrictions

Now we want to consider several instances of our automaton model obtained by restricting
some of its components.

The unweighted case

Let A = (Q,Qq, T,wt) be an (S, >,B)-wta. Obviously, we can drop all transitions T with
wt(T) = Oy(r) from T without changing A’s semantics (while restricting © 4(£) to compu-
tations of weight 1 for each £ € Ty;). Thus, we can assume without loss of generality that
each k-ary transition remaining in T has weight A. It follows that wt(t) =1 for each § € Tx;
and t € © 4(&), and we have that supp([A]) = {£ € Ty, | © 4(&) # @}. For this reason, this
automaton is also called a tree automaton over 3 with storage S (or abbreviated an (S, X)-ta)
and we drop the weight function wt from its specification. Moreover, we let the tree language
generated by A, denoted by L(.A), be the set

LIA) ={E €Ts | ©4(&) # 0}

mentioned above. We say that A is unambiguous if for each & € Tsx; we have |© 4(&)| < 1.
A tree language L C Ty, is called (S, X)-recognizable if there is an (S, )-ta A such that
L(A) = L. We denote the class of all (S, X)-recognizable tree languages by RT(S, X).

Remark 2.2.5. We note that each (S, X)-wta A can be seen as an RT(S)-transducer M 4
as defined in [EV86, Def. 3.3] and in [EV88, Def. 3.3] (where RT stands for regular tree
grammar): M 4 translates storage inputs (which can be seen as initial storage configurations)
into terminal trees in a very similar way as A recognizes trees. Thus, the image of this
translation is £(A). On the other hand, each RT(S)-transducer M (using the slightly different
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Chapter 2 Weighted Tree Automata with Storage

definition of a storage type in this work and predicates instead of Boolean expressions over
P) can be seen as an (S, X)-ta.

By this correspondence and by [EV88, Thm. 6.15], we obtain for each n > 0 that RT(P", X))
is the class of level-n Ol-tree languages (denoted by n-T in [EV88], cf. also [DG81]) — a
hierarchy of tree languages that has been intensively investigated in [Dam82, DG81]. By
choosing n = 0, we obtain the class of recognizable tree languages and, for n = 1, the class
of context-free tree languages (cf. [EV88, Prop. 4.4]).

It was shown in [Dam82, Thm. 7.8] that, for each n > 0, the emptiness problem for level-n
Ol-tree languages is decidable. <

As mentioned in the remark above, it is well known that CFT(X) = RT(P, X). However, as
we use a very specific pushdown-automaton model in this work and we will later use details
of the constructions for this correspondence, we will now show a proof of equivalence (for
our setting).

Theorem 2.2.6. CFT(X)=RT(P, ).

Proof. CFT(X) € RT(P,X): Let A = (Q,I'4,90,Y.40,T) be a X-pta with I'y = I, U I7.
Without loss of generality we may assume that I'y C I'\ {yo} (where I is the set of pushdown
symbols of P and v, is the initial pushdown symbol of P). Moreover, let IT be the set consisting
of all T € I'' T UT occurring in the right-hand side of transitions of A. As (P, X)-ta only
allow to push single symbols to the pushdown instead of sequences, we have to store the
remaining part of a pushdown operation 7 in the states. As the pushdown grows to the left,
we store all prefixes of 7. Thus, we set

Iy ={wer;|ww €Il for some w' € I'' Ty U T},

i.e., I'r is the set of all prefixes of pushdown operations in I1. Obviously, I'; is finite.
Now we construct the (P, X)-ta A" =(Q’,q,, T') where

Q' =QuU{go}u{q"lgeQnerr}U{lq"]lgeQ ne},
do ¢ Q, and T’ is defined as follows:
* The transition §o(BOTTOM) — qo(PUSH,, ) isin T".
* Ifg(a,y) — ais a transition in T, then the transition q(TOP,) — a in in T'.

e If q(o(xy,-..,x,),0) = o(qy(xq,71),.-.,q,(x,, 7,)) is a transition in T, then the
transition g(TOPgs) — o(uy,...,Uu,) isin T’ where

i

{(qi)“i(POP) if 7; € I
[(g)™]1(ip) if 7; € IT T

for each i € [n].

* If q(x,y) — q'(x, m) is a transition in T of type (3), then the transition g(ToP,) —
[(¢)™1(poP)isin T .
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2.2 The Automaton Model

* If g(x,8) = q'(x, ) is a transition in T of type (4), then the transition g(TOPs) — u
is in T’ where
(¢)"(pop) ifmel;
u= .
[(¢)"](p) if me T,

* For each q € Q and = € I'; the transition [q"](TRUE) — [¢™](POP) isin T’.

* Foreachq € Q, m € I, and y € I'; with my € IT we let the transition [¢""](BOTTOM) —
q"(pusH,) be in T".

* For each ¢ € Q, @ € I'r, and y € I the transitions ¢""(TRUE) — q"(PUsH,) and
q°(TRUE) — q(1D) are in T".

Note that all pushdown configurations that can be reached in computations of A’ are from
the set I'' Tp{yo} U{yo}, i.e., a symbol from Iy may only occur in the bottom-most but one
pushdown cell. This due to the fact that only the transition constructed in the second to last
bullet allows to push a symbol from I3

L(A) C L(A"): First, we want to show that, for each & € Ty, if (qo, &, 7 40) 7 &, then there
is a computation t € © 4(&). For this, one can prove the following property: Letn € N, & € Ty,
q€Q, and 7 € I'T. If (q, §, m)F, &, then there exists a computation t € © 4(q, &, y,). The
proof of this property is by complete induction on n and omitted here.

Now let (qo,&,7.40) % &. By the above property, there is a t € © 4(qo,&, Y 4,070)- By
construction, the transition T = (§o(BOTTOM) — qo(PUSH, , )) is in T’. Clearly, 7(t) €

0 4(&).

L(A") € L(A): Now we want to show that, for each £ € Ty, if there is a computation
t € © (&), then (qo,&,7.4,0) Fy & For this, we can prove a more general property: Let
teTy, €Ty, qeQ, y €Iy, m,n"” €I, and n’ € I'). Then,

* if t €0 4(q,E, myo), then (¢, &, M) &,

° lf te e.A’(qTE/J g) T[YO)J then (CI: g) TC/TC) |_*_A g: and

« if t €04 ([q™ 1,&, myo), then (q,&, ") ¥, .

This statement can be shown by structural induction on t, the proof is omitted here.
Now let t € © 4(&). By construction, t has to be of the form 7(t) with t = (g,(BOoTTOM) —

qo(PUSH, , )) and t €O 4(qo, &, 7.4,070)- Then by the above property, (o, €, v 4,0) Fy &-

* ok

RT(P, ) C CFT(X): Let A=(Q,qq, T) be a (P, X)-ta and let I'; be the set of pushdown
symbols used in transitions of .A. Without loss of generality we can assume that .4 does not
use the predicate TRUE (note that we can replace a transition g(TRUE) — u by transitions
q(Topr,) — u for each y € I't U{y(}). Moreover, we can assume that T contains no transition
using at the same time the predicate BOTTOM as well as a POP instruction. We note that,
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Chapter 2 Weighted Tree Automata with Storage

since the pop instruction of P must not empty the pushdown, the bottom-most pushdown
symbol in a computation of A is always the initial symbol 1.

Now let Iy = {#} for some new symbol # ¢ I' U 3 and let I} = I't U {yy}. A X-pta does
not allow that a pushdown symbol from Iy occurs at a position of the pushdown that is not
bottom-most. In contrast, y, may occur everywhere in configurations of P. Hence, we use a
new symbol # as bottom-most pushdown symbol for the X-pta constructed next.

We construct the X-pta A" = (Q/, Iy U Ty, q4, #,T') where

Q' =QuU{g,lqeQ ae=P}u{qy,[q5], 95,94} -

As A’ can only read a nullary symbol a € () if the current pushdown consists of one element
from Iy, we store a in the states and afterwards empty the pushdown. States of the form qp
ensure that the current pushdown configuration is y,# and are used to simulate BOTTOM.
Moreover, states of the form g_p ensure that the current pushdown configuration is not #
and are used after simulating a POP instruction. The set T’ is defined as follows:

¢ The transition q4(x, #) — qo(x,yo#) isin T'.

* Let g(p) = a be in T. Then the transition q,(a, #) — a is in T’. Moreover,
- if p=BOTTOM, then the transition q,(x, 7o) = q,(x,¢) is in T’, and
- if p=ToOP,, then the transition q(x,y) — q,(x,¢) is in T’ and, for each 6 € I'},
the transition g, (x,8) — q,(x,¢) isin T".
* Let q(p) — ¢'(f) be in T. We distinguish two cases:

- If p=BOTTOM, then the transition q,(x,y,) — u isin T’, where

q'(x,v've) if f =PUSH,
u= .
¢(x,y0) iff=1p

- If p=ToOP,, then the transition q(x,y) — u is in T’, where

q'(x,y'y) iff=rusH,
u=1+4q'(x,y) if f =1D
q ,(x,e) iff=poP

* Letq(p) = o(q1(f1),.--,9,(f,)) be in T for some n > 1. We distinguish two cases:

- If p = BOTTOM, then the transition q,(o(xy,...,X,),Y0) = o(uy,...,u,) is in
T’, where for each i € [n]

- qi(x;,7'v0) if fi =PUSH,
qi(xi,70) if f, =1D
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- if p = TOP,, then the transition q(o(xy,...,x,),y) — o(uy,...,u,) is in T,
where for each i € [n]

q;(xi,7'Y) if f; = PUSH,/
u; =4 qi(x;,7) if f; =1D
(qi)—'B(xi; 8) 1ffl =POP

* For each q € Q the transitions q(x, ) — [qz1(x, €) and [q; ](x, #) — g (x, yo#) are
inT’.

* For each y € I} the transition g, (x,y) — q(x,y) is in T".

L(A) € L(A'): Here we want to show that, for each & € Ty, if there is a computation
t € ©4(&), then (g4, &, #) F*,, £. For this, we can first prove the following property: Let
teTr, €Ty, qeQ, and m eI . If t €0 ,(q,&, n), then (g, &, m#) ¥, &. This statement
can be shown by structural induction on t, the proof is omitted here.

Now let t € © 4(&). By the above property, (qo, &, vo#) ¥, £. Moreover, by construction,
the transition T = (q4(x, #) — qo(x,yo#)) is in T’. Thus, (q4, &, #) F* (qo, &, Yo#) v &

L(A") € £(A): Now we want to show that, for each & € Ty, if (g4, &, #) F*,, £, then there is
a computation t € © 4(&). For this, one can prove the following property: Let n €N, & € Ty,
q€Q, and w eI} If (q,&, n#) F", &, then there is a computation t € © 4(q,&, 7). This
statement can be shown by complete induction on n, the proof is omitted here.

Now let (q4, &, #) ', &. By construction, the only transition in T’ that has g, as source
state, is the transition © = (q4(x, #) — qo(x,v0#)). Thus, (q4,&, #) 7 (q0, &, vo#) 5y &.
Now we can apply the above property and obtain that there is a computation t € © 4(£). ®

The storage-free case

Let A=(Q,Qy, T,wt) be a (TR1V, X,K)-wta. In this case we drop the predicate TRUE and
the instruction 1D from all transitions in T. Note, however, that in contrast to [FHV17] we do
not call A a (X, K)-wta to avoid confusion with the weighted tree automaton model defined
in Section 1.4.3.

Remark 2.2.7. Indeed, (TR1V, X, K)-wta entail more functionality than classical weighted tree
automata over strong bimonoids as the former allow e-transitions. However, this difference
can be neglected if K is a commutative and complete semiring: It was shown in [FMV11]
that in this case e-transitions can be removed. As, moreover, it is well known that (X, K)-wta
with Boolean root weights are equally expressive as arbitrary (X, K)-wta [FV09, Theorem
3.6], we obtain RT(TR1v, X,K) = RT(X,K) if K is a commutative and complete semiring.
We will see in Section 2.4 that this even holds for non-commutative (but complete) semirings
K. <

In [FSV12, Sec. 2.6], weighted tree automata were defined over M-monoids which need not
be absorptive and complete (and which do not necessarily contain a unary identity operation).
However, choosing a complete M-monoid K as defined in this thesis, clearly each e-free
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Chapter 2 Weighted Tree Automata with Storage

(Tr1v, X, K)-wta corresponds to a weighted tree automaton over 3 and K (as defined in
[FSV12, Sec. 2.6]), and vice versa. Thus, we can make the following observation that we
will need in a later part of this work.

Observation 2.2.8 ([FHV18, Observation 3.3]). RT, t..(TRIV, X, K) is the class of recog-
nizable tree series over 3 and K defined in [FSV12].

Furthermore, as we require that each storage type contains the predicate TRUE and the
instruction 1D, it is clear that each (e-free) (TR1V, X, K)-wta can be simulated by an (e-free)
(S, X, K)-wta for some arbitrary storage type S.

Observation 2.2.9 (cf. [FHV17, Corollary 5.5 (2.)]). RT(TRr1v, X,K) € RT(S, X,K) and
RT, free(TRIV, X, K) € RT, (S, X, K) for each storage type S.
The unweighted and storage-free case

Let A=(Q,Qq, T) be a (TrR1V, X, B)-wta. Clearly, e-transitions can be removed and, thus,
we reobtain the concept of a X-ta as defined in Section 1.4.1. Hence, A is also called a X-ta.
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2.3 Finite Storage Types

2.3 Finite Storage Types

The main idea behind equipping an automaton with a storage (like a pushdown or a stack)
always was to give it a possibility to store an infinite amount of additional information which
clearly is not possible by a finite-state control. Whereas the functionality of this additional
storage can differ (and, thus, the expressiveness differs as well), the requirement of an infinite
amount is crucial to extend finite-state automata. This also applies to our (S, >, K)-weighted
tree automata: Here we show that, if S is finite, it can be simulated by the finite-state control
of a (TR1v, X, K)-wta.

Note: The following Lemma 2.3.1 was proven in [FHV17, Lemma 3.4] for the unweighted
case and afterwards lifted to the weighted setting using a decomposition result ([FHV17,
Corollary 5.5 (1.)]). Here we provide a direct construction. The technique of the proof is
inspired by the construction of [HDV19, Theorem 10, (2) = (1)] but had to be adapted to
the tree case.

Lemma 2.3.1 ([FHV17, Corollary 5.5 (1.)]). Let S be a finite storage type. Then for each
(S, ~,K)-wta A there is a (TR1V, %,K)-wta A" such that [A] = [A’]. If Ais e-free, then so is
A

Proof. Let S = (C,PBF,cy) be a finite storage type and recall that, since C is a finite set, also
P and F have to be finite. Moreover, let A = (Q, qo, T, wt) be an (S, X, K)-wta.

Now we want to construct an equivalent (TR1V, X, K)-wta A’. To avoid the finite storage,
we have to encode the configurations of S into the states of A’ such that the behavior of the
storage can be simulated during a computation. However, since there might be a configuration
c on which distinct predicates are true or which is mapped by distinct instructions to the
same configuration c¢’, we also have to consider P and F in the state encoding. Otherwise
two transitions of A could result in only one transition of A’ leading to an unclear weight
assignment.

Let m = max{maxrk(X), 1} and let Fy, be the set | J, (0....my F" of words over F shorter or
equal to m. We construct the (TR1V, X,K)-wta A" = (Q',Qp, T',wt") where

Qi): {<q0>CO:p:f> |P Epaf_: EFZ'}:

Q' ={{g,c,p.f)1q€Q,c€C,pEPf €Fy},

and T’ consists of the following transitions:

e If the transition 7 of the from q(p) — o(q1(f1),...,q,(f,)) is in T, then for each
¢ € C such that p(c) =1 and fy(c),..., fu(c) are defined, and for each py,...,p, €P,
fi,-.-fn € F5x, the transition

T/ = (q,C,p,f1 . fn> - O-(<q1)f1(c),p1:fl>)"': (qun(c),pn:fn))

isin T/ and wt'(t") = wt(7).
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¢ If the transition 7 of the from q(p) — q'(f) is in T, then for each ¢ € C such that
p(c) =1 and f(c) is defined and for each p’ € P, f € Fy, the transition

v =(q,c,p,f) = (¢, f (), P, f)
isin T/ and wt'(t") = wt(7).

Now let & € Ty,. It is not hard to see that there exists a bijection ¢ : © 4(§) = © 4(&) (as
also presented in Example 2.3.3 below):

Given a computation t € © 4(§), it is obvious how to shift the predicates and instructions
occurring in t’s transitions into the respective states. Moreover, as there is exactly one initial
storage configuration c, all configurations c in the states of ¢(t) are uniquely determined by
the instructions occurring above.

On the other hand, given a computation t’ € © ,,, we obtain a computation ¢~ !(t")
by removing all storage configurations from the states and by shifting the predicates and
instructions to their respective positions. Note that we require in the construction that for the
source state (q,c,p, fi ... f,) of each transition it holds that p(c) = 1 and f;(c) is defined for
each i € [n]. Hence, ¢ ~!(t’) induces a storage behavior and, thus, is a computation.

Moreover, as each transition occuring in t occurs with the same weight and at the same
position in ¢(t), we obtain that wt(t) = wt’(¢(t)) for each & € Ty, and t € © 4(&). Thus,
[A] = [A]. Obviously, the construction does not introduce new ¢-transitions and, thus, if A
is e-free than so is A’. |

Together with our earlier observation that each (TR1V, X, K)-recognizable weighted tree
language is also (S, >, K)-recognizable for an arbitrary storage type S, we obtain the next
theorem.

Theorem 2.3.2 ([FHV18, Corollary 5.6]). For each finite storage type S we obtain that
RT(S, X, K) = RT(TR1V, X,K) and RT, fee(S, =, K) = RT, free(TRIV, 5, K).

Proof. This theorem directly follows from Lemma 2.3.1, Observation 2.2.9 and the fact that
the respective constructions preserve e-freeness. [ |

Now let us examine the construction behind Lemma 2.3.1 by an example.
Example 2.3.3. Consider the finite storage type
Smodaz = ({0,1,2}, {TRUE, 1?}{1D, INC},0)
where, for each c € {0,1,2}, we let 1?(c) =1 if and only if c =1 and

0 ifc=2
INC(c) = .
c+1 otherwise

Moreover, let & = {o®, a(®} and let A = ({q,,q4}, {go}, T) be the e-free (S,,043, =)-ta with
T consisting of the three transitions

1= qU(TRUE) - G(Qa(ID), qa(INC))’

Ty = qa(]-?) - U(qa(ID): qa(ID)); and

T3 =(4,(TRUE) — a.
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It is not hard to see that for each & € Ty; we have & € £(.A) if and only if it is of the form

(o

RN
o
Zz/ \
o)

7N

Zn—1 Zn

2

where n =3 j for some j > 1 and z; = a for each i € [n].
Now we want to apply the construction behind Lemma 2.3.1 to encode the finite storage
type Spoqs into the states of a (TR1V, X)-ta. By doing so, we obtain the set

Fs.,={e,ID,ING,IDID,IDING,INCID,INCINC}
as well as the e-free (TR1V, X)-ta A" = (Q',Qy, T’) where
QE) = {<q0'70’p’f> |P € {TRUEal?}:f € FZ'}:

Q' ={(g,¢,p,f) 19 €{4qp,94},c €{0,1,2},p € {TRUE, 1?}, f € F5},

and T’ consists of the transitions obtained from 74, T,, and 74 by applying the above con-
struction behind Lemma 2.3.1. For example, from the transition 7, we obtain (among others)
the transition

7} =(qy,0, TRUE, 1D INC) = 0({q,,0, TRUE, ), (¢,, 1,1?,1D ID)) .
Now consider the tree & = o(a,o(a, a)) as well as the computation t € © 4(&) of the form

4o(TRUE) = 0(qq(1D), ¢, (INC))

t= qa(TRUE)_)a qa(l?)_)o-(qa(ID):qa(ID))

™~

qd.(TRUE) = a do(TRUE) > a

From ¢, we easily obtain the corresponding computation t’ € © (&) which is of the form

(qaio’ TRUE, ID INC) - O-(<qa> 0)1 (qoa 1> 1?: ID ID))

/

t' = <qa)0> —a (q(n 1:1?)IDID> _>O-((qa’1>’<qa) 1))
(ge,1) > a (@e1) > a

where we abbreviate by (g,,c) the state (g,,c, TRUE, ¢) for each ¢ € {0,1}. It is easy to
see that t’ encodes in its states the storage behavior b = BEHAV(t) as well as the family
(c, | v € pos(b)) of configurations determined by b and O. O
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2.4 Elimination of ¢-Transitions

When introducing an automaton model with e-transitions, it is an interesting question whether
it can be reduced to some equivalent model without e-transitions. This does, for example,
work for finite-state automata as well as for pushdown automata®. However, when considering
more complex models allowing weights and some arbitrary storage type, the situation changes.
This already happens in case of a pushdown storage, when stepping into the world of tree
automata: As it was shown in [Gue83, Corollary 1.(ii)], in contrast to pushdown string
automata, (P, X)-ta are more expressive than e-free (P, X)-ta.

At the same time, it is well known that, for each (3, K)-wta where K is a complete and
commutative semiring, an equivalent e-free (X, K)-wta can be constructed [EK0O3, FMV11]
by solving the corresponding classical algebraic path problem.

In this section, we examine under which conditions we can remove g-transitions from
(S, ~,K)-wta. However, for the above reason, it seems not very promising to find good
storage types that allow an e-removal. Thus, here we concentrate our analysis on finding
an appropriate weight algebra. Indeed, we will show that for each simple (S, >, K)-wta over
a compressible M-monoid K an equivalent simple and e-free (S, 3, K)-wta exists. In this
context, simple means that e-transitions only contain the predicate TRUE and the instruction
ID. This generalization includes complete but not necessarily commutative semirings K.

Related work Similar results for the elimination of e-transitions in the weighted case have
been proved in [EK03, Thm. 3.2] and [FMV11, Lm. 3.2]. In fact, in [EK0O3, Thm. 3.2] it was
shown that e-transitions can be eliminated from weighted tree automata over commutative
and continuous semirings. The same was shown for weighted tree automata over commutative
and complete semirings in [FMV11, Lm. 3.2]. The second result generalizes the first because
every continuous semiring is complete [EK03, Prop. 2.2]. Moreover, in [DDK19] it was
proven that weighted pushdown string automata over complete semirings can be made e-free.

Another approach in removing e-transitions of storage-extended automata was developed
by Zetzsche [Zet13]. In this work it was examined for valence automata (i.e., automata using
monoids as storage types), which storages allow to remove e-transitions. However, valence
automata are unweighted string automata.

Before stepping into the details of our e-removal, we want to emphasize that the result of
Guessarian [ Gue83, Corollary 1.(ii)] can be strengthened further. In fact, as the following
theorem shows, there are (P, X)-recognizable tree languages that can not be recognized by
any e-free (S, X)-ta for some arbitrary storage type S.

Theorem 2.4.1 ([FHV17, Theorem 6.1.]). RT(P, )\ | Jg RT;.fee(S, ) # 0@ where S ranges
over the set of all storage types.

Proof. Let & ={a'®,61, @)}, In [Gue83], the tree language

L={o(6"(a),8"(a)) | n= 0}

8Note that usual constructions for avoiding e-transitions in pushdown automata require the automaton to push
several pushdown symbols at once (cf. [?, Theorem 5.5.1]). It was shown in [DDK19, Corollary 12] that this
requirement is not necessary.
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2.4 Elimination of e-Transitions

was given as an example tree language that is in RT(P, XJ), but not in RT, (P, %). We will
show by contradiction that L & RT, ¢..(S, %) for any storage type S.

Let us assume that there is a storage type S = (C,P,F,cy) and an e-free (S, X)-ta A =
(Q,Qq, T) such that £(A) = L. Since A is e-free, each computation of A starts with a
transition from T,. As L is infinite and, in contrast, T is finite, there have to be two integers
m,m’ € N with m # m’ and there has to be a transition T € T, such that 7 is the root of some
t €0 4(0(6™(a),5™(a))) and also of some t’ € © ,(o(6™ (a), 5™ (a))). Let

= q(p) — o(q1(f1),92(f2))

be such a transition. Then p(cy) =1, f;(cy) and f5(cy) are defined, and there are computations

o t;€0,(q1,6™(a), fico)) and t] € © 4(qy, 5™ (@), f1(co)), and
* ty €0 4(qz,6™(a), f2(cp)) and t) € © 4(qy, 5m'(a),f2(c0))

such that 7(ty,t,) € © 4(0(5™ (@), 5™(a))) and (!, t}) € © 4(c(6™ (), 5™ ())). But then
T(tq, tg) S @A(0(5m(a),5m/(a))) and, hence, also 0(5’”((1),5”1/((1)) € L(A). This is a
contradiction to the assumption £(A) = L. [ |

Thus, in general, e-transitions cannot be eliminated from (S, 3, K)-wta, even if K = B. But
we will show in the following that we can eliminate e-transitions for particular (S, >, K)-wta,
which we will call ’simple’.

Simple (S, >,K)-wta An (S, >, K)-wta is called simple if for each e-transition of the form
q(p) — q'(f) we have p = TRUE and f = 1D. Let RTnpe(S, ¥, K) denote the class of all
weighted tree languages generated by simple (S, X, K)-wta.

Moreover, we also have to restrict the weight algebra. For (X, K)-wta, where K is a complete
and commutative semiring, the elimination procedure typically uses elements a* € K (for
some a € K) to capture the weight of cycles of e-transitions. Here a* is the sum of all powers
a™ of a and the powers are defined by the multiplication of the semiring. In our setting we
deal with M-monoids and, instead of the binary multiplication, we have operations with
different arities. Thus, we will have to guarantee that the M-monoid is closed under iterated
composition of operations. This is the case with compressible M-monoids which we have
defined in Section 1.2.5.

Now we can state our next result. It generalizes [FMV11, Lm. 3.2] because simple (S, 3, K)-
wta, where K is a compressible M-monoid, generalize weighted tree automata over commu-
tative and complete semirings.

Theorem 2.4.2 ([FHV17, Theorem 6.3.]). If K is compressible, then RTgy,.(S, X, K) =
RTe—free(S: 2, K)-

Proof. As each e-free (S, X, K)-wta is simple, we only have to prove that RTjmye(S, X, K) €
RT, free(S, X, K). Let A =(Q, qo, T,wt) be a simple (S, %, K)-wta’. Moreover, let P, and F 4

“We note that also for simple (S, X, K)-wta we can assume a single initial state since in the construction of
Lemma 2.2.4 the property of being simple is preserved.
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be the finite sets of predicates and instructions, respectively, which occur in the transitions of
A. Without loss of generality we can assume that for each k €N, o € pHON q,91,---,qx €Q,
p €Py, and fi,..., fr € Fy, there is a transition © = q(p) = o(q1(f1),....q(fr)) in T. If
there is no such transition, then we can add it to T and let wt(7) = 0. In a similar way, we
can assume that for each q,q’ € Q there is a transition g(TRUE) — ¢’(1D) in T.

Now let W be the (Q x Q)-matrix over 21 such that

W,

wa =WHg(TRUE) = ¢'(1D))

for each q,q" € Q.
We construct the e-free (S, %, K)-wta A = (Q,qq, T',wt’) as follows. For each k € N,
cex® q,q1,...,q,€Q,p€E P,,and fq,..., fr € F4 we let the transition

v =(a(p) = o(@1(f1), -, q(fi)))

be in T’ and

wt' (7)) = D (WHgg owt(q'(p) = o(@r(F1), .. qx () -

q'€Q

Since 1D € 2, K is (1,1)-composition closed, and K is completely 1-sum closed, each
entry of the matrix W* is in 2. Moreover, by Lemma 1.2.10 and since K is completely
1-sum closed and (1, k)-composition closed, the right-hand side of the above equality is an
operation in 2. Hence, wt'(7’) is well-defined.
Now we want to prove that [A’] = [A]. We define the family ¢ = (¢q:. | & € Ty, q €
Q, c € C) of mappings
Pgect eA(q: g, C) - eA’(q; g, C)

as follows. Let £ =0(&1,...,81), €Q, c€C,and t €O 4(q,&,c). Then there are

e some n > 0 and transitions 7; = (q;(TRUE) — ¢,(1D)), ..., T, = (¢,(TRUE) —
qn+1(ID)) ln T)

* atransition q,..1(p) = 0(q;(f1),--.,qx(fi)) in T such that p(c) = 1 and f;(c) is defined
for each i € [k], and

* computations t; € © 4(G;,&;, fi(c)) for each i € [k]

such that
=71 Ty (@ (P) = 0@ ) 8 (01 1) -

Thus, g =q; and t € © 4(q;, &, ¢). We define

Pq.6.c(6) = (@1(p) = (@1 (f1), -, GFN(EL, -, ),

where t; = g = r(c)(t;) for each i € [k]. Note that SOURCE(t[(¢)) = g;.

As ¢ only deletes e-transitions in computations of .4 and replaces the states accordingly, it
is obvious that each computation of A" has a preimage under ¢ and, thus, ¢ is surjective.
Moreover, the next property shows that the computations of A’ generate the weights of the
computations of A properly.

80



2.4 Elimination of e-Transitions

Property (A). Let €Ty, q€Q, c€C, and t’' €© 4(q,&,c). Then

Z wt(t) =wt'(t) .
t€® 4(q,8,c):
Pqc(O)=t/
We prove Property (A) by structural induction on . As the induction base is already
contained, only the induction step is shown here.
Let{ =0(&;,...,&) forsome keN, o € 5@ and &1,...,&k € Ty. Moreover, let g €Q,
ceC,and t’' €© 4(q,&,c). Then there are

* atransition v/ = (q(p) = o(§;(f1),---,4x(fr))) in T such that p(c) = TRUE and f;(c)
is defined for each i € [k], and

* computations t! € © 4/(§;,;, fi(c)) for each i € [k]

such that t" = 7/(t{,..., t;). In the following we abbreviate, for each q" € Q, by TEq\q,] the
transition q’(p) — o(§,(f1),.--,d;(fx)) resulting from t’ by replacing SOURCE(7") with
q’. Moreover, we abbreviate by 7, . the transition g¢;(TRUE) — g,(1D) for each q;,q, € Q.
Note that all these transitions are in T. Finally, we use O?Zl wj to denote the composition

w1 0...0w, of n unary operations w1, ..., w, € 2. We obtain

Z wt(t)

t€0 4(q,8,0):
Og.e,c(O)=T"(t],...,t7)

=2, 2 2.

neNgqy,..., qn_+1€Q: £,€0 4(4;1.E:.£:(0)) s.t.
h Pa..50 ()=t i€[k]

(Oywtltg, g, Nowt(tly . (we(tr),..., wi(t,))

- Z Z (Og}:th(T‘b’qm)) ° Wt(TEq\qm])

neNgs,...,4n+1€Q:

e ( Z wt(ty),..., Z wt(tk))

f1€@A(f11,§1,f1(C)l)l fkeeA(Qk,Ek,fk(C)/)I
4,610 (01)=1] Pagetrofie @ (L=,
(as K is completely distributive)
— n / / / / /
= D (O wirg,q, D owt(t)y,  JWE ()., wt'(£))
neNgqy,...,q,+1€Q:

1=q (by induction hypothesis)

D0 D (Owilrgg, ) owt(t] )W (e), ..., we'(£]))

q'€QneN ql,-..,qmeQ:/
91=9,9n+1=9

(by associativity and commutativity)
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=220 DL (Onywitltg ) owt(T] ) )W (8], .., we' (£1)

q'€QnEN qy,...,qn4+1€Q:

01=q,qn+1=9’ . . .
! o (by definition of summations of operations)

=(L 20 (Opwlrgq,)) omley))w (e we (1)

q'€Q n€N(y,....qn+1€Q:

D= = (by Lemma 1.2.10)
=0 wWney)e wt(TEq\q,J))(wt’(t;), L wE () (by definition of W™)
q’€Q neN
= (Z (W*)qq © wt(TEq\q,]))(wt’(ti), cowt'(8)) (by definition of W*)
q'€Q
=wt'(z)(wt'(t]),...,wt'(t})) (by construction of A")

=wt'(t'(t], ..., t)),

which proves Property (A).
Finally, we obtain for each § € Ty,

[A](E)

Z wit(t)

t€0 4(&)

= Z Z wt(t) (%)

t'€0 4/(qo,€,¢0) fe@A(‘lo,g,Coai
Pag.£.co (t)=t

= Z wt'(t) (by Property (A))

t'€0 4/(qo,E,¢o)

= [A](&)

where * holds since Ut’e@A/(qo,E,co) c,oq_ol5 Co(t’) is a partition of © 4(qo, &, o). Hence, [A] =

[A]. |

Example 2.4.3. Let Noo = (NU{00},+,-,0,1) be the complete semiring of natural numbers
and consider the M-monoid M (N ) built from N, as in Example 1.2.8. Clearly, M(N) is
compressible. Note that 1Dy} = mul; ; and, for each a,b € NU{oo} and n € N, we have
muly , + muly , = mul; 4,5 and muly , omul, , = mul,, ,.p.

Now consider for the ranked alphabet ¥ = {o®, a{®} and some arbitrary storage type S

the following (S, X, M(No))-wta A = (Q,Qq, T, wt). We let Q ={q,q’,q1,9>}, Qo = {q}, and
assume that

e T contains exactly four e-transitions with non-zero weight:

- 71 =q(TRUE) — q;(1D) and wt(7t;) = mul; ,,
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2.4 Elimination of e-Transitions

- T, =q(TRUE) — q5(1D) and wt(7,) = mul, 4,
- 73 =q,(TRUE) = ¢’(1D) and wt(73) = mul, 3,
- 74=q,(TRUE) = ¢’(1D) and wt(7,) = mul, 5, and

* T contains exactly one transition T = q¢’(p) — o(q;(f1),q2(f)) in T, with non-zero
weight.

All other transitions of T and values of wt are arbitrary.
Now we can calculate the (Q x Q)-matrix W* € 2(!) as in the above construction. We index
the entries row-first and in the order q,q’, q;, g, and obtain

0 0 mul; , mul; 4 0 mulj56 0 O
0 0 0 0 0O 0 00

1 _ 2 _
=10 mu, o 0 and - W=l 5 5 00
0 mul,s O 0 0O 0 00

where we abbreviate mul; ; by 0. As W" only contains 0 for each n > 3, we further obtain

mul;; mul; 56 muly, muly

wr=p+wlew2=| O W O 0
0 mull’g mull’l 0
0 mul; 5 0 mul, ;

Let A" = (Q,Qq, T',wt’) be the e-free (S, X, M(N, ))-wta which results from the application
of the previous construction. We obtain that T/ contains four transitions of non-zero weight,
namely

71 =q(p) = 0(q1(f2), 32(f2)), wt'(77) = (W*)g,q o wt(1) = muly 56 o wit(7),
75 =q'(p) = o (q1(f2), q2(f2)), wt'(13) = (W*)g o owt(t) = muly ; owt(7),
75 = q1(p) = 0(q1(f2), 42(f2)); wt'(13) = (W*)g, ¢ o wt(t) = muly 3 o wt(7),
7, =) = 0(@1(f2),¢2(f2)),  wt'(t) = (W")y, o owt(t) = muly 5 o wt(7).

Note that we do not need a sum for wt’ (Tg ) as 7 is the only transition in T,, with non-zero
weight and, thus, all other summands result in zero. O

Now we can instantiate the previous theorem to (1) the trivial storage type and (2) the
Boolean M-monoid and obtain the following corollary. Note that in contrast to [FHV18], we
always require that a storage type S contains TRUE and ID.

Corollary 2.4.4 ([FHV18, Corollary 6.3]).
1. IfK is compressible, then RT(TR1V, %,K) = RT, gee(TR1V, 2, K).
2. RTsimple(S: %) = RT; free(S, ).

Proof. Since each (TRIV, X, K)-wta is simple, Statement 1 follows from Theorem 2.4.2.
Moreover, since the Boolean M-monoid B is compressible, Statement 2 follows from Theorem
2.4.2 as well. [ |
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For an arbitrary compressible M-monoid, we can even go beyond the trivial storage type
and prove the following e-transition elimination result for finite storage types.

Corollary 2.4.5 ([FHV18, Corollary 6.4]). Let K be compressible and let S be is finite. Then
RT(S,X,K) = RTsimple(Sa 3,K) =RT, free(TRIV, 3, K).

Proof. We have RT(S, ,K) = RT(TRIV, X,K) = RT, s.(TRIV, 5, K) by Theorem 2.3.2
and Corollary 2.4.4(1), respectively. The inclusion RT, f.(TRIV, 3,K) C RT, (S, 2, K)
follows from Theorem 2.3.2 and the inclusions RT, gee(S, X,K) € RTgn(S, X, K) and
RTimple(S, X, K) € RT(S, Z,K) are obvious. [ |

Open questions Certainly, the answers this chapter provides are only a first (and small)
piece in the puzzle on which (S, X, K)-wta can be made ¢-free. Moreover, from our study
further questions arise. One obvious question concerns the definition of a compressible
M-monoid. Does it provide a non-trivial extension of complete semirings, i.e., are there
compressible M-monoids that, used as weight structure of an automaton, can not be simulated
by a complete semiring? Or can the restrictions of M-monoids be relaxed and still allow
e-removal?

Other open questions concern the storage type of (S, X, K)-wta. In [Gue83, Proposition
6] it was also shown that for each deterministic (P, 3.)-ta there exists an equivalent e-free
deterministic (P, X)-ta. Is it possible to extend this result to a weighted setting? And can it be
transfered to other storage types? And, finally, are the methods of [Zet13] conceivable in a
weighted setting?
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2.5 The Support of (S, X, K)-wta

In this section we investigate the supports of weighted tree automata with storage. It is
well known that for certain weight-structures K, the support of a (X, K)-recognizable string
language is not X-recognizable. However, Kirsten [Kir11] showed that K being a zero-sum
free commutative semiring induces recognizability of the support languages. Following his
approach, we prove a similar result for weighted tree automata with storage over complete
and commutative strong bimonoids'®. However, we modify Kirsten’s idea slightly which leads
to fewer states for the support automaton.

Thus, in this section we show the following results: We prove that the support of an
(S, 3, M(K))-recognizable weighted tree language is (S, X)-recognizable, given that K is a
complete and commutative strong bimonoid. Our constructed support automaton needs
fewer states than in the (generalized) construction of Kirsten, which leads especially in the
tree automaton case also to a smaller blow up of the resulting transitions. Moreover, the
construction of the support automaton is effective if Kirsten’s zero generation problem is
decidable for the respective weight structure.

Related work It is well known that the support of a recognizable K-weighted string language
is recognizable if K is a positive semiring, a finite semiring, or a locally finite semiring (cf.
[Sak09] for an overview). Moreover, Wang could prove that if K is a so-called quasi-positive
and commutative semiring, then the above statement holds as well [Wan98].

While positive and quasi-positive semirings are zero-divisor free, Kirsten provided a support
theorem for not necessarily zero-divisor free semirings: He proved that the support of a recog-
nizable K-weighted string language, where K is a commutative and zero-sum free semiring, is
recognizable [Kir09, Kir11]. This result has been extended to several automaton models and
weight structures, e.g., particular timed series over commutative and zero-sum free semirings
[Qua09], weighted unranked tree automata as well as weighted pushdown automata over
zero-sum free, commutative strong bimonoids [DH15], weighted ranked and unranked tree
automata over zero-sum free, commutative, zero-preserving tree valuation monoids [G617]
and weighted string automata with storage over zero-sum free, zero-preserving, commutative
unital valuation monoids [HDV19].

Note: This section is a revised and extended version of [FHV17, Section 4] and [FHV18,
Section 4]. Whereas the main result stays the same, we have slightly modified its underlying
construction by introducing a new cut operation and showing Lemma 2.5.7 which leads to a
smaller support automaton.

2.5.1 Zero Generation Problem and Computability

Here we recall some definitions from [Kir11] and introduce a new cut operation.

Zero generation problem Let (K,-,1) be a monoid. For every n € N and ag,...,q, €K,
we let {(aj,...,a,) denote the smallest submonoid of K containing aj,...,a,. For every a € K

19Recall from Section 1.2.4 that each complete strong bimonoid is also zero-sum free. Thus, from now on we do
not explicitly mention this property.
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and ACK,weleta-A={a-da’|a’ €A}.

The gero generation problem (ZGP) for a monoid (K, -, 1) with zero 0, defined by Kirsten
[Kirl1l], consists of two integers m,n € N, elements a,..., am,ai, e, al’l € K, and the
question whether 0 € ay -...-a, - {aj,...,a).

We note that by using a, -...-a,, (instead of a single element a € K) as part of the definition,
in the following we do not need to require that the operation - is computable.

Example 2.5.1. Let K be an idempotent and commutative monoid. Clearly, K has a decidable
ZGB because in this case the set a; -...- a,, - {a],...,a,) is finite. O
Example 2.5.2. Let (N[q g}, MaX, ‘modg; 0, 1) be a strong bimonoid where Njg g1 = {i € N | i < 8},
max is extended to maximum over countable index sets in the obvious way, and -;,,q9 is the
multiplication of natural numbers modulo 9; thus, e.g., 3+ 0404 = 12 (mod 9) = 3. Obviously,
Npo,g] is complete, zero-sum free, and commutative, but not zero-divisor free. We note that
(N[0,8]> 'modo> 1) has a decidable ZGR O

Minimal elements To define minimal elements of a set of tuples over N, we extend the par-
tial order < from N to N". For this, let n € Nand let 2 = (21,...,2,) €N, ¥ = (¥1,...,¥Yn) €
N". Then
2y if gz <y forallie[n].
Now let M € N" and z € M. We say that Z is minimal in M if y < z implies ¥ = Z for each
y € M. We let Min(M) denote the set of all minimal elements in M. It is well known by
Dickson’s lemma [Dic13] that Min(M) is finite.

Lemma 2.5.3 ([Dic13],[Kir11, Lm. 2.1]). For every n € N and M C N", the set Min(M) is
finite.
Cut operations Let n € N. Given a tuple z from N", we want to restrict its components by
appropriate numbers. Whereas Kirsten used the same number as a bound for all components
of z, we additionally introduce a component-depending restriction by using a tuple of bounds.

Let 2 = (21,...,2,) € N" and k € N. We define the cut of Z by k, denoted by |Z]; € N", to
be the tuple

|2 ]x = (min(zq, k), ..., min(z,, k)),

i.e., each component of Z is “cut down” to k.

Moreover, let k € N". We let the cut of Z by k, denoted by |2z € N", be the tuple defined by

(12]z); = min(z;, k;)
for each i € [n].

Homomorphism [.] Let (K,-,1) be a commutative monoid with a zero 0, let n € N, and
leta =(ay,...,a,) € K". The mapping [.];: N* — K is defined by

Zla=a] ... -a

for each 2 = (2q,...,2,) € N". Since K is commutative, [.]; is a homomorphism from
(Nn, +5 (O) MR 0)) to (KJ .7 1)'

In the following we are interested in the set [0]-" of elements z € N satisfying [2]; = 0.
We note that (0,...,0) & [0]." as a-...-a? = 1. Moreover, if Z € [0] ", then for each y € N"
with Z < y we also have y € [0];.
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Degree Now we want to provide two bounds allowing to define finite supersets of Min([0] a_l ).
Since, by Lemma 2.5.3, Min([[O]]gl) is finite, there is a smallest number m € N such that
Min( [[0]]31) c {0,...,m}". Kirsten calls this m the degree of a, denoted by dg(a). Clearly, the
degree only regards the highest component in Min([[O]]gl). We can define a more precise

bound as follows. We let d_g(d) € N" denote the least tuple such that
Min([0]3") €0, ..., (dg(@)} x ... x {0, ..., (dg(@)),}.

Obviously, {0, ..., (dg(a));} x ... x {0,...,(dg(a)),} € {0, ..., dg(a)}".
We state the following obvious connection between the concepts defined above, changing
the second point in [FHV18, Observation 4.1.] from dg(a) = 0 to dg(a) = 0.

Observation 2.5.4 (cf. [FHV18, Observation 4.1.]). Let a = (ay,...,a,) be an element of
K™ with a # (0,...,0). Then the following three statements are equivalent:

1. [o];' =0.
2. dg(a)=0.
3. The submonoid ({ay,...,a,),-, 1) is zero-divisor free.

Moreover, we recall from [Kir11] the following statements that are crucial in the proof of
our main theorem. The first lemma is extended by the third statement.

Lemma 2.5.5 (cf. [Kirl1, Lemma 4.1]). For each n € N, a € K", and z € N", the following
statements are equivalent:

1. ], =0.
2. [12lag@la =0
3. [[LéJE(a)ﬂd =0.

Proof. 1. < 2. was proved in [Kirll, Lemma 4.1]. Moreover, 3. = 1. is clear since z >
Lé]d—g(a). It remains to show that 1. = 3.

Let Z = (21,...,%,) € [0];'. Then there is a 2’ = (z,...,z/) € Min([0];") such that z’ < z.
We show that 2’ < L‘%Jd_g(&) and, hence, Lé]d—g(a) IS [[O]]a_l.

Leti € [n]. If ; < (dg(a));, then (|2 Ig@): = #i and, thus, 2/ < (1Z]g5))i- 12 > (dg(a));,
then (|2 z;,)): = (dg(a)); and, by definition of dg, z! < (L2 Jg5a))i- Hence, 3’ < |2 l554) and,
therefore, |2 |3 ;) € [o].*. ]

Lemma 2.5.6 ([Kirll, Lemma 4.2]). Let (K,-,1) be a commutative monoid with a zero 0,
neN, and a € K". If the ZGP for K is decidable, then dg(a) is effectively computable.

_ Now we will show that Lemma 2.5.6 can be strengthened, i.e., we can effectively compute
dg(a) if the ZGP for K is decidable.
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Lemma 2.5.7. Let (K,-,1) be a commutative monoid with a zero 0, n €N, and a € K". If the
ZGP for K is decidable, then dg(a) is effectively computable.

Proof. To compute d_g(c'z), we first explicitly generate Min( [[Oﬂa_l). As Min( [[O]]gl) is finite, we
can afterwards return for each component i € [n] its maximal number.

Let Z ={0,...,dg(a)}. By Lemma 2.5.6, dg(a) is effectively computable. Now let M be
the set consisting of those elements z € Z" such that

1. [2]z =0 and
2. there isno y € Z" with [y]; =0 and y < 2.

As Z" is finite and as, by the decidability of the ZGB [z]; = O is decidable for each z € Z",
the set M is effectively computable. Moreover, it should be clear by definition that M =

Min([0];1).
Now an algorithm can iterate through all tuples z,...,%)y in M and compute for each
i € [n] the maximal number ¢; = max{(z;);,...,(2y);}. Clearly, (cy,...,c,) = d_g(d). [ |

2.5.2 Recognizability of Support Tree Languages

Now we can prove the main theorem of this section. We follow the proof and the construction
of the corresponding results [Kir11, Theorem 3.1] for weighted automata over semirings and
[G617, Theorem 4.6] for weighted tree automata over tv-monoids. However, we will here use
dg instead of dg as threshold for the weight counting. Also we will provide the correctness
proof of the construction.

Theorem 2.5.8 ([FHV18, Theorem 4.4.]). Let K be a complete and commutative strong
bimonoid.

1. For every (S, %, M(K))-wta A, there is an (S, X)-ta A’ such that L(A") = supp([.A]).

2. If (K,-,1) has a decidable ZGB then there is an effective construction of an (S, 3)-ta which
recognizes supp([.A]) from any given (S, ~, M(K))-wta A.

3. Assume that | X > 2. If there is an effective construction of an (TR1V, X)-ta which rec-
ognizes supp([A]) from any given (TRr1v, X, M(K))-wta A, then (K,-,1) has a decidable
ZGP

Proof. First we prove 1. and 2. Let A =(Q, qq, T, wt) be an (S, 2, M(K))-wta. Each transition
of A is mapped by wt to an operation muly , for some k € N and a € K, multiplying a to the
product of its argument values. Thus, the weight of each computation tree is the product of
the values a € K occurring in its transition weights. As K is commutative, the positions of
those values do not matter — it suffices to count how often each value occurs, i.e., the weight
of a computation results from the product

1, .aqY
a’lc..ooarn
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for some n € N, values a;,...,a, € K, and counts y;,...,¥, € N. Moreover, since K is

zero-sum free, a tree is in the support of [A] if and only if it has one computation with

non-zero weight. Thus, to recognize the support of .4, one has to count the values occurring

in a computation and check whether the resulting product equals 0. As Lemma 2.5.5 allows

to stop counting at a certain threshold, this yields finite information that can be encoded in

the states of the support automaton. This is the quintessence of the following construction.
Formally, we let

W ={a €K |wt(t) = mul; , for some k €N, 7 € T}

be the set comprising all elements of K occurring in transition weights of A. Let n = |W|
and a = (as,...,a,) € K" be an enumeration of W such that a; # a; for each i, j € [n] with
i # j. Then for each computation tree t there is some y € N" such that the weight of t can
be written in the form [¥];.

Moreover, we need an operation to add transition weights occurring in a computation to
the previous count (up to the threshold dg(a)). For this, let

W =1{0,...,(dg(@));} x ... x {0,...,(dg(a)),}.

We define the mapping &: W x W — W by letting for each z = (21, ...,2,) €W and i € [n]
z2@a; =(21,..-,%-1,% + 1,2i41,- ..,zn)Jd—g(a)
and the mapping ®: W x W — W by letting
262 =(z+2,...,%, +Zr/1)Jd_g((1)

for each z = (24,...,2,), 2’ = (2,...,2)) eEW.

Now we define an (S, ¥)-ta A" simulating the computations of A while counting the
occurring weights in its states. For this, A’ guesses in its initial states a count that does
not yield zero on a and checks during a computation t whether this count is valid (i.e., it
results from the transitions occurring in t). We let A’ = (Q/,Q},, T’) where Q' = Q x W,

Q) ={(q0,2) |2 € W, [2]; # 0}, and T’ is defined as follows:

* Let T =q(p) — a be a transition in T and wt(t) = muly ,, for some i € [n]. Then the
transition (q,2)(p) — a where z =(0,...,0)®q; isin T’.

* Let 7 = q(p) — o(qi(f1),---,qk(fi)) be a transition in T and wt(7) = muly,, for
some i € [n]. Moreover, let Z;,...,2, € W. Then the transition T = (q,z)(p) —
o((q1,2)(f1), - +» (@ Z1)(fi)) where 2 = (2, & ... @ ;) @ a; is in T,

* Let T = q(p) — ¢'(f) be a transition in T and wt(t) = mul, , for some i € [n].

Moreover, let 2 € W. Then the transition (g,2)(p) — (¢’,Z")(f) where Z = 2’ @ q; is in
T'.
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We note that, if the ZGP is decidable for K, then by Lemma 2.5.7 we can compute dg(a)
effectively and, moreover, we can decide whether (g, 2) is an initial state. Hence, if the ZGP
is decidable for K, then our construction of A’ is effective.

Now we want to show that £(A") = supp([A]).

* ok k

For the inclusion supp([.A]) € £(A") we show the following property by strong induction
on [.

Property (A). Foreachl e N,, £ €Ty, q€Q, c€C, and t €© 4(q,&,c): if [t| =, then there
are y eN"and t’' € © 4((q, Lde—g(a)), &,c) such that |t'| =l and [y]z = wt(t).

First, let | = 1. Then & = a for some a € X and t € ©(q, £, ¢) has to be of the form
T = (q(p) — a) for some 7 € T with p(c) = 1. Moreover, wt(t) = mul, ,, for some i € [n]
and, thus, wt(t) = a;. Now let y = (y1,...,¥,) € N" such that y; = 1 and y; = O for each
j € [n]\ {i}. Obviously, [¥]; = wt(t) = wt(t). Moreover, by construction, the transition
7' =g, 1 Igga))(P) = @) isin T. Since p(c) =1, 7" € © 4 ((q, ¥ Igz(5))- €, ©)-

Now let [ > 1 and assume that Property (A) holds for all I’ € N, with I’ < [. We consider
the following case distinction on t:

Case 1: Let t be of the form 7(t;) forsome 7 = (q(p) — q:(f)) € T, and t; € © 4(q;, &, f (c)).
Then p(c) =1 and f(c) is defined. Moreover, | = [t;|+ 1, wt(T) = mull,a]_ for some j € [n],
and wt(t) = wt(t;) - a;. By induction hypothesis there exist y; = (¥11,...,¥1,) in N"
and t; € @A/((ql,[yljd—g(a)), g,f(c)) such that |t]| = |t;] and [y,]; = wt(t;). Then let
y=011-->Y1,j-1>Y1,; + LY1,j4+15--+>Y1,0)- Obviously, [y]; = wt(t). Moreover, by con-
struction, there is a transition 7" = ((q, Lde—g(&))(p) - (q4, D_’le_g(a))(f)) inT’. Since p(c) =1
and f (c) is defined, t’ = 7’(t]) is an element in © 4((q, Lde—g(a)), E,c)with [t'| = 1.

Case 2: Let t be of the form 7(t1,..., t;) forsome k > 1, 7 = (q(p) = o(q1(f1),--->q(fx)) €
T, and t; € © 4(q;,&;, fi(c)) for each i € [k]. Then p(c) = 1 and f;(c) is defined for each
ielk],E=0(&q,...,E) forsome &4,...,& € Ty, and | = [t1| + ...+ [t;| + 1. Moreover,
wt(t) = mulk’aj for some j € [n] and wt(t) =wt(ty)-...-wt(t;)-a;. Foreachi € [k], by the in-
duction hypothesis, there exist ¥; = (y;1,...,¥;,) in N" and t! € © 4 ((q;, L-)_/in_g(a))’ & fi(e)
such that |t!| = |t;| and [y;]z = wt(t;). Then let

y= (Z Yidsewes Z yi,j—l:(z Yij)+1, Z VijHloe-es Z Yin)-
ie[k] i€[k]

i€[k] i€[k] i€[k]

It is not hard to see that [¥]; = wt(t). Furthermore, by construction there exists a transition
v = (@17 Jz0) (@) = (@1, 171 @) o> (@ i b)) i) in T, Since p(e) = 1
and f;(c) is defined for each i € [k], t" = 7'(t],...,t;) € © 4 ((q, [5/]5@), &,c) with |t/| = 1.

Now let & € supp([.A]). Then there is a computation tree t € © 4(qo, &, ¢o) with wt(t) # 0.
By Property (A) there are ¥y € N" and ¢’ € © 4((qo, L lag(a))» €, o) such that [y]z = we(t).
By Lemma 2.5.5, since [¥]; # 0, also [ ¥ ]aga)la 7 O - Thus, (qo, ¥ Jag@)) € Qp and £ is in
L(A).
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Secondly, we prove that £(A") C supp([.A]). For this, we can show the following property
by strong induction on [.

Property (B). Foreachl e N,, £ € Ts;, q € Q, Z € W,ceC andt' € © 4((q,2),&,¢):
if |t'| =L, then there are y € N" and t € © 4(q, &, ¢) such that |t| = I, [¥]; = wt(t) and
2= gy

Since the proof is very similar to that of Property (A), we omit it here.

Now let £ € £L(A”). Then there is a computation tree t’ € © 4((qo,%), &, ¢) for some z € W
with [z]; # 0. By Property (B) there are y € N" and t € © 4(qq, &, cg) such that [¥]; = wt(t)
and Z = | ¥ ;) By Lemma 2.5.5, since [2]a # O also [¥]z # O. Thus, since K is zero-sum
free, & is in supp([.A]).

For the proof of 3., we note the following. As we require that | S| > 2, the weighted
finite automaton constructed in the corresponding part of the proof of [Kirl1, Thm. 3.1.] can
be simulated by an (TRrR1V, X, M(K))-ta, hence that proof can be adapted to our setting. M

Remark 2.5.9. We note that the construction in the proof of Theorem 2.5.8(1) becomes very
simple if K is zero-divisor free. Then, by Observation 2.5.4, dg(a) = 0 for every @, and hence
Q' is essentially Q (and the same holds for Q;, and q;). Thus, the transitions of A" are obtained
from those of A simply by dropping the weights. <

In the following we illustrate the construction of Theorem 2.5.8. Our example is inspired
by [FHV18, Example 4.5.] but slightly modified such that the construction is demonstrated
for the (non-monadic) tree case.

Example 2.5.10. Let (N[q g}, MaX, 'modg; 0, 1) be the strong bimonoid from Example 2.5.2. More-
over, let X be the ranked alphabet X = {c®), a(®, (0} and consider the (TR1V, %, M(Npog1))-
wta A = ({q},q, T,wt) with T consisting of the three transitions

T1=q9—= O-(q) q)’ Wt(Tl) == mu12,2
T2=q—a, wt(T,) = mulg,
T3=q =, wt(T3) =mulys .

Clearly, the product of all values occurring in a computation of A only results in a multiple
of 9 (and, thus, yields 0 in Nio,87) if the value 3 occurs at least two times. Hence, A assigns a
tree £ € Ty, a non-zero weight if and only if £ contains at most one occurrence of 3. Thus,

supp([A]) ={€ €Tz [ Elp <1}

Using the notations in the proof of Theorem 2.5.8, we have W = {2, 3} and we leta = (2, 3).
Then the set [[0]}51 contains, e.g., the elements (0,2), (1,2), and (1, 3). Moreover,

min([0];") = {(0,2)}
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and, thus, dg(a) = (0,2). Hence W = {(0,0), (0, 1), (0, 2)}.

Now we apply the construction of Theorem 2.5.8. We obtain the (TR1V,X)-ta A" =
(Q',Qq, Ty U T{ U T,) where Q" = {q} x w, Qy =1{(q,(0,0)),(q,(0,1))}, and T, T{, and T,
contain the following transitions:

Ty =1(g,(0,0)) > a,
(¢,(0,0)) = o((q,(0,0)),(q,(0,0)))}

Ty ={(g,(0,1)) = B,
(¢,(0,1)) = o((q,(0,1)),(q,(0,0))),
(¢,(0,1)) = o((q,(0,0)),(q,(0,1)))}

T, ={(g,(0,2)) = 0((q,(0,a)),(q,(0,b))) | a,b €{0,1,2},a + b > 2}.

Clearly, the constructed automaton counts in its computations occurrences of § up to the
threshold 2, but allows in its initial states only counts up to 1. Hence, £(A’) =supp([A]). O

We note that in Example 2.5.10, using the initial construction of Kirsten, also the occurrences
of the value 2 in a computation had have been counted up to the threshold 2 since dg((2, 3)) =
2. This would have led to a bigger set of states and transitions. The quantitative difference is
exemplified in the following.

Example 2.5.11. To show a monoid leading to potentially high degrees, Kirsten considered in
[Kirl1, Example 4.1.] the following structure. We let (M, x,0) be a commutative monoid with
zero 1 where M = {q € Q| 0 < ¢ < 1} and for each q;,q, € M we let q; *qy = min(q; + o, 1).

Now let K be some complete and commutative strong bimonoid (M, o, x,1,0). Consider
some (S, %, M(K))-wta A = (Q,Qq, T,wt) with |Q| =1 and wt(T) C {mula,%, mulb’% |a,be
rk(2)}. Now, remaining with the notation in the proof of Theorem 2.5.8, we have W = {%, 11—0}
and we let a = (%, %0). Clearly,

Min([1]™1) = {(2,0), (0, 10)}.

Thus, we obtain dg(a) = 10 and d_g(&) =(2,10).
Now let A" = (Q',Qq, T’) be an (S, X)-ta with L(A") = supp([.A]). We obtain the following
situation:

o If A’ results from the construction given in the proof of Theorem 2.5.8, then we choose
Q' =Qx({0,...,2} x {0,...,10}), which leads to |Q’| = 33 states.

* In contrast, the construction of Kirsten (generalized to (S, 3, K)-wta, cf. [FHV17, proof
of Theorem 4.4.]) uses as states the set Q" = Q x {0,...,10}? and therefore yields
|Q’| = 121 states.

Obviously, this difference is handed on to the set of transitions and, as transitions for symbols
of a big rank allow many combinations of counts, this even increases the number of transitions
faster. O
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2.5.3 Emptiness of Support Tree Languages

The recognizability of the support tree language of an (S, X, K)-wta (for certain K) presents a
nice application: If the emptiness problem for (S, X;)-ta is decidable, we can decide whether
the support of an (S, X, K)-wta is empty.

Obviously, decidability of the emptiness problem is not given for arbitrary storage types. To
see this, consider (P x P, X)-ta using the cross product of the pushdown storage type (which
results in two independent pushdown stores). It is well known that those automata can
simulate each Turing machine (cf., e.g., [HMUO1, Theorem 8.13]) and, thus, their emptiness
problem is undecidable.

However, there are certain storage types (beyond the trivial storage type) which imply a
decidable emptiness problem. As it was shown in [Dam82, Thm. 7.8], the emptiness problem
of iterated pushdown tree automata is decidable. Combining this fact with Theorem 2.5.8(1),
we obtain the following result:

Corollary 2.5.12 ([FHV18, Corollary 4.6]). Let K be a complete and commutative strong
bimonoid with a decidable ZGP Moreover; let s: Ty, — M(K) be (P", %, M(K))-recognizable for
some n € N. Then it is decidable whether supp(s) = 0.

Moreover, combining Theorem 2.5.8(1) and Theorem 2.3.2 we obtain the following result
for finite storage types.

Corollary 2.5.13 ([FHV18, Corollary 4.7]). Let S be finite and K be a complete and commu-
tative strong bimonoid such that the ZGP of (K, -, 1) is decidable. For every (S, %, M(K))-wta A,
a X-wta can effectively be constructed which generates supp([.A]).
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2.6 Closure Properties

Here we consider some closure properties of the weighted tree languages recognized by
weighted tree automata with storage. Some of them we will need in the further of this work,
others are discussed as they are interesting in their own right.

Obviously, the weights coming from operations of an M-monoid depend on the structure
of an input tree (as each operation w has the same rank as the symbol at the position w is
used at). Hence, using an M-monoid K as weight structure, it is out of question to consider
the closure under operations that change the shape of an input tree without restricting K
drastically. Hence, we limit ourselves to the closure under sum, intersection with unweighted
tree languages, relabelings, and inverse relabelings. In the end of this section we will mention
some more closure properties that can be obtained in the semiring case.

In this section we let (K, +, 0, £2) again be a complete M-monoid. The following lemmas
are easy generalizations of our results in [HDV19].

Lemma 2.6.1 (cf. [HDV19, Lemma 13] and [FV19b, Lemma 6.5]). Let r;,r, € RT(S, X, K).
Then r{ + 1y is in RT(S, X,K) as well.

In the next lemma the usual product construction is adapted to our automaton model. As
we will need insights of this construction in a later part of this work, we show the proof here.

Lemma 2.6.2 (cf. [HDV19, Lemma 14]). Let r € RT(S, X,K) and let L be a X-recognizable
tree language. Then r N L is (S, X, K)-recognizable.

Proof. Let A=(Q,qp, T,wt) be an (S, >,K)-wta and let B=(Qpg, F,5) be a X-ta. By Lemma
1.4.4 we can assume that B is total deterministic. Now we let A" = (Q’,Qg, T’,wt’) be the
product of A and B, i.e., we set Q' = Q x Qi and Qg ={qo} x F. Moreover,

e if T =q(p) = o(q:(f1),-.-,9,(f,)) isin T and 6,(z4,...,2,) = z for some states
215..45%29,2 € QB: then T/ = (q;z)(p) d O'((Q1;Z1)(f1), .o -:(qnazn)(fn)) isin T/: and

o if T =q1(p) = ¢o(f) isin T, then for each z € Q5 we let v/ = (q1,2)(p) — (q2,2)(f)
be in T/,

where in both cases wt’(t") = wt(t). Note that, since 1 is total deterministic, for each & € Ty,
there exists exactly one k € Runy(&) and, thus, no computation of A gets multiplied. It is
easy to see that [A'] = [A] N £(B). ]

The last two lemmas of this section are easy generalizations of [HDV19, Lemma 16] to the
tree case and show the closure under relabeling and inverse relabeling. We note that also
for a complete M-monoid K we can extend a relabeling h: Tx(X) — TA(X) to the weighted
setting as explained in Section 1.4.4.

Lemma 2.6.3 (cf. [HDV19, Lemma 16 (1.)]). Let s € RT(S, X,K) and let h: K{Tx(X)) —
K{TA(X)) be a relabeling. Then h(s) is (S, A, K)-recognizable.
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Proof. Let A=(Q,qp, T,wt) be an (S, =, K)-wta with [.A] =s. We construct the (S, A,K)-wta
A" =(Q,Qq, T, wt’) as follows. As h might be non-injective, we encode its preimage into
the states of A’ in order to guarantee a unique weight assignment. We let Q' = Q x X and
Qy =1{(q0,0) | o € Z}. Moreover,

* for each transition T = q(p) — o(q:(f1),.--,9,(f,)) in T, if h(c) = 6(xq,...,x,)
for some 6 € A", then for each i € [n], o; € X, the transition v/ = (q,0)(p) —

5(((11; 01)(f1 ), RS (an Un)(fn)) is in T/ and Wt/(T/) = Wt(T);

e for each transition T = q(p) — q'(f) in T and each o € X the transition T/ =
(g,0)(p) = (¢',0)(f) is in T" and wt'(7") = wt(7).

Now let € T,. By the construction, for each £ € h™1({) and each 6 € © (&) there exists a
unique computation 6’ € © 4, () which encodes 6. Vice versa, for each 6’ € © 4({) there are
unique & € h™1({) and 6 € © 4(&) such that 6’ encodes 6. Hence, for each { € T,, there is a
one-to-one correspondence between © 4({) and U ren-1(0)© 4(&). Finally, wt'(6") = wt(0)
for all 67 and 0 in this correspondence. Thus, we obtain

[AT= > wl(0)= > > wi(0)=h([ADEQ) .

6/€0 4/(0) Eeh™1() 0€0 4(8)
Thus, [A'] = h([A]. ]

Lemma 2.6.4 (cf. [HDV19, Lemma 16 (2.)]). Let s € RT(S, X,K), and let h: K{T,(X)) —
K(Tx(X)) be a relabeling. Then h™*(s) is (S, A, K)-recognizable.

Proof. Let A=(Q,qq, T,wt) be an (S, X, K)-wta with [ A] =s. We construct the (S, A, K)-wta
A'=(Q,qq, T',wt") as follows. We let

e for each transition T = q(p) — 0(q:(f1),.--,9,(f,)) in T and for each 6 € A with
h(6) = o(xy,...,x,) the transition v/ = q(p) — 6(q1(f1),...,q,(f,)) is in T’ and
wt'(7') =wt(7), and

e each transition T = q(p) — ¢’(f) in T is also in T” and wt'(7) = wt(7).

It is easy to see that, for each { € T,, there exists a bijection ¢ : © 4({) = © 4(h({)) and
that wt'(6”) = wt(p(6”)) for each 6’ € © 4,({). Thus, we easily obtain

[ATQ)= D>, wl()= > wi(0)=[Al(rQ)) .

6'€0 4/(0) 0€0 4(h(0)

Thus, [A’] = h~1([A]). |

Further closure properties As already mentioned in the beginning of this section, more
closure properties for the class RT(S, X, K) can be obtained by assuming that K is a (complete
and commutative) semiring. Hereby, it was shown in [FV19b], that the closure under scalar
multiplication and, by slightly restricting S, the closure under tree concatenation and Kleene
star holds.

Furthermore, we will see in Chapter 4, that the class of weighted tree languages that can
be recognized by linear weighted tree automata with storage over complete and commutative
semirings are closed under inverse application of linear tree homomorphisms.

95



Chapter 2 Weighted Tree Automata with Storage

2.7 Chapter Conclusion

In this chapter, we considered weighted tree automata with storage over complete M-monoids.
For this, in Section 2.1 we first explained the concept of a storage type and storage behavior.
In Section 2.2, we defined the syntax as well as the semantics of (S, >, K)-wta. Afterwards, we
compared our automaton model with existing formalisms by showing different instantiations
of an (S, X7, K)-wta. Among others, we proved in Theorem 2.2.6 that (P, X, B)-wta are equally
expressive as usual pushdown tree automata.

Moreover, this chapter summarizes a first theoretically investigation of (S, 3, K)-wta and
presents the following results:

96

¢ In Section 2.3 we proved that (S, >, K)-wta and (TR1v, X, K)-wta are equally expressive

in the case of a finite storage type S. This is due to the fact that each finite storage type
can be encoded in the states of a weighted tree automaton.

In Section 2.4 we investigated the removal of e-transitions from (S, >, K)-wta. We
proved in Theorem 2.4.2 that each (S, X, K)-wta A can be made e-free if (i) A is simple
which means that each e-transition is of the form q(TRUE) — ¢’(1D) and (ii) K is
compressible, i.e., we can assume that certain compositions of operations in K are again
operations in K.

Moreover, in Section 2.5 we examined the support tree languages of (S, X, K)-wta
regarding their recognizability: If K is a complete and commutative strong bimonoid,
then the supports of (S, X, K)-wta are (X, K)-recognizable.

Finally, in Section 2.6 we showed some closure properties of (S, 3, K)-recognizable
weighted tree languages.



Chapter 3

Characterizations of (S, >, K)-Recognizable
Weighted Tree Languages

When a new class of formal languages is introduced, it is usual to seek and investigate
different formalisms to describe this class. For example, it has been ascertained over the
last decades that the recognizable tree languages, RT(X), can be described by grammars
[Bra69], automata [TW68, Don70], regular expressions [TW68], MSO logic [TW68, Don70]
and many more. Each of those formalisms characterizes the class RT(X). This investigation
offers several advantages: For one thing, the fact that a language class can be described by
several different formalisms indicates its robustness. Moreover, the investigation of distinct
points of view offers the possibility to learn something about the structure and peculiarities
of a language class. Finally, for different application areas different formalisms are useful
(i.e., while automata are beneficial for implementation, logic is used for specification).

In this chapter, we want to present two characterizations for the class RT(S, >,K) of
weighted tree languages recognizable by (S, X, K)-wta:

The first characterization decomposes (S, 3, K)-recognizable weighted tree languages into
simpler formalisms. For this, we proceed in two steps: we separate the storage and we separate
the weights from our automaton model, respectively. By combining these decompositions,
we obtain that each (S, X, K)-recognizable weighted tree language can be represented by
three elementary concepts: a tree transformation, an alphabetic monomial mapping, and a
recognizable tree language.

Our second characterization is by means of logic and, in particular, an application of the
first characterization. We define a weighted MSO logic with storage behavior that is based
on (i) a tree transformation encoding storage behaviors and (ii) M-expressions [FSV12]. We
obtain that this logic possesses the same expressiveness as (S, X, K)-wta.

This chapter In Section 3.1 we will present the concept of storage behavior on a tree which
we will need in the course of the chapter. Section 3.2 shows how to decompose (S, X, K)-
recognizable weighted tree languages into simpler formalisms. For this, we first separate the
storage in Section 3.2.1 and, afterwards, separate the weights in Section 3.2.2. Moreover,
in Section 3.3 we combine both separation results. Finally, Section 3.3 presents a logical
characterization of RT(S, 3, K). Moreover, we compare our logic with the MSO-expressions
from [HDV19].

Note: This chapter is a revised version of [FHV18, Section 5 and 7].
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3.1 Storage Behavior on a Tree

For the characterizations of (S, X, K)-recognizable weighted tree languages we develop in
the course of this chapter, we want to consider storage behaviors that “fit” to a given tree.
For this, we define the concept of a behavior on a tree £ € Ts..

Intuitively, a behavior on £ is a tree that is obtained from £ by adding to the label of each
position w a pair (p, f; ... fi) of predicate p and instructions f,..., f; (Where k is the number
of w’s successors), and inserting an arbitrarily long, but finite sequence of unary symbols of
the form ((p, f), *) above each position of &. Figure 3.1 gives a first rough impression of this
concept. Thus, a behavior on & can be seen as a trace of a computation tree of an (S, X, K)-wta
for & in which the occurrences of states are dropped and where the unary symbols ((p, f), *)
represent applications of e-transitions.

Convention. Note that for technical reasons we require that each ranked alphabet we consider
in this chapter is non-trivial, i.e., it contains at least one nullary symbol.

Y-extension of A Formally, let X be a ranked alphabet, let P’ C P be finite and non-empty,
and let F’ C F be finite. Moreover, let A be the ranked alphabet corresponding to X, P/, and
F’ as defined in Section 2.1. Furthermore, let % be a symbol of rank 1 such that * ¢ X. We
define the X-extension of A, denoted by (A, %), to be the ranked alphabet where

(ALEY D =AW (=W yu{x}) and (A D)0 =AW x 50

for each k € N with k # 1. Obviously, maxrk((A, X)) = maxrk(A) = max{maxrk(X), 1}.
For the sake of readability we use angle brackets for the elements in (A, %), e.g., we write

(B, f), ).

A-behaviors on a tree Now we want to enrich trees by fitting storage behaviors. For this,
let h: T(p 5;) — Tx; be a tree homomorphism such that

h({(p, f),*)) = x;
for each (p, f) € A and

h(((p’fl . "fk): O-)) = O-(xl’ . ">Xk)

foreach k €N, o € 0 and (p, f; ... fi) € AW.
Then we define the tree transformation By : Ts; = P(T(, 5y) for each & € Ty; by

BAE) ={C € Tip 5 | C €h7(&) and ({); € B(A)}

where (.); denotes the unique tree homomorphism T, 5; — Ty that extends the first projection
A x 3 — A. We call the set B, (&) the set of A-behaviors on &.

Let © = (A, ) \(AM x {«}). Itis clear that, for each & € Ty, and { € B, (&), there is a unique
bijection 6 : pos(&) — posg({) which preserves the lexicographic order, i.e., if v; <joy Vo, then
0(v1) <iex 0(vy) for every v;, v, € pos(&). We denote this bijection by 0 ..

Example 3.1.1. Recall the ranked alphabet A as well as the (A, y,)-behavior b from Example
2.1.4 for P’ = {rop, ,TOP,} and F' = {PUSH,,POP}. Moreover, consider the alphabet
= ={c®,6W a} and the tree £ = o(6(a),a) in Ts.. By combining & and b, we obtain
the tree { € BA(&), as depicted in Figure 3.1. |
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3.1 Storage Behavior on a Tree

((top, ,PUSH,),*)

((rop,,PUSH,PUSH,), T)

Y0’

— ~
. ((TOPy,POP),*) ((Topy,PUSHY),*)
| |
R o ((trop,,P0P), 8) ((top,,POP),%)
| |
((top,,, &), a) ((trop,,POP),*)

((tor,,e), a)

Figure 3.1: A tree & € Ty; on the left side and an element ¢ of B, (&) on
the right side for the ranked alphabet A from Example 3.1.1. The gray
dashed lines depict the bijection 0 ;.
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Chapter 3 Characterizations of (S, X, K)-Recognizable Weighted Tree Languages

3.2 Characterization by Decomposition

In this section we will decompose the weighted tree language generated by an (S, >, K)-wta
in two different ways:

In a first step, we will separate the storage part from an (S, >, K)-wta. This decomposition
is inspired by a theorem of Engelfriet and Vogler [EV86, Theorem 3.26.] stating that each
CFT(S)-transducer can be split up into a formalism that generates approximations of the
storage protocol and a macro tree transducer, i.e.,

CFT(S) = AP(S); CFT(TR) .

Intuitively, a so-called approximator in the class AP(S) produces storage behaviors of S that
are given as input to a macro tree transducer in CFT(TR) and translated into trees over
the target alphabet. We take up this idea and transfer it to (S, X, K)-wta. However, as we
consider in this work automata (i.e., acceptors) instead of transducers, we will encode storage
behaviors into the terminal trees by using the tree transformation B, from the last section.
Then we can show that for each (S, X, K)-wta A there is an e-free (TR1V, (A, X),K)-wta A’
such that
[A] = Ba;[AT]

where A is constructed from the predicates and instructions used by A, and vice versa.
This result shows a nice connection between weighted tree automata with storage and
weighted tree automata without storage: We will see in the next section how we can use this
decomposition to apply results from the non-storage case in our setting.

In a second step, we separate the weights from an (S, 3, K)-wta. The idea of this decompo-
sition goes back to Droste and Vogler and was used as part of their adoption of the Chomsky-
Schiitzenberger theorem of context-free languages to the weighted setting [DV13, DV14].
There they use instead of the usual homomorphism a so-called alphabetic morphism that maps
each word w to a monomial. Thus, w is not only mapped to a word w’ from another alphabet
but, at the same time, additionally a weight is assigned to it. As we here use M-monoids
as weight structure (instead of unital valuation monoids), we have to adjust the alphabetic
morphism and present the concept of an alphabetic monomial mapping of type T, — K[Tx].
Then, intuitively, we can break down each (S, X, K)-wta A into an unweighted (S, A)-ta A’
accepting the computation trees of A and an alphabetic monomial mapping h assigning the
weights to those trees, i.e.,

[A] = h(£(A)) .

By combining those two steps, we can characterize the elements of RT(S, >, K) by three
elementary concepts: a tree transformation, an alphabetic monomial mapping, and a recog-
nizable tree language.

Related work The decomposition by storage separation is based on [EV86, Theorem 3.26.]
and forms an alternative to the storage separation of weighted string automata with stor-
age in [HV15, HDV19]. We note that this decomposition provides the basis for another
characterization of a particular subclass of RT(S, 3,K): a Kleene-Goldstine characterization
[FV19a].
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3.2 Characterization by Decomposition

The separation of weights goes back to [DV13, DV14] and was extended in [HV15] to
weighted string languages recognizable by weighted automata with storage. It was also used
in [Den15] for a characterization of weighted multiple context-free languages.

We note that this characterization by decomposition is an alternative to the well-known
Chomsky-Schiitzenberger characterization for context-free languages that has been extended
to many language classes: among others, to string languages recognizable by automata
with storage [DL91], to weighted context-free languages [DV13, DV14], to weighted multi-
ple context-free languages [Den15], and to weighted languages recognizable by weighted
automata with storage [HV15].

Convention. During this section we let X be a non-trivial ranked alphabet, (S, P, F,cy) be an
arbitrary storage type and (K, +,0, 2) be a complete M-monoid.

3.2.1 Separating the Storage

Here we want to show how one can decompose an (S, 3., K )-wta A into the tree transformation
B, and a (TR1V, (A, X),K)-wta A’ for some appropriate ranked alphabet A. To simplify the
proof of our decomposition result, we first define a notion of relatedness between A and A’.

Relating automata with and without storage Let 4= (Q,Q,,T,wt) be an (S, 3, K)-wta.
Moreover, let P’ C P and F’ C F be the sets of predicates and instructions occurring in T and
let A the ranked alphabet corresponding to X, P’ and F’. Finally, let A" = (Q’,Qy, T',wt’) be
an e-free (TR1V, (A, ), K)-wta. We say that A and A’ are related if

* Q=Q and Q) =Qy,

* Each transition 7 of the form q(p) — o(q:(f1),..-,qx(fi)) is in T if and only if a
transition 7’ of the form q — ((p, f1 ... fx),0)(q1,--.,qx) is in T’ and wt'(t") = wt(7).

* Each transition 7 of the form q(p) — ¢’(f) is in T if and only if a transition 7’ of the
form q — ((p, f),*)(¢) is in T’ and wt'(t") = wt(7).

Lemma 3.2.1 ([FHV18, Lemma 5.2.]). Let A be an (S, =, K)-wta. Moreover, let P’ C P and
F’ C F be the sets of predicates and instructions occurring in T and A the ranked alphabet
corresponding to %, P’ and F’. Also let A’ be an e-free (TR1V, (A, %), K)-wta. If A and A’ are
related, then [A] = B, ;[A’]-

Proof. Let & € Ty.. It is obvious by the relation of A and A’ that there is a bijection

p:04E) - | en®
geBA(E)
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Chapter 3 Characterizations of (S, X, K)-Recognizable Weighted Tree Languages

and that we(t) = wt'(¢(t)) for each t € © 4(§). Thus, we obtain

Z wit(t)

t€04(8)
=2, 2w
leB)(&) t'ed 4(0)

= >, [M©

{eB(E)
= (Bx ;[[A/]])(g) .

Hence, [A] = B, ;[A']. ]

[ADCE)

Now we can use Lemma 3.2.1 to prove our first decomposition result of (S, X, K)-recognizable
weighted tree languages.

Theorem 3.2.2 ([FHV18, Theorem 5.3.]). Let s: Tx, — K. Then the following two statements
are equivalent:
(1) sis(S,>,K)-recognizable.
(2) There are a finite and non-empty set P’ C P, a finite set F’ C F, and there is an e-free
(Tr1V, (A, X),K)-wta A such that A is the ranked alphabet corresponding to X, P’, and
F' and s = By ;[A].

Proof. (1) = (2): Let A be an (S, X, K)-wta. Moreover, let P’ C P and F’ C F be the sets of
predicates and instructions occurring in the transitions of A. As the set of transitions of A is
non-empty, P’ is non-empty as well. Let A the ranked alphabet corresponding to %, P’ and
F’. Then we can easily construct an e-free (TR1V, (A, ), K)-wta A’ such that A and A’ are
related. Lemma 3.2.1 implies [A] = B, ;[A’].

(2) = (1): Let P’ C P be a finite and non-empty set, let F/ C F be a finite set, and
A be the ranked alphabet corresponding to X, P/, and F’. Moreover, let A’ be an e-free
(TR1V, (A, X),K)-wta. Then we can easily construct an (S, ¥, K)-wta A such that A and A’
are related. Lemma 3.2.1 implies that B, ;[A'] = [A]. |

3.2.2 Separating the Weights

Here we want to separate the weights of an (S, >, K)-wta by using a so-called alphabetic
monomial mapping and applying it to the language of an unweighted tree automaton with
storage.

Alphabetic monomial mapping Let A be a ranked alphabet. Recall that {2 is the set of
operations of K. Moreover, let h = (h; | 0 < k < maxrk(A)) be a family of mappings such
that

hy: AL o) (Q(l) x 2(1))

and
hy: AR 5 (k) o 52(k)
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3.2 Characterization by Decomposition

for each k € {0,...,maxrk(A)} \ {1}. Then the alphabetic monomial mapping (induced by
h) is the mapping h’: T, — K[Tyx] defined as follows: for every k € N, 6§ € A®, and
C1,..., 8 €T we let

w(ap).&; ifk=1and h1(6)=w

RO 0= {w(al,...,ak).cr(El,...,Ek) if by (8) = (,0),

where h'({;) = a;.§; for each i € [k]. In the sequel we identify h and h’. We say that h
is strict if hy(2M) € 2O x =M Now let L € T,. We define the weighted tree language
h(L): Ty, = K by

R(L) =D h(D) -

el

We note that in the above definition h; allows the special case h;(5) € 2 to capture &-
transitions of an (S, X, K)-wta, which contribute to the weight of a tree but do not read any
symbol.

The following theorem shows how to decompose an (S, 3, K)-wta into an alphabetic
monomial mapping and an unambiguous and e-free (S, A)-ta. It is inspired by [DV13, Lm. 3
and Lm. 4] and [HV15, Th. 6] and uses a similar proof technique.

Theorem 3.2.3 ([FHV18, Theorem 5.4.]). Lets: Ty, — K. Then the following two statements
are equivalent:
(1) sis (S, X, K)-recognizable.
(2) There are a ranked alphabet A, an unambiguous and e-free (S, A)-ta H, and an alphabetic
monomial mapping h: T, — K[Tsx] such that s = h(L(H)).
Moreover, if in (1) A is e-free, then in (2) h is strict, and vice versa.

Proof. (1)=(2): Let A =(Q,Qy, T,wt) be an (S, >, K)-wta. As with computation trees, we
view T as ranked alphabet and we choose A = T. Moreover, we let H = (Q,Q,, T’) be the
(S,T)-taand h: Ty — K[Ty] be the alphabetic monomial mapping such that

e if the transition T = (q(p) — o(q1(f1),---,9x(fi))) is in T, then the transition v/ =
(q(p) = ©(q1(f1); - -->qk(fi))) is in T” and hy () = (wt(7),0), and

e if the transition T = (q(p) — ¢’(f)) is in T, then the transition 7’ = (q(p) — 7(q’(f))
isin T” and hy(7) = wt(7).

Clearly, if A is e-free, than h is strict. Moreover, H is e-free and each t € £L(H) is a
computation tree of A for SYMB(t). As the state transitions and storage operations # performs
while recognizing t are uniquely determined by t, it is easy to see that H is unambiguous.

Now we want to show that [A] = h(£(#)). Clearly, the correspondence T — 1’ of the
construction justifies a bijection ¢ : Ty — T/. Moreover, it is easy to see from the shape of
the transitions that t € © ,(&) if and only if ¢(t) € ©4(t) for each t € Ty and & € Ts..

First, we want to show that £(#) is the set of all computation trees of A. Let & € Ty, and
t € ©4(&). By using the bijection ¢, we obtain from ¢ a computation t’ € ©4(t). Thus,
t € L(H).
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Now let t € £(#). Then there exists a unique t’ € ©,,(t). But then there is a § € Ty; and
t” € © 4(&) such that ¢(t”) = ¢’ and we see from the form of the transitions that & = SYMB(t)
and t” =t.

Thus, we obtain

)= ea©) . ()
EeTy

By construction, for every t € L(#) we have h(t) = wt(t).sYMB(t) and, thus,

wt(t) ift€0,(&)
0 otherwise

(h(t))(&) = { (%)

for each & € Tyx.. Then we obtain

(R(LEONE) = D, (O)E= D ()&= D, wt(t)=[AJ(&)

teL(M) te® 4(8) €0 4(8)

where the second equality is justified by (1) and (). Hence, h(L(#H)) = [A].

(2)=(1): Let H = (Q’,Qg, T) be an unambiguous and &-free (S, A)-ta and let h: T, —
K[Ts] be an alphabetic monomial mapping. We construct an (S, >, K)-wta A such that
[A] = h(L(H)). As for each & € Ty, there might be several { € T, such that supp(h({)) € {&},
we have to keep apart the computations for those {’s to allow different weight assignments.
The idea for the construction is to encode the preimage of h in the states of A as in [DV13,
Lm. 4]. We let A= (Q,Qo, T,wt) where Q = Q' x A, Qy = Qg x A and T and wt are defined
as follows.

e Ifg(p) = 6(q1(f1),--.,qx(fx)) isin T and hy.(6) = (w, ), then forevery 5,,...,8, € A
the transition T = ((g, 6)(p) = 0((q1,61)(f1),---> Gk, 01 )(f))) isin T and wt(1) = w.

» If q(p) — 6(q:(f1)) is in T’ and h{(6) = w, then for every §; € A the transition
©=((q,6)(p) = (q1,61)(f1)) is in T and wt(7) = w.

If h is strict, then A is e-free.

As H is unambiguous, for each ¢ € £(#) there exists a unique computation tree in ©4,({).
This tree is in the following denoted by ty 3.

Let { € L(H), t = tyy, & € Ty and t' € ©4(&). We say that t corresponds to t’ if
pos(t) = pos(t’) and for each w € pos(t):

* if t(w) = (q(p) = 6(q:(f1); - -, q(fx))) and h(6) = (w, o), then t'(w) = ((g, 6)(p) —
o ((q1, CwW1)(f1), - -, (qr, C(Wk))(fx))), and

* if t(w) = (q(p) = 6(q1(f))) and h(6) = w, then t'(w) = ((g,6)(p) — (g1, {(w1))).

Now let £ € Ty.. It is not hard to see that the above correspondence justifies a bijection

we: {tey | $ € L(H),h(E)(E) # 0} — {t €0 4(&) [wi(t) # 0} . ()
Moreover, for each { € £(H) and t’ € © 4(&) such that ¢z (t, 5 ) = t" we obtain
wt(t") = (h(0)(E) . ()

104



3.2 Characterization by Decomposition

Then, for every £ € Ts;, we have

(h(L(H))(E) = Z (h(£))(E)

{eL(H)

= > (h(O)NE)
CeL(H):
h($)(&)#0

= > wileeltg) (by 1)
CeL(H):
h(£)(&)#0

= > wi(t) (by %)
t'€d 4(&):
wt(t)#£0

= > wi(t)=[4]©) .

t'€0 4(8)

Hence, [A] = h(L(H)). ]

3.2.3 Combination of Separation Results

In this section we combine the separation of storage with the separation of weights. In
this way, we can characterize each element in RT(S, 3, K) by elementary concepts: a tree
transformation 3, a strict alphabetic monomial mapping h, and a recognizable tree language.

Recall that we remove TRIV from the specifying tuple (TR1v, 2,K) of a wta only if K =B
as explained in Section 2.2.1.

Theorem 3.2.4 ([FHV18, Theorem 5.7]). For every s: Ts; — K the following two statements
are equivalent:
(1) sis (S, X, K)-regular.
(i) s = By;h(L(H)) for some
— finite and non-empty set P’ C P, finite set F' C F, and ranked alphabet A corre-
sponding to X, P/, and F’,
— ranked alphabet A and unambiguous and e-free A-ta H, and

— strict alphabetic monomial mapping h: Tp — K[T(s 5]

Proof. (i) = (ii): By Theorem 3.2.2 there are a finite and non-empty set P’ C P, a finite set
F’ C F, and there is an e-free (TR1V, (A, X),K)-wta A such that A is the ranked alphabet
corresponding to X, P/, and F’ and s = B,; [A].
According to Theorem 3.2.3 there are a ranked alphabet A, an unambiguous and e-free A-ta
H, and a strict alphabetic monomial mapping h: Ty — K[T(, 5] such that [A] = h(£(#)).
(ii) = (i): By Theorem 3.2.3 we have that h(£(#)) is e-free (TR1V, (A, %), K)-recognizable.
Then, by Theorem 3.2.2, B,; h(L(H)) is (S, 3, K)-recognizable. [ |

Example 3.2.5. Now we want to demonstrate our constructions for the decomposition of an
(S, 2, K)-wta by an example. For this, let ¥ = {¢®,a® @} and A = (1, | i € N,) with
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A; = 0.5 for each i € N,. Moreover, recall the (COUNT, %, Ké“lsc)-wta A=(Q,Qq, T,wt)
from Example 2.2.1. We now proceed in two steps: First, we construct from A an e-free
(TRIV, (A, Z),K2 . )-wta A’ without storage and for some appropriate A such that B, ;[A’] =
[A]. Then, in a second step, we decompose A" into an unweighted unambiguous and &-free
tree automaton A and a strict alphabetic monomial mapping h such that [A'] = h(L(#))

and, thus, [A] = By ; h(L(H)).

To illustrate the functionality of the thus obtained formalisms, we consider in this example
the tree £ = o(a, 8) that is recognized by .4 with the unique computation t € © ,(§) of the
form

g(TRUE) = 0(¢,(10),q(INC)) 02
qo(TRUE) > q(TRUE) > qpo(DEC)  with  wi(t) = wf) ) =25 .
\
©
qp,0o(TRUE) = W)

Step 1 (storage separation): We proceed as in the proof of Theorem 3.2.2 (1)=>(2). Based
on the transitions of A, we let P’ = {TRUE, ZERO} and F’ = {ID, INC, DEC} (indeed, in this
case P/ = P and F/ = F). Then we obtain the ranked alphabet

A ={(TRUE,¢),(zERO,&)}? U {(TRUE, f),(zERO, f)| f € F'}D
U {(TRUE, f1f,), (ZERO, f1f2) | f1, > € F'}®

corresponding to X, P/, and F’.

Now we construct the (TRIV, (A, X),K}  )-wta A= (Q,Qq, T',wt’) where T’ and wt’ are

DIsc

given by
/= q — ((TRUE,ID INC),0)(q4,9), Wf/(Ti):wgg’
1,=  q — ((TRUE,ID DEC),0)(qp,q), wt'(t)) = “)g/)\’
T} = q — {((TRUE,INC),%)(qq,0), wt'(73) = "’E)l;)\
T = q — ((TRUE,DEC),)(qp0)s wt'(7}) = “)gi’
= qq — ((TRUE,¢),a), wt'(75) = “)(2(,2’
= qp — ((TRUE,¢),p), wt'(Tg) = ‘”(1(,)/)1’
th = qu0 — ((ZERO,¢),a), Wt/(T;)zw(z?i’
Tg= dqpo — ((ZERO,¢),B), wt'(Tg) = "’(1(,2'
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Now consider the following depiction of the procedural processing of & by B, ;[A’]:

1 0

((TRUE,I].) INC),O) : N
B [A] :
Gﬁ — ((TRUE,e),/a) ((%E,DEC),*) 2.5 + 2.5
a
| : i
: ((zERO,¢),B) :

& 0

First, the tree transformation B, enriches & by fitting storage behaviors. Afterwards, A’
simulates the state behavior of A and maps each { € B, () to a value k € K. Thus, A’ filters
out all trees with behavior enrichments that can not occur in computations of A. In fact, in
our concrete example only one such ¢, in the following denoted by {, is mapped by A to
a non-zero weight. Afterwards, all thus obtained weights are summed up (initiated by the
definition of ;) which results in the final weight that is assigned by B, ;[.A’] to &.

We note that supp([.A’]]) consists of more trees than those incorporated in the decomposition:
as A’ is not able to check the executability of the predicates and instructions it reads, it also
recognizes trees over (A, X)) whose storage part is not a behavior. For example, the tree
¢ = ((TRUE,INC),*)({((ZERO, €),)) is an element of supp([.A’]) while a & supp([.A]).
However, as (TRUE, INC)((ZERO, s)) is not a storage behavior, { ¢ B,(a) and, thus, [A] is
not applied to it.

We also note that (in our example) © 4/({¢) consists of exactly one computation t’ which
is of the form 7/ (7%, 7,(7g)) with wt'(t’) = wt(t). We will see in the next step how the
computations of A" are used to compute weights with help of an alphabetic monomial
mapping.

Step 2 (weight separation): Now we want to decompose A’ as in the proof of Theorem
3.2.3 (1)=(2). We construct a tree automaton H operating on the transitions of .4’ as input
symbols. Thus, we obtain the T'-ta H = (Q,Qq, T”) where T” consists of the transitions

1= q = 77(qa,9), Te= (o = Tg,
Ty = q = 75(qp,9); Te= qp = Tg,
Ty = q = T5(qa0)s 0= qao = T
= q = 7,(qp0) Tg = qgo = Tg

Obviously, the language recognized by H consists exactly of the computation trees of A’.
Thus, t’ € L(H).
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Moreover, we let h: T, — K[ T, ] be the strict alphabetic monomial mapping given by

h(r’l’):(w((f))L , ((TRUE, 1D INC), 7)), h(r’s’):(a)gg, ((TRUE,¢),a)),
h(T/z/)=(wEfi , ((TRUE, 1D DEC), o)), h(rg)=(w(1?;, ((TRUE,¢), B)),
h(t}) = (wg{; , ((TRUE, INC), %)), h(z)) = (ng; , {((zZERO, £), a)),
h(}) = () , ((TRUE, DEC),)), h(tg) = (), {(zERO,€), B)).

Clearly, h maps each computation  of A’ to a monomial assigning to sYMB(t) the value
wt'(1), i.e, for the computation t’ € © () we obtain

h(t)) = (2.5).2¢

and combines these monomials by a summation. As in our example {; is recognized by the
unique computation t’, (h(#))({z) = 0 for each t € £(#) with { # t’. Thus, we obtain

(h(LIC) = (AN = 2.5 .

Moreover, as for each 8 € B, (&) with QA’ # {r we have © A,(é ) =@, by construction there is no
t € £(#) such that (h(2))(&) # 0. Consequently,

(Bash(CGONE) = > > (AN = (A(t))() =25 .

{eBA(&) teL(H)

For a visualization of the functionality of our decomposition consider Figure 3.2. Itillustrates
the processing of a tree & € Ty by the tree transformation B, and the recognizable tree
language £(H) (independent of &) that are connected by the alphabetic monomial mapping h.

O
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L(H): t] t;
C1 - > (R(ED)(E0)
sum ek
¢ : (R(ED)(EZ)

Figure 3.2: The processing of a tree £ € Ty, by the tree transformation

B,, the recognizable tree language £(#), and the alphabetic monomial
mapping h.
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3.3 Logical Characterization

It has been a milestone of theoretical computer science when Biichi proved the strong con-
nection between automata and MSO logic: both formalisms are equally expressive [Bilic62]
(see Remark 1.5.2 for more, prior, contributions). This result opened the possibility to decide
the satisfiability problem of MSO logic via automata. At the same time, it provides a logical
characterization of the recognizable languages. In the last decades, this characterization has
been extended into many directions. Three of them are especially interesting for our work:

With the appearance of tree languages and tree automata, also MSO logic was considered
over tree structures. Similar to the word case, it was shown that definability and recognizability
coincide [TW68, Don70]. The same applies to weighted (tree) languages: for both weighted
automata and, shortly after, weighted tree automata a logical characterization based on
restricted weighted MSO logic has been introduced. These two extensions of the logic (i.e.,
to the tree case and to the weighted setting) are essentially due to a change of the structure
on which formulas are interpreted but preserve the principle of recognizability.

On the other hand, there are attempts to found logical characterization of language classes
beyond the recognizable languages. A prominent approach is due to Lautemann, Schwentick
and Thérien [LST95]: They extended MSO logic by an additional binary predicate, called
matching, which is a particular relation over the positions of a word. This matching can,
intuitively, be seen as an encoding of the behavior of a pushdown automaton: two positions i
and j of a word w match if the pushdown symbol pushed at position i is popped at position j,
or graphically:

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

PUSH, ~PUSH, POP PUSH,, POP  POP
w(1) w(2)  w@) w#)  wi) w)

They proved that the set of formulas of the shape IMatch.¢, where ¢ is an MSO-formula,
defines the context-free languages. This result was further extended by Fratani and Voundy
[FV14a, Voul7] to a subset of the class of indexed languages (i.e., languages recognized by
(X2, P?)-automata). Again, MSO logic was extended by a particular relation, now called a
Dyck matching. Thus, the authors considered formulas of the shape 3DyckMatch.¢, where
again ¢ is an MSO-formula. However, also a well-known problem was mentioned in this
work: as predicates in (extended) MSO logic relate positions of a word, e-transitions of an
appropriate automaton model can not be considered. In contrast to pushdown automata, it
is assumed that for (X, P?)-automata no normal-form without e-transitions exists. Thus, in
[FV14a, Voul7] only a subclass of the indexed languages was logically characterized.

In [VDH16, HDV19] we introduced a very general approach for a logical characterization.
Inspired by the additional relations mentioned above which, intuitively, encode the storage
behavior of the respective automaton model, a weighted MSO logic with storage behavior was
defined. In that work, we used a (non-monadic) second-order variable B which ranges over
storage behaviors. Thus, our formulas have the form ZB e where (i) ZB is the weighted
version of an existential quantification over B and (ii) e is an M-expression [FSV12] enriched
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with a particular behavior atom and adopted to unital valuation monoids as weight structure
as in [FV15]. As here the same problem concerning e-transitions as in [FV14a] occurs, this
logic characterizes the weighted languages of ¢-free weighted automata with storage over
unital valuation monoids.

In this section, we want to present a logical characterization for the class RT(S, X,K) by a
weighted MSO logic with storage behavior on trees. Although this logic is inspired by [VDH16],
we use a slightly different (and simpler) approach: as it was shown in Theorem 3.2.2, for
each (S, X,K)-wta A there is an e-free (TR1V, (A, X),K)-wta A" such that [A] = B, ;[A’].
Following this decomposition, we use formulas of the form

Zbeh e

where Zbeh implements the functionality of B, and e is an M-expression over (A, %) and K.
Thus, this section can be seen as an application of Section 3.2.1. Moreover, as it suffices for e
to define the language of an e-free weighted tree automaton, we overcome the problem of
representing e-transitions logically.

Related work Our logic is based on M-expressions [FSV12] that we already recalled in
Section 1.5.3 and the MSO-expressions from [VDH16, HDV19].

We note that in [DV11, Chapter 7] and [DGMM11] alternative weighted MSO logics were
used for the characterization of K-recognizable weighted tree languages where K is an
arbitrary semiring respectively a valuation monoid. In its turn, these logics are based on the
weighted MSO logic in [DGO5, DGO7] for weighted string automata and [DV06] for weighted
tree automata over commutative semirings. For a recent survey we refer to [GM15].

In [LSS99], a further extension of [LST95] was given by introducing a logical character-
ization of NTIME(n), the class of all languages recognizable by a nondeterministic Turing
machine in linear time.

Moreover, Engelfriet and Vogler recently provided a logical characterization for automata
with particular graph storage types [EV19].

Convention. During this section we let 3 be a non-trivial ranked alphabet, (S,P,F,c,) an
arbitrary storage type and (K, +, 0, £2) a complete M-monoid.

3.3.1 Expressions with Storage Behavior and a Logical Characterization

Before we step into the details of our logical characterization, let us restate Theorem 1.5.5 in
our setting (using Observation 2.2.8).

Theorem 3.3.1 ([FSV12, Thm. 4.1]). RT, f..(TR1V, 3, K) = M(X,K) for each ranked al-
phabet 3 and complete M-monoid K.

Now we define (weighted) expressions with storage behavior. In a similar spirit as in
[VDH16], an expression is an existentially quantified M-expression where the quantification
runs over the set B,(&) of A-behaviors on the tree £ € Ty, over which the expression is
interpreted. The involved M-expression is over ((A, ), K). The concepts for M-expressions
are recalled in Section 1.5.3.
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Expressions with A-behaviors Let P’ C P be finite and non-empty, let F/ C F be finite and
let A be the ranked alphabet corresponding to X, P/, and F’. We define the set of expressions
over 3 and K with A-behaviors (for short: (A, 37, K)-expressions) to be the set of all formulas

of the form
beh
> e

where e is a sentence in MExp((A, X),K). The semantics of Zbehe is the weighted tree
language [[Zbeh e] : T, — K defined by

1> e) =By [e]

Lets : Ty, — K be a weighted tree language. We say that s is (A, X, K)-definable if there is a

(A, 3, K)-expression Zbeh e with [Zbeh e] =s. Moreover, s is (S, X, K)-definable if there are a
non-empty and finite subset P’ C P and a finite subset F’ C F such that s is (A, X, K)-definable
where A is the ranked alphabet corresponding to X, P/, and F’. We denote the class of all
(S, X, K)-definable weighted tree languages by Def(S, X, K).
Example 3.3.2. Here we want to show the definition of an (S, 3, K)-recognizable weighted
tree language by an expression. For this, let & = {c®, a(® (O} and A = (; | i € N,) with
A; = 0.5 for each i € N,.. Moreover, recall the (COUNT, X, KQISC)-recognizable weighted
tree language r;, ;s from Example 2.2.1.

As in the previous Example 3.2.5, we will here use the ranked alphabet A corresponding
to %, P’ = {TRUE,ZERO}, and F’ = {ID,INC,DEC}. Then we can define r,,;. by the
(A, Z,K% . )-expression

o — Zbeh . ,

DISC
A

using the sentence e’ € MExp((A, X),K ) that we will specify in the following. Recall that

(A, %) enriches elements of A by symbols from ¥ (and unary elements in A} also by %), e.g.,
((TRUE, ID INC),0) € (A, Z)® and ((TRUE, DEC), %) € (A, =)D,
For each a € (A, X)) and i € [2] we introduce the abbreviation

edge; ,(x) = Iy. edge;(x, ) Alabel, ()

ensuring that the ith child of the position assigned to x carries the label a. Moreover, we
define the (A, X)-family w of operations by setting

0 0
W((TRUE,e),a) — W((zERO,e),a) — wg’;: W((TRUE,£),B) = @((zERO,),8) — w(l’%:

and w, = a)g)A for i € N and all remaining symbols a € (A, X)®.
Now we let

¢ =pr>Hw)  with  ¢=Vx.p,(x)Ve(0)Ve,p(x)

where
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* polx)= \/fE{INC,DEC}(1abe1<(TRUE,IDf),O‘)(x) A edgel,((TRUE,s),symbf)(x)/\

\/gE{INC,DEC}(edgez,((TRUE,ID 2),0) (x)Vv edgeZ,((TRUE,g),*)(X))))
* . (x)= \/fe{INc,DEC} label((TRUE,f),*)(x) A edgel,((zERo,s),symbf)(X)> and

* Pap (x)= (\/ue{a,/j} label((ZERO,E),u)(x) \4 1abe1((TRUE,€),u)(x)) A dy.edge,(y,x)

with symb, . = a@ and symb, ;. = . Intuitively, ¢ determines the structure of the tree in
its language by specifying (i) which symbols from A are allowed to occur and (ii) which
symbols are allowed to occur as direct successor of a given symbol. Furthermore, we require
in ¢, g(x) that x is the successor of another node.

By analyzing the requirements of ¢, one will notice that £() consists of trees { over (A, %)
of the form

((TRUE, 1D f;),0)

" T~

((TRUE, ¢),symby ) ((TRUE, 1D fy),0)
((TRUE, ¢),symbg ) ((TRUE,ID f,_1),0)
((TRUE, €),symb; ) ((TRUE, f,,), %)

((zERO, €),symby )

for some n>1 and f4,...,f, € {INC,DEC}.
Moreover, using the same argumentation as in the weight calculation of Example 2.2.1, it
is easy to see that each such { is evaluated by H(w) to

[H()](0)=0.5°-3, +...+0.5" 1.3,

©0) _ 0 _
2, 1A

Obviously, there are trees in £() with an unequal number of a’s and f’s in their leaf
symbols as this constraint can not be checked by an M-expression. However, this missing part
is resolved by the combination of Zbeh and ¢ > H(w): On the one hand, the semantics of
the behavior summation produces for each given tree & € Ty; those { € Ty, 5,y where ({); is
a A-behavior. On the other hand, ¢ ensures (by specifying which symbols may occur in a
tree) that for each symbol a the storage counter is increased, for each symbol 3 the storage
counter is decreased, and that at the right-most leaf it is checked whether the counter equals
zero. Thus, for each & € Ty, there exists at most one A-behavior on & that satisfies ¢, i.e.,

By(E)NL(p) <1.
In summary, using the above explanation, we obtain for each & € Ty with yd(§) =2;...2,

where, for eachi € [n],2; = w 2 if symby =@ and z; = w 1if symb; = f.
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for some n > 2 and z,,...,2, € {a, 8}

1> 0 & H@)I(E) = (Ba; [¢ > H@)(E)
= > [¢ > Hw]Q)

{eB(&)
= > [HI©
geBA(ENL(¥)
B {0.50 F .05 E, ifEET,,
0 otherwise
Thus, e = rp5¢- a

As a first result we prove a logical characterization of the (S, 3, K)-recognizable weighted
tree languages.

Theorem 3.3.3 ([FHV18, Theorem 7.4.]). RT(S, >,K) = Def(S, X, K).

Proof. First we prove that RT(S, X,K) C Def(S, >,K). Let s be an (S, X, K)-recognizable
weighted tree language. By Theorem 3.2.2 there are a finite and non-empty set P’ C P, a
finite set F/ C F, and there is an e-free (TR1V, (A, X),K)-wta A such that A is the ranked
alphabet corresponding to %, P/, and F’, and s = B, ;[.A]. By Theorem 3.3.1, there is a
sentence e € MExp((A, X),K) such that [A] = [e]. Then, s = [S""¢] and 3¢ is a
(A, 3, K)-expression. Thus, we have that s is (S, X, K)-definable.

Now we prove that Def(S, >,K) € RT(S, X,K). Let e be a (A, X, K)-expression for some
finite and non-empty set P’ C P, finite set F’ C F, and ranked alphabet A corresponding
to X, P/, and F’. Then e is of the form Zbeh e’ for some sentence e’ in MExp((A, ), K)
and [e] = B,;[e’]. By Theorem 3.3.1, there is an e-free (TRIV, (A, X),K)-wta A such
that [e’] = [A]. Finally, by applying Theorem 3.2.2, we obtain that B, ;[A] is (S, X, K)-
recognizable. [ |

As second result we prove that expressions with behaviors generalize M-expressions as
defined in [FSV12].

Theorem 3.3.4 ([FHV18, Theorem 7.5.]). Let s : T, — K be a weighted tree language. Then
the following two statements hold.

(1) If s = [e] for some sentence e € MExp(X,K), then s is (TRIV, X, K)-definable.

(2) If K is compressible and s is (TRIV, X, K)-definable, then s = [e] for some sentence
e € MExp(X,K).

Proof. Let A be the ranked alphabet corresponding to >, {TRUE}, and {1D}. For each £ € Ty,
the set B, (&) contains exactly one element ¢ such that pos({) = pos(&). We denote this
element by {z. Then for each w € pos(&) we have {z(w) = ((TRUE, ID...1D), E(w)) where
the number of occurrences of 1D equals the rank of &(w).
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Proof of (1): Let e be a sentence in MExp(%,K). Then we construct the formula e €
MExp({A, X),K) that can be obtained from e by replacing each subformula of the form
label; (x) for some o € X by label ;g yg,ip...1p),0) (X) Where the number of occurrences of 1D
equals the rank of o. Clearly, [[é]](g' £) = [e](&) for every £ € Ty,. Moreover, let

e=pr>e with @ = —3x.labeli(rgyg,ip) (%) -

It is easy to see that

BA(E) N L(p) ={Cc} . ()

Thus, for each £ € Ty, we have

7@ = S Q)= > e eQ) = EC) = [€E)

IGING) geB(&)

where the last but one equality holds due to ().

Proof of (2): Lets be (TRIV, 3, K)-definable. By Theorem 3.3.3 we have thats is (TRIV, X, K)-
recognizable. Since K is compressible, Lemma 2.4.2 implies that s is e-free (TRIV, X, K)-
recognizable. Then by Theorem 3.3.1 we obtain that there is a sentence e € MExp(X, K) such
that [e] =s. [

3.3.2 Comparison with [VDH16]

As our logic is strongly influenced by the logic in [VDH16], we want to compare both ap-
proaches here on an informal level.

First of all, let us recall the structures for which the expressions in [VDH16] are defined:
in contrast to this thesis, we considered K-weighted string languages where (K, +,val, 0, 1)
is a unital valuation monoid. The behaviors we used in [VDH16] are strings over a finite
subset A,y of P x F, where, as here, P and F are the sets of predicates and instructions of
a storage type S, respectively.

Moreover, in [VDH16] we considered so-called (A, X, K)-expressions (cf. [VDH16, Def. 5
and 6]) which are, roughly speaking, formulas of the form

e=Y €

where B is an additional second-order behavior variable and e’ is an enriched M-expression
(adapted to unital valuation monoids as in [FV15]) that has B as free variable. Intuitively,
when evaluating e on a word w, B is assigned a behavior of the same length as w, i.e.,

Diselw)= > [elp(w,[B—b])

bEB(Aunary|ul)

Then, with ¢’, in addition to the usual semantics of expressions, this behavior can be tested:
e’ is enriched by predicates of the form B(x) = (p, f ) checking that the behavior string at the
position assigned to the first-order variable x is of the form (p, f).

This description already mentions the two significant differences between the logic in this
thesis and in [VDH16]:
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Difference 1 In the current work, the operator Zbeh is implemented by a tree transformation
and enriches an input tree by storage behaviors on which then an M-expression e is evaluated.
Thus, before evaluating e, the structure of the input is changed. As a result, the symbols of a
storage behavior are part of the input alphabet of e and, thus, can be treated by the MSO
predicate label ;(x).

In contrast, in [VDH16] we do not change the structure of an input word but use an
additional behavior variable B and predicates B(x) = (p, f ) as described above.

The “structure change” due to the operator Zbeh also leads to the second difference:

Difference 2 Trees enriched by a storage behavior may be “stretched” as we allow positions
that are labeled by a behavior symbol but not by a symbol from the input alphabet 3 (cf.
Figure 3.1). Thus, we can simulate with our logic e-transitions of an (S, X, K)-wta.

In contrast, to the behavior variable B only storage behaviors of the same length as the
input word are assigned. Thus, in the setting of [VDH16] e-transitions can not be simulated.

We note that this comparison can also serve as a comparison with the logic presented in
Chapter 6 which extends [VDH16] by allowing an infinite input set. However, as we define in
Chapter 6 symbolic automata without e-transitions, Difference 2 does not lead to a restriction.
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3.4 Chapter Conclusion

In this chapter we provided two characterizations of the weighted tree languages recognizable
by (S, X, K)-wta.

The first one represents (S, X, K)-recognizable weighted tree languages by three simpler
formalisms: a tree transformation, an alphabetic monomial mapping, and a recognizable
tree language. To obtain this characterization we first separated the storage (by using a tree
transformation) and afterwards we separated the weights (into the alphabetic monomial
mapping). Thus, we showed that both extensions of recognizable tree languages operate
independently.

Our second characterization grew from the storage separation: this decomposition was
our basis for a logical characterization of (S, 3, K)-recognizable weighted tree languages.
Another application of the storage decomposition is given in [FV19a] by introducing rational
weighted tree languages with storage.
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Chapter 4

Linear (S, X, K)-wta and Inverse Linear Tree
Homomorphisms

The closure of a tree language class £ under tree homomorphisms and inverse tree homo-
morphisms is an interesting and often investigated property. Among others, particular tree
homomorphisms are used for characterizations of tree languages: e.g., recognizable tree
languages are the homomorphic image of local tree languages [Don70] and context-free tree
languages can be characterized by a Chomsky-Schiitzenberger result [AD77] where tree ho-
momorphisms and inverse tree homomorphisms play a central role. Moreover, also particular
(weighted) tree transductions can be represented by the help of tree homomorphisms and
inverse tree homomorphisms as parts of a bimorphism characterization [FMV11].

As unrestricted tree homomorphisms often do not provide such a closure, a useful restriction
is given by assuming linear tree homomorphisms. In fact, the recognizable tree languages
are closed under linear tree homomorphisms and even under (nonlinear) inverse tree ho-
momorphisms. However, choosing a larger class for £, as for example the context-free tree
languages, changes the situation. Whereas | J5, CFT(X) is still closed under the application
of linear tree homomorphisms, the inverse application of a linear tree homomorphism to a
context-free tree language L might yield a tree language that is not context-free anymore as
shown in [AD78]. Even if L is assumed to be generated by a linear context-free tree grammar,
the closure does not hold as we proved in [ODH19]. However, in the same work we could
provide a positive result for the linear monadic context-free tree languages (Im-CFT):

Theorem 4.0.1 ((ODH19, Theorem 8.1]). The class of linear monadic context-free tree lan-
guages is closed under inverse linear tree homomorphisms.

That is, we obtained a closure property for the class of tree languages generated by linear
context-free tree grammars using only nonterminals of rank O or 1. It is well known that those
grammars are expressively equivalent to the tree-adjoining grammars [KR10] — a formalism
used in computer linguistics. Moreover, in [FKOO] an automaton characterization of Im-CFT
was given. For this, the authors introduced linear pushdown tree automata, which, intuitively,
forbid to copy the pushdown storage to two or more children of a current node. Besides the
linearity constraint, this automaton model corresponds to (P, 3J)-ta. Thus, the question arises
whether we can fit the idea of copying the storage to at most one child into our framework of
(S, 2, K)-wta and, therewith, are able to generalize Theorem 4.0.1 to a larger language class.

We will show in this chapter that this question can be answered positively. For this, we
introduce linear (S, 2, K)-wta where K is a complete semiring. Those automata (i) use storage
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types with a particular storage instruction O allowing to reset each storage configuration
back to the initial configuration and (ii) ensure that in each transition at most one storage
instruction occurs that is not O. And indeed, linear (S, 3, K)-wta extend linear pushdown
tree automata.

Afterwards, we will prove that, for each complete and commutative semiring K, the K-
weighted tree languages recognized by our linear automaton model are closed under the
inverse application of linear tree homomorphisms. For this, we use an idea going back
to [AL80]: each linear tree homomorphism can be decomposed into a number of linear
alphabetic tree homomorphisms and elementary tree homomorphisms. This also holds in
the weighted setting and can be used for the inverse application as well, as shown in Section
1.4.4. Thus, it suffices to prove the closure under the inverse application of linear alphabetic
tree homomorphisms and elementary tree homomorphisms.

In sum, in this chapter we extend Theorem 4.0.1 into two directions: (i) instead of tree
languages we consider weighted tree languages over commutative and complete semirings
and (ii) instead of a pushdown storage type we allow arbitrary storage types under the
assumption that a storage configuration is passed to at most one child node when recognizing
a tree.

This chapter In Section 4.1 we introduce resettable storage types and linear (S, >, K)-wta.
We show that this restricted automaton model generalizes linear pushdown tree automata
and we state our main closure theorem. In Section 4.2 we prove the closure under inverse
linear alphabetic tree homomorphisms and, afterwards, the closure under elementary tree
homomorphisms is proven in Section 4.3.

Related work The closure of particular classes of tree languages under particular tree
homomorphisms and inverse tree homomorphisms has been investigated intensively and we
only recall here the most important results for our work. It is well known that the recognizable
tree languages are closed under linear tree homomorphisms and inverse tree homomorphisms
(cf., e.g., [GS84, Chapter II, Theorem 4.16 and 4.18]). Moreover, also the context-free tree
languages are closed under linear tree homomorphisms [Rou70]. However, the context-
free tree languages and the linear context-free tree languages are not closed under inverse
linear tree homomorphisms as proved in [AD78, Theorem 3.1] and [ODH19, Theorem 3.7],
respectively. In [AL80, Theorem 24], it was shown that the class of context-free tree languages
in Greibach normal form is closed under inverse application of a linear tree homomorphism.
Moreover, we proved that the class of linear monadic context-free tree languages (which is
a subclass of the Greibach context-free tree languages) is closed under inverse linear tree
homomorphisms [ODH19, Theorem 8.1]. We note that this result does not follow from
[AL80] since in their proof a non-linear context-free tree grammar was constructed.

There are also some results regarding the closure of particular classes of weighted tree lan-
guages under tree homomorphisms. It was shown by Kuich that, for the case of commutative
continuous semirings, the class of weighted recognizable tree languages is closed under linear
and non-deleting recognizable tree transductions [Kui99, Theorem 3.1] and that the class of
weighted context-free tree languages is closed under linear and non-deleting algebraic tree
transductions [KuiOOa, Corollary 3.6]. From this, the closure of both classes under linear and
non-deleting tree homomorphisms follows. Furthermore, in [FMV11, Theorem 5.1] it was
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proven that the recognizable weighted tree languages (over complete semirings) are closed
under inverse application of linear weighted extended top-down tree transducer mappings
and, thus, under inverse linear tree homomorphisms. They also showed by a counterexample
that, in contrast to the unweighted setting, the recognizable weighted tree languages are not
closed under inverse (non-linear) tree homomorphisms.

Note: The content of this chapter is entirely new and unpublished work.
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4.1 Linear (S, X, K)-Recognizable Tree Languages

In this section, we restrict (S, >, K)-wta by requiring that their transitions are linear. This
means that, when recognizing an input tree, the storage configuration computed so far may
be passed to at most one subtree and, thus, is not copied. The idea of this limitation originates
from the linear pushdown tree automata of [FKOO] and is here generalized to almost arbitrary
storage types.

We say “almost” as we need one more ingredient to define our linear automaton model:
If, when recognizing a subtree o(&1,...,&,), the current storage configuration is passed to
at most one child of ¢, all remaining children have to be recognized starting with a “fresh”
storage configuration. For this, we enrich a storage type S by an additional instruction O
which maps each configuration back to the initial storage configuration.

Resettable storage types LetS = (C,BF,c,) be a storage type. The reset instruction (on C),
denoted by O, is defined for each ¢ € C by setting O (c) = c. If C is clear from the context,
we often write O instead of O.. Moreover, we let S5 be the storage type (C, B F U {0}, cg).
We call a storage type S resettable if S = S.

Remark 4.1.1. We note that this enrichment is a technique already used in [Gol79] to obtain
certain closure properties.

Although, in general, the reset instruction may add power to a storage type S, there are
several prominent storage types that are able to simulate O by a sequence of instructions.
As an example consider the pushdown storage type P. Obviously, a (P, X, K)-wta A, where
K is a complete semiring, can simulate the instruction O by popping with ¢-transitions the
topmost pushdown symbol until the predicate BOTTOM is true (using auxiliary states and the
weight mul, ;). In fact, it was shown in [FV19b, Theorem 8.10], that even REC(P, X, K) =
REC(P", 3,K) for each n € N and each commutative and complete semiring K. <

Before stepping into the definition of linear (S, X, K)-wta, let us introduce a convention.

Convention. As we here consider (S, >, M(K))-wta A = (Q,Qy, T,wt) only in the context of
a semiring K, we agree on the following convention: Instead of using M(K), we speak about
an (S, 2, K)-wta and we let the weight assignment of A be a mapping of the form wt: T — K.
Moreover, for each & € Ty;, t € © 4(&), and v € pos(t) we let

wt(t,v) =wt(t,v1)-...-wt(t,vrk(t(v))) - wt(t(v))
and, thus, directly implement the functionality of operations of the form mul,, , from M(K).

Linear (S, ~,K)-wta Now we introduce linear weighted tree automata with storage. Let
K be a complete semiring and let A = (Q,Q,, T, wt) be an (S, X, K)-wta for some resettable
storage type S. We say that a transition 7 € T is linear if either T € T, or 7 is of the form

q(p) = o(q1(f1),---,q,(f)) and there is at most one i € [n] with f; # O.
Furthermore, we call an (S, X, K)-wta A linear if

e S is resettable and

e each transition of A is linear.
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4.1 Linear (S, X,K)-Recognizable Tree Languages

Finally, an (S, X, K)-recognizable weighted tree language s is called linear if there is a linear
(S, X,K)-wta A such that s = [A]. We denote the class of all linear (S, X, K)-recognizable
weighted tree languages by RT;(S, ~,K). Note that also for linear (S, >, K)-wta we can
assume a single initial state since the construction of Lemma 2.2.4 preserves linearity.

Convention. During this chapter we let K be a commutative and complete semiring if not
specified otherwise.

Example 4.1.2. Let K = (NU{oo}, +,-,0,1) be the complete semiring of natural numbers and
consider the ranked alphabet A = {a(®, n(), §3)}. Moreover, consider the linear (Ps, A,K)-
wta A = (Q, qp, T, wt) with Q = {qy,q1,9>} and T containing the transitions

T1= qo(TRUE) — 6(q1(0),q2(1D)),

Ty = q1(TRUE) — n(q1(PUSH,)),

T3 = q:(TRUE) — qo(ID),

T4= q,(TRUE) — a,

Ts = q2(T0oP,) — n(ga(PoP)), and
Te= (o(BOTTOM) — a.

Furthermore, wt maps 7, to the value 2 and the remaining transitions to 1.

Intuitively, for each 1 occurring above a 6, A pushes an a to the pushdown. When reading
this §, the pushdown is passed to the right subtree. .4 now has to read in the right subtree
the same number of 1’s as above, pops an a for each until the predicate BOTTOM is true,
and ends up with recognizing an a. In the left subtree A again counts 7’s, starting with a
reset pushdown. Thus, each tree { € supp(.A) is of the form

for some k > 1 and ny,...,n; € N. As for each such tree { there is precisely one computation
in © 4(¢) we obtain [A]({) =2" with m =n; +...+ n. O

Clearly, linear (S, 3/, K)-wta are less expressive than arbitrary (S, 3, K)-wta as shown in
the following example (using the Boolean semiring).
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Chapter 4 Linear (S, X, K)-wta and Inverse Linear Tree Homomorphisms

Example 4.1.3. Consider the ranked alphabet X = {0,y a(®} and the tree language
L={o(y™(a),y"(a)) | n € N}. It is not hard to see that there is no storage type S such that
L € RT (S, X): As both subtrees below o must be of the same height and L is not finite, the
only possibility to recognize L is the following. The automaton first has to prepare a storage
configuration ¢, and, when recognizing o, pass ¢, to both subtrees £; and &,. Then ¢, can
control the recognition of £; and &, and, thus, ensures that ht(&;) = ht(&,). However, as
with a linear (S, X, K)-wta each transition of the form q(p) — o(q,(f1),¢2(f>)) contains at
most one i € [2] with f; = O, this synchronization can not take place. a

Linear (S, >, K)-wta extend linear X -pta

Now we want to show that, indeed, linear (S, 3, K)-wta generalize linear pushdown tree au-
tomata. For this, we show that linear (P, >)-ta and linear X-pta are equally expressive. First,
let us recall the definition of a linear pushdown tree automaton from [FK0O, Definition 6.2].
Recall the definition of an arbitrary X-pta from Section 1.4.1.

Linear pushdown tree automata Let A= (Q,I'4,qo,Y 40, T)bea X-pta with I'y = I'; U T,
We say that A is linear if it holds for each transition of the form q(o(xq,...,x,),0) —
0(q1(x1,m1),...,q,(xp, 7)) that there is at most one i € [n] such that 7; € I’} 1

Theorem 4.1.4. Let L C Tyx. Then L is recognizable by a linear X-pta if and only if L is
recognizable by a linear (P, X)-ta.

Proof. This statement can be shown by analyzing (and slightly modifying) the constructions
in the proof of Theorem 2.2.6.

First, let A =(Q,I'4,q0,Y 4,0, T) with I'y = I} U I; be a linear X-pta recognizing L. Then
we construct the (Py, X)-ta A" = (Q’,Gy, T') as in the proof of Theorem 2.2.6 but with the
following modification: If

q(a(xl, ) Xn): 5) - O-(ql(xl’ 7'[1), [ER) qn(xn: nn))

is a transition in T, then the transition

q(TOPS) - O-(ula . --aun)

is in T’ where

i

{(qi)”i(POP) if 7; € T
[(g)™](©O) ifm eITT,

for each i € [n]. It is not hard to see that this modification does not change the language of
A’: in the original construction, a state [(q;)™ ] leads to a clearance of the pushdown up to
the bottom-most symbol y, and afterwards the automaton pushes the right-most symbol of
1; and switches to state (qi)”g (if m; = mly). The same condition is obtained by applying the

'We note that in [FKOO, Definition 6.2] it was additionally required for each transition q(x,8) — q’(x,7)in T
of type (4) that 7w € I'Y. However, this restriction is superfluous: transitions replacing the whole pushdown
can easily be simulated by a sequence of transitions that empty the pushdown and afterwards push the new
pushdown.
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4.1 Linear (S, X,K)-Recognizable Tree Languages

reset instruction. Moreover, as A is linear, each such constructed transition incorporates at
least n — 1 reset instructions. Thus, L is recognizable by a linear (P, X)-ta.

For the other direction, let A = (Q, gy, T) be a linear (P, X)-ta recognizing L. We construct
the X-pta A = (Q', Iy U Iy, q4,#,T’) as in the proof of Theorem 2.2.6 where we add the
following cases to the construction: For each e-transition q(p) — q’(f) we add the case
u=q'(x,yo#) if f = O and for each transition of the form q(p) — o(q;(f1),--.,q,(f,)) and
each i € [n] we add the case u; = q;(x;, yo#) if f; = O. It is not hard to see that A’ is linear
and that £(A") = L(A). [ |

As linear X-pta possess the same expressiveness as linear and monadic context-free tree
grammars [FKOO, Theorem 4]'2, our linear automaton model is able to capture the class of
tree languages generated by the latter. This is stated by the following corollary.

Corollary 4.1.5. The class of linear (Ps, X)-recognizable tree languages is exactly the class of
linear and monadic context-free tree languages over ..

Aim of this Chapter

The aim of this chapter is to show that the class U = RT(S, ¥,K) is closed under the inverse
application of linear tree homomorphisms. We do not prove this statement by a direct
construction, but we use an idea of Arnold and Leguy [AL80]: each linear tree homomorphism
can be decomposed into a number of linear alphabetic tree homomorphisms and elementary
tree homomorphisms. As this decomposition can be lifted to the weighted setting, it suffices
to show the closure of | J,, RT;(S, ,K) under the inverse application of these particular tree
homomorphisms.

Theorem 4.1.6. Let K be a commutative and complete semiring, let s be a linear (S, A,K)-
recognizable weighted tree language, and let h: K {Tx(X)) — K{TA(X)) be a linear tree homo-
morphism. Then h™'(s) is a linear (S, X, K)-recognizable weighted tree language.

Proof. Lets be a linear (S, A, K)-recognizable weighted tree language and let h: K (Tx (X)) —
K({TA(X)) be a linear tree homomorphism. By Lemma 1.4.26 there are some k € N and tree
homomorphisms f;,..., fi such that h = f;, o...o f; and, for each i € [k], f; is either linear
and alphabetic or elementary. Thus,

R (s) = (feo.-. 0 f1) () -
Moreover, by Lemma 1.4.27 and Lemma 1.4.25 we have

(frow o )= To o TN =10 £TH6).)

Now, using Lemma 4.2.1 and Lemma 4.3.1 proven below, we obtain that
i £ (). . ) €RTY(S, 5,K)
and, thus, also h™!(s) € RT,(S, Z,K). [ |

In the remaining parts of this chapter we wish to prove Lemma 4.2.1 and Lemma 4.3.1.

125trictly speaking, it was shown that linear X-pta are equally expressive as spine grammars. However, as also
stated in [FKOO], it follows from their normal form that spine grammars generate the class Im-CFT.
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\ \
N, ] PN

£
| h(Es)

1 2 h(&1)

Figure 4.1: The application of a linear alphabetic tree homomorphism h
with h(o) = 6(x3,x;) and h(y) = x; leads to the phenomena #1, #2,
and #3 described in the text.

4.2 Inverse Linear Alphabetic Tree Homomorphisms

In this section we want to show that the class | J,, RT;(S, X,K) is closed under the application
of inverse linear alphabetic tree homomorphisms. Before diving into the proof details, let us
recall the characteristics of this sort of tree homomorphism.

When considering an inverse linear alphabetic tree homomorphism h, we have to deal with
three specific phenomena occurring in its forward application, as depicted in Figure 4.1. If a
symbol o in a tree is mapped to another symbol, say, &,

(#1) the order of the subtrees of o can be changed and

(#2) subtrees of o can be deleted.

Moreover, as the tree homomorphism can delete an input symbol and proceed with a subtree,
(#3) a single symbol y can be deleted.

Thus, when recognizing trees in the preimage of h, not only the order of subtrees has to be
respected but also deleted subtrees and deleted symbols have to be taken into account. This
is done by the following construction. A similar technique was used in [ODH19, Lemma 8.4.]
and goes back to ideas from [AD78, Theorem 4.1.]. However, in [AD78] a non-linear and
non-monadic context-free tree grammar was constructed. Moreover, in contrast to [ODH19]
we now use linear tree automata with weights and with a storage.

Lemma 4.2.1. Let K be a commutative and complete semiring, r a linear (S, A, K)-recognizable
weighted tree language, and h: K {Tx (X)) — K{TA(X)) a linear alphabetic tree homomorphism.
Then h='(r) is a linear (S, =, K)-recognizable tree language.

Proof. Let A= (Q,qq, T,wt) be a linear (S, A,K)-wta and let h: K{Tx(X)) — K{TA(X)) be
a linear alphabetic tree homomorphism. We let Q" = QU {[q] | g € Q} U {E} for some fresh
symbol E and we construct the linear (S, %,K)-wta A" = (Q’,[qo], T/, wt’) as follows:
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4.2 Inverse Linear Alphabetic Tree Homomorphisms

* If t =q(p) = 6(q1(f1);---,q(fi)) isin T and h(c) = 6(x;,,...,x; ) for some n €N,
o€ W and iy,...,i € [n], then v’ = q(p) = o(wy,...,w,) is in T and for every
j € [n] we have

J

_ ) Lad(fy) it =j for some [ € [k],
| EW©) otherwise.

Moreover, wt'(7’) = wt(7). As 7 is linear and h is linear, 7’ is linear as well.
o If 1 =q;(p) = q5(f) isin T, then it is also in T’ and wt'(7) = wt(1).

* Foreach ¢ € Q, k € N, and y € ¥® such that h(y) = x; for some j € [k] we let
7/ =[q](TRUE) = y(uy,...,u;) be in T’, where for every [ € [k] we have

B {[q](m) if 1 = j,

u =
: E(O) otherwise
and wt'(t’) = 1. Clearly, 7’ is linear.
* For each g € Q we let 7/ =[q](TRUE) — q(1D) be in T’ and wt'(7’) = 1.

e ForeachneNand o € ™ we let 7/ = E(TRUE) — o(E(O),...,E(®)) be in T” and
wt'(7') =1.

In the following, we denote by Té the set of all transitions T € T’ with SOURCE(7) = [q] for
some q € Q and by T, the set of all transitions T € T’ with SOURCE(7) = E. Moreover, the
set T/, U Ty will be denoted by T, ;

The intuition behind this construction is the following. A computation t’ of A’ for a tree
& € Ty, simulates a computation t of A for h(§) while considering the three phenomena of h
mentioned beforehand: If A recognizes a symbol & in state q, A’ does so for each o € h™1(5)
but we adapt the target states A’ reaches next. Each subtree &; under o that is deleted by h
will be processed in state E (#2). Moreover, for each target state q of A under &, A’ proceeds
with [q] at the respective position given by the reordering of h (#1). Finally, A’ recognizes in
state [q] symbols deleted by h (#3), switches back to ¢ nondeterministically, and proceeds
with the simulation of .A. We note that while staying in state [q] and, thus, while reading
deleted symbols, the storage configuration is not modified. We illustrate this construction in
Example 4.2.2.

Considering this construction, the following observation can be made.

Observation (1). For every & € Ts; and ¢ € C we have |© ,(E,&,c)| =1 and Wt/(tg) =1 for
tr € @_A/(E, g,C).

Now we want to prove that [LA’] = h~*([A]). We do this by giving a bijection between the
computations of .4 and .A’. For this, we define two families ¢ = (¢, | €Q,& € Ty, c € C)
and [p] = ([¢lgec |9 €Q,& €Ty, c € C) of mappings

(pq,g,c . @A’(q) g) C) - eA(qJ h(g),C) and [(p]q,g,c . @A’([q]> g: C) - @A(q) h(g),C)
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Chapter 4 Linear (S, X, K)-wta and Inverse Linear Tree Homomorphisms

inductively as follows. Let & = o(&q,...,&,) forsome ne€N, o0 € &M and &;,...,&, € Ts..
Then for each t in © 4/(q,&,¢)

o ift =71(ty,...,t,), T=q(p) = o(wy,...,wy,), and h(o) = 6(x;,, ..., x; ), then
Pacc(0)=(a(p) = 8W, ..., w )] ...t} ),

where, for every [ € [k], if w; =[q; ](f;), then W;l = q;,(f;,) and tl{l = [‘P]qil,gil,fil ©(tq,),
and

« if t =7(ty) and T = q(p) = ¢'(f), then ¢q £ (t) = (¢(p) = ¢'(F)) (g, p(c) (t1))-
Moreover, for each t in © 4([q],&,¢)

o if t = 7(ty,...,t,), T = [qJ(TRUE) — y(uy,...,u,), and h(y) = x; for some j € [n],
then [¢]g £ (1) =[¢lg ¢, (t)), and

e if t =1(t;) and T =[q](TRUE) — q(1D), then [go]q’g’c(t) = ¢g.e,c(t1).

Obviously, for each & € Ty, [¢ly £, ' Ou(E) = ©4(h(E)). Now we want to show that
[¢]g,.z.c, is indeed a bijection by proving that is is injective and surjective. For this, we will
show more general statements incorporating all mappings in ¢ and [¢].

* ok k

First we analyze those parts of the computations of A’ that generate symbols deleted by h.
We can show the following property by induction on u.

Property (A). Let u € Cx(X1) with h(u) = x1, let EE€Ty;,  €Q, c € C, and let t € © 4/(q, &, ).
Then there is exactly one t’ € CTéE(Xl) such that t’ -t € © 4([q],u - &,c). Moreover, it holds

that [(P]q,uf,c(t/ )= (pq,g,c(t)'

First, letu = x;. Thenu-& =&. Let t’ = 7(x;) with T = [q](TRUE) — q(1D). Clearly, t’- t
isin © 4([q],u - &,¢c) and, by construction, there is no other possibility for ¢’. Moreover, by
definition of ¢ and [¢] we have [¢]g .6 (T - t) = ¢g ¢ ().

Now let n>1, j € [n], y € =™ with h(y) = xj, u; € Ty; for i € [n]\ {j}, u; € Cx(X;), and
u=7y(uy,...,u,). Assume that the property holds for u;, i.e., there is exactly one t; S CTéE(Xl)
such that t} -t €0 4([ql,u;-&,c) and, moreover, [go]q’uj.g’c(t;. “t) = ¢q £ (). By Observation
(1), for each i € [n]\{j} there is exactly one t! € © 4(E,u;, co). By construction, y can only be
read in [q] by using the transition T = [q](TRUE) — y(E(O),...,[q](1D),..., E(O)), where
[q](1D) occurs at position j. Thus, t’ has to be of the form (t7,..., t§—1) t;., t;.+1, cth)
and, clearly, t'-t € © 4([q],u - &, c). Moreover, by definition of ¢ and [¢] and by using the
induction hypothesis, we obtain [¢ ], .z (T(t],..., t;_l, t;., t}+1, Lt t)= [cp]q,uj.g’c(t; .
t) = Qg (1)

Having shown that there is a unique way for A’ to recognize symbols deleted by h, we can
easily observe that A" memorizes the current state of .4 during this process. This observation
is based on the fact that, being in a state [q], A’ can only change its state by switching back
to q.
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Observation (2). Let u € Cx(X;) with h(u) = x4, t; € CT/ (Xl) ty € Tp with ty(e) € T,
€Ty, qeQ andceC. Ift;-t, €0 4([ql,u-&,c), then tZEGA/(q &,c).

DE’

Now we want to show that each mapping in ¢ and [ ] is injective by proving the following
property:
Property (B). Let t € Ty, { €Tp, q€Q, and c € C. If t €O 4(q, {,¢), then

 forall § e h™H(Q), t),th €O 4(q,&,¢): if gec(t]) = @qr(ty) =t, then t] = t), and
e forall E e 1), ts,t, €0 4([q], &) if [ply e (t5) =[]y e(t)) =t then t = t,.

We prove Property (B) by induction on t. First, let t = g(p) — « for some p € P and
a € A, Then each £ € h™1({) has to be of the form & = u -  for some u € Cx(X;) and
B € =@ with h(u) = x; and h(B) = a. Consider t],t, € ©4(q,&,¢c). We have u = x; as
otherwise © 4/(q,&,¢) = 0. Then & = B and t, t;, € © 4(q, B,¢). But t’ = q(p) — P is the only
computation in © 4(q, B, c) with ¢, - (t) = t as e-transitions starting in q are not deleted by
¢. Thus, t] =t} = t’. Now consider tg, ty € @A/([q],é,c) If [cp] ec(ty) =[elge(ty) =t
we can decompose t7 into ty - T3 and t), into t}, - T4 where 7, t} € Cr (Xl) and 73,74 € T/j.
By Observation (2), 73,74 € © 4(q, B, c) and, by construction and deﬁmtlon of p, T3=174=
q(p) — B. Moreover, by Property (A), t; = t}. Thus, t; =t.

Now let t = 7(tq,...,t;) for some k > 1, TeT and computations ty,...,t; of A, and
assume that the property holds for t4,..., t;. We proceed with a case distinction on 7.

Case 1: Let T = q(p) — 6(q1(f1),---,qk(fx))- Then = 6(¢y,..., ;) for some {4,...,{ €
T, and t; € © 4(q;, ¢}, f:(c)) for each i € [k]. Moreover, each & € h™1({) is of the form

é::u'o-(glr"':gn)

for some n € N, u € Cx(X;), 0 € =M and &q,...,&, € Ty, with h(u) = x1, h(o) =
6(xis--->x;) foriy,..., i € [n], and, for each j € [n], h(§;) = {; if i; = j for some [ € [k].
Consider t7,t} € © 4(q,&,c) with ¢, ¢ (t1) = @q £ (t5) = t. Thus, u = x; as otherwise
©,4(q,&,¢c) =0. As e-transitions starting in q are not deleted by ¢, t7 and t} have to be of
the form
t) = Tll(ti’l, coutiy)and =Tt .t ),

respectively, where t/ ., t; . € © 4(&;) for each i € [n] and 77,77, € T.. By construction of

1, 1’
A’ and by definition of @, 71 =15, =q(p) = o(wy,...,w,) with w; = [q;](f;) if i; = j for
sorne l € [k] and w; = E(O) else, j € [n]. Thus, forj € [n] with w; = E(O), we have
t] ;€0 A(E, &, co) and, by Observation (1) t] ’j. Moreover, for each j € [n] with
w; = [QZ](fz) for some [ € [k], we have t| ;,t, ; € @A/([qZ],Ej,fz(C)) and [¢]g, &, 7o) (t] ) =
[‘P]qz,éj,fz(c)(t;,j) = t;. By the induction hypothesis, tg’j = t;’j. Thus, t] = t,.

Now consider t3,t, € © 4([q],&,c) with [¢], - (t3) =[], (t,) = t. By definition of
[¢], we can decompose t; and t, into

1 / / / 1 / / /
ty T3(t3 .- sty,) and by - T(ty 5.0ty ),
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respectively, where t3,t, € Cr: (X1), T3, Ty € T), and t; ,t,, € ©4(&;) foreach i €
T, 424,

[n]. By Observation (2), Té(ts’l, e tg,n , Tg(tg,l, . d:"n) €0 (q,0(&4,...,&,),c¢) and, by
by construction and definition of ¢, 73 = 7, = q(p) — o(wy,...,w,) with w; = [q;1(f;)
if iy = j for some [ € [k] and w; = E(O) otherwise, j € [n]. As above, by the induction
hypothesis and Observation (1), té,i = t:},i for each i € [n]. Moreover, by Property (A),
ty =ty Thus, t; =1t,.

Case 2: Let T = q;(p) — q5(f) and & € k" 1({). Then k = 1 and t; € © 4(qs,{, f(c)).
First, consider t,t; € © 4(qy,&,¢) with ¢, ¢ (t]) = @g £ (t;) = t. The only transition
from T’ that is mapped by ¢ to 7 is 7 itself. Thus, t] = ©(t}) and t;, = 7(t}) for some
t),t) € ©4(qy,&,f(c)) and @y, £ (t]) = @q, £ (t5) = t;. By the induction hypothesis,
t{ =ty and, therefore, t] = t5.

Now, consider t3,t}, € © 4([q;],&,c) with [p], ¢ (t]) = [¢]g £(t5) = t. By definition
of [¢], for each m € {3, 4}, we can decompose t, into u/ -t, for some u) € CTé,E (X;) and
t!' € Tr, with t(¢) ¢ Té’E. Moreover, we obtain [¢], ¢ (t7) = @4, ¢ (t)). Now we can
proceed with the above argumentation: The only transition from T’ that is mapped by ¢ to
7 is 7 itself. Thus, t; = 7(t3") and t; = 7(t}") for some t3’,t}" € © 4(q,&, f(c)). By the

3
induction hypothesis, t;” = ;. Moreover, by Property (A), uy = u,. Thus, t3 = t}.

.....

* ok k

Next we want to prove that [¢] is surjective. For this, we show the following property:

qO:g’CO
Property (C). Let t €Ty, { €Ty, q€Q, andc € C. If t €O 4(q,,¢), then

* for all & € h™'({) with h(root(&)) # x; there is a t} € © 4(q,&,c) with @ ¢ (t7) =t,
and

e forall E € h™1({) there is a ty €0 4([ql, &, c) with []g ¢ (t5) = t.

We prove Property (C) by induction on t. First, let t = q(p) — « for some p € P and
a € A©. Then each & € h™1({) has to be of the form & = u - 8 for some u € Cy(X;)
and f € ¥© with h(u) = x; and h(B) = a. If u = x;, then we let tg = q(p) — B and
ty = [qI(TRUE) — q(1D)(¢]). Clearly, t] € © 4(q,B,¢), ¢qp.(t]) =t, t; € ©4([q], B,0),
and [(p]q,ﬁ’c(t;) =t. Now let u # x;. As h(u) = x, item 1 of the statement is vacuously true.
By Property (A), thereisa t’ € CTé,E (X;) such that t"- t] € © 4 ([q],u- B, c) with t] as above
and [(P]q,wﬁ,c(t/ ’ ti) = @q,p’,c(ti) =t.

Now let t = 7(tq,...,t;) for some k > 1, 7 € T and computations t;,..., t; of A, and
assume that the property holds for t4,..., t;. We proceed with a case distinction on .

Case 1: Let T =q(p) = 6(q1(f1),---,9x(fi)). Then { = 6(L4,...,L;) forsome {4,..., L, €
T, and t; € © 4(q;, ¢, fi(c)) for each i € [k]. Moreover, each & € h™1({) is of the form
E=u-0(&4,...,&,) forsome n € N, u € Cx(X;), o € =M and &1,.--,8, € Ty with
h(u) = xq, k(o) = 6(x;,...,x; ) for iy, ..., i €[n], and, for each j € [n], h(§;) = {; if i; = j
for some [ € [k] (as h is linear, there is at most one such 1).

By construction, T’ contains a transition 7’ = q(p) — o (wy,...,w, ) where, foreach j € [n],
w; = [q;](f) if ij = j for some [ € [k] and w; = E(O) otherwise. By induction hypothesis,
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4.2 Inverse Linear Alphabetic Tree Homomorphisms

for each j € [n] with w; = [q;](f;) for some [ € [k], there is a t;.’ €0 4([q:], &), fi(c)) with
[go]ql,gj,fl(c)(t;.') = t;. Moreover, for each j € [n] with w; = E(O), by Observation (1) there is
a t;’ € 0 4(E, &}, co). Then, by definition of ¢, g 5(z,,..£.)(T'(t],..., 7)) =t.

Ifu=x;, welett;=7'(t],...,t7)and t; = ([q](TrRUE) — q(ID))(T’(ti/, ..., t")). Obvi-
OUSIy; ti € @A’(q5 O.(glﬁ ey gn)) C): t; € @A’([QL 0'(51, cee, gn): C); and: bY definition of [80],

Now let u # x;. As h(u) = x;, item 1 of the statement is vacuously true. By Property
(A), thereisa t’' € CTé’E(Xl) such that t'- 7'(t7,...,t7) € © 4 ([ql,u-o(&y,...,&,),¢c) and

.....

Case 2: Let T = q;(p) — q5(f) and £ € h™}({). Then k = 1 and t; € © 4(qs,¢, f(c)).
Moreover, & has to be of the form £ =u-o(&,...,&,) for some u € Cs(X;) with h(u) = x;,
neN, o e XM with h(c) # x;, and &;,...,&, € Tx. By induction hypothesis, there is
also in T Thus, if u = x;, we 1§t t) = /T(t;’) and t, = ([q;](TRUE) — ?1(1D))(T(t;’)).
Cleaﬂy’ tl < eA/(q1, g; C): (qu,g,c(tl) =t, tz € GA’([qll g: C); and [w]ql,g,c(tz) = t. Now let
u # x;. As h(u) = x;, item 1 of the statement is vacuously true. By Property (A), there is
at'e CTE’E(Xl) such that t’ - 7(t}) € © 4 ([q1 L, u- (&1, ..., €p)sc) and []g, woce,,. ).t
(1)) = Vg, 0.0 (TED) =t

.....

By Property (B) and (C), for each & € Ty, we have that [¢], « . is a bijection between
© 4(&) and © 4(h(&)). It is not hard to see that this bijection is weight preserving: each
transition 7/ € T’ that is constructed from some transition 7 € T gets the weight wt(7) and
occurs in a computation t’ € © 4(&) in the same quantity as the original T in [(p]qo,g’%(t’ ).
Moreover, each additional transition in T’ gets weight 1. As K is commutative, the order of
the weights occurring in a computation is immaterial. Therefore, we have for each t’ € © 4(§)

that wt'(t") = wt([¢]g, £ ¢, (t")). Thus, we can conclude that

[ATE) = D> w(t)
t'€d 4(&)

= > wi(lplyeq(t))

t'€@ 4/(&)

= Z wit(t)

t€ 4(h(&))

= [A](Rh(&)) = (A ([AD)(E).

Hence, [A'] = h™'([A]) and, therefore, the class Us RT (S, Z,K) is closed under the
inverse application of linear alphabetic tree homomorphisms. [ |

Example 4.2.2. Let K = (NU {oo},+,-,0,1) be the complete semiring of natural numbers,
2 = {a@,yW, 9,0}, A = {a@,nM,6@}, and h: K(T5(X)) — K(TA(X)) a linear
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alphabetic tree homomorphism given by
h(y) = xy, h(o) = 6(x3,x,),

and h being the identity on a and 1. Moreover, recall the linear (Py, A,K)-wta A =
(Q,q, T,wt) from Example 4.1.2.

Now we construct a linear (Ps, X,K)-wta A" with [A'] = h™}([A]) as in the proof of
Lemma 4.2.1. We let Q" = QU {[q0],[q:],[9>], E} and define A" = (Q/,[q,], T',wt’) with
T’ =T U T, U Tr where T consists of the transitions

71 =qo(TRUE) = 0 ([q2](1D), E(0), [¢;1(O)),
75, = q1(TRUE) = 1([q;J(PUSH,)),

Ty = qa(T0P,) = n([g2](POP)),

73,74, T,

T consists of the transitions

Tigo] = [Q0](TRUE) = 7([qo](1D)), T4, =[qo](TRUE) — qo(1D),
Tig] = [11(TRUE) = v([q,](1D)), T4, =[q:1](TRUE) — ¢, (1D),
Trg,] = [2](TRUE) — y([q2]1(1D)), 74, = [q2](TRUE) — g5(1D),

and Ty consists of the transitions

Tg1 = E(TRUE) — o(E(0), E(0), E(0)),
Tga = E(TRUE) — n(E(O)),

Tg3 = E(TRUE) — y(E(O)),

Tps = E(TRUE) — a.

Moreover, wt maps T+, to the value 2 and all other transitions to 1.
Now consider the two trees { € T, and & € Ty, where

Y
\
19) o
VRN /‘\
n a a a n
\ \
{ = 5 and g = y
VAN \
a n o
\ /‘\
a n n a
\ \
a a

Clearly, & is an element of h™1({).
In Figure 4.2 a computation t € © 4({) on the left-hand side and a computation t’ € © 4 (&)
on the right-hand side are depicted. One can easily verify that [¢], o,é,CO(t/ ) = t. Moreover,
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4.2 Inverse Linear Alphabetic Tree Homomorphisms

[90](TRUE) — v([q0](1D))

[qo](TRUE) — qo(1D)

qo(TRUE) — 0([q](1D), E(O), [¢,1(O))

, Tq, Tes  [q;](TRUE) — q;(1D)
/ Te q1(TRUE) = n([q,](PUSH,))

/ . e
! \ -
| -

qo(TRUE) = 6(g1(0),q2(1D)) //,/" - ~ [q](trUE) — ¥([q,1(1D))

- /
=" 4
_ - ’

¢, (TRUE) = 1(q,(PUSH,))  g,(BOTTOM) = a [0:)(TRUE) = q,(1D)

¢,(TRUE) = qo(1D)  qu(TRUE) — go(1D)

2o(TRUE) = 5@ (). 4,107 qo(TRUE) - 0([4,)(1D), E(S), [4; ()

N .

2 E(TRUE) = n(E(O))

¢:(TRUE) = a q2(ToP,) = n(g,(POP)) ‘ ‘ o
\ ‘ e E(TRUE) > a Ty
q,(BOTTOM) = a o 5
A N qu
.

Figure 4.2: A computation t € © 4({) on the left-hand side and a compu-
tation t’ € © 4(&) on the right-hand side with [go]qoyg’%(t’) =t.

two positions v € pos(t) and v’ € pos(t’) are linked by a dashed line if the transition 7’ at v’
is constructed from the transition 7 at v; all such linked transitions get the same weight. All
other transitions that are newly introduced by the construction to recognize symbols deleted
by h have weight 1. Thus, wt'(t") = wt(t) = 2. |
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Chapter 4 Linear (S, X, K)-wta and Inverse Linear Tree Homomorphisms

4.3 Inverse Elementary Tree Homomorphisms

In this section we want to consider the closure of the weighted tree languages recognized
by linear weighted tree automata with storage under inverse application of elementary tree
homomorphisms as stated by the following lemma.

Lemma 4.3.1. Let K be a commutative and complete semiring, s a linear (S, A, K)-recognizable
weighted tree language, and h: K {Tx(X)) — K{TA(X)) an elementary tree homomorphism.
Then h™'(s) is a linear (S, %, K)-recognizable weighted tree language.

This statement follows directly from the subsequent Lemmas 4.3.4 and 4.3.6. Before
showing these lemmas, we consider some properties that concern the recognition of weighted
tree languages lying in the image of an elementary tree homomorphism.

Let h: K{Tx(X)) — K{T(X)) be an elementary tree homomorphism with

h(0) =061(x1, > X1—1, 09(X]5 e+ o s X 4ke1)s Xigks « -+ Xn)

for some n,k €N, o € X, 6, € Aln—k+1) 6y € A® and 1 € [n—k+ 1]. Moreover, let
A= (Q,qo, T,wt) be a linear (S, A, K)-wta. When generating the preimage h™!([.A]), all trees
that cannot be reached by h can be ignored. Thus, we can assume without loss of generality
that © 4,({) = @ for each { ¢ h(Ty,).!® Moreover, as we required in the definition of h that
61,065 ¢ X, each occurrence of §; and &, in a tree { recognized by A originates from an
occurrence of the symbol o in the preimage of {. Hence, the following observation can be
made.

Observation 4.3.2. For each { € T, with © 4({) # @ and for each v € pos({) it holds that
* if {(v)=6,, then {(vl) =6, and
* if {(v) =0,, then v =ul and {(u) = &, for some u € pos({).
Therefore, we can also observe that the computations of .A are of a particular form.

Observation 4.3.3. Let { € Ty, t € ©4({), and v € pos(t). If t(v) € Ts,, then t|,; is of the
formu-t(ty,...,t;,) where u € Cr (X;) and 7 € T,

When constructing a linear (S, %, K)-wta .A’ that recognizes h*([A]), the major task is to
merge the computation steps A takes to process 6; and 6,. Especially e-transitions occurring
between the recognition of 6; and 6, have to be regarded. This raises, depending on the
form of h, different problems.

Assume that §, is at least 1-ary and, in a computation for some tree { € T,, A takes a
sequence u € Cr (X;) of e-transitions between the recognition of 5; and 6,. With these
transitions, a storage configuration may be generated that is used afterwards to process a
subtree {’ under &,. In a preimage & € h™1({), A’ can simulate u between o and that subtree

131f this is not the case, we can apply Lemma 2.6.2 and construct an (S, A,K)-wta A with [A] = [A] nh(Ty)
(as Ty, is X-recognizable, h(Ty;) is A-recognizable [GS84, Chapter II, Theorem 4.16]). We note that the
construction in the proof of Lemma 2.6.2 preserves linearity.
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4.3 Inverse Elementary Tree Homomorphisms

&’ that is mapped by h to {’. Note that u can not be simulated above o, as a transition of A’
recognizing o could pass the storage to another subtree than &£’ and, hence, the storage must
not be changed.

On the other hand, if 6, is 0-ary, then there exists no such subtree we can use to simulate u.
However, even if the storage configuration generated by u is not used, u is still important for
the weight calculation and has to be regarded. We will discuss in the proof of the following
lemma how this problem can be solved.

As the approach to construct A’ differs in those two cases, we split our proof depending on
h. We say that h is of type 1 if 5, € A® and of type 2 otherwise.

4.3.1 Elementary Tree Homomorphisms of Type 1

The aim of this subsection is to prove the closure of the class | J,, RT;(S, Z,K) under inverse
application of elementary tree homomorphisms of type 1 as stated by the following lemma.

Lemma 4.3.4. Let K be a commutative and complete semiring, s a linear (S, A, K)-recognizable
weighted tree language, and h: K {Tx (X)) — K{TA(X)) an elementary tree homomorphism of
type 1. Then h™1(s) is a linear (S, =, K)-recognizable weighted tree language.

Proof. Let A = (Q,qy, T,wt) be a linear (S, A,K)-wta such that [ A] = s. Furthermore, let
h: K(T5(X)) - K{TA(X)) be an elementary tree homomorphism of type 1 with

h(c) =61(x1, -+, X1, 09, X5 -+, Xp)

forsomeneN, o e =M 5, € A 5, A® and [ €[n+1]. We assume without loss of
generality that © 4({) = @ for each ¢ h(Ty,).
Now we construct the linear (S, %,K)-wta A’ = (Q’,qo, T',wt’) where

Q/:QU{[T] | TE T}U{[TlanTZ] | Tl)TZE aneQ}
as follows:
e If 1 =q;(p) = qo(f) isin T, then it is also in T’ and wt'(t) = wt(7).

o Ift=q(p) = v(q1(f1),...,qm(fn)) isin T and y ¢ {6, 6,}, then 7 is also in T’ and
wt'(7) = wt(7).

° If T= CI(P) - 51(q1(f1)1 oo ,Qn+1(fn+1)) isin T: fl = O, and eA(ql; 52: CO) # Q: then
- 7/ =¢q(p) — [7](ip) isin T' and wt’(t") =1, and

- " = [tI(TRUE) = o(q1(f1), - > Q-1 (fim1), Q1 (f141)s - -5 Q1 (frs1)) is in T
and

we(t)=we(t)- D> wi(t)

t€0 4(q1,62,¢0)

As 7 is linear, ©” is linear as well.
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\ \
T q(p) = 61(q:(f), q2(O)) 710 q(p) = 61(1(0), q2(f))
////q/z(Pl)_’%(f;)\\\ // /CIZ(Pl)_’%(fl)\\\\
ty, \\\ q3(p2) — 0, /// £2, \\\\72: 43(p2) = 6, ////
4(p) - [)(id) e — [l
‘ \\ // l \
7 [t](true) — o(q,(f)) | [T, T2 )(p1) = [T1,05, TR I(1)

I \\ l /
| /

! \\\\[71,%,72](132)_’U(Ql(o)) ///

/ : | .

’ , I I
1.“11 ,
LA/ t/
wt(1") = wt(t) - wt(55,q) 2

Figure 4.3: Two subcomputations t; and t, of A on the top left and right,
respectively, and their corresponding subcomputations t7 and t;, of A’
below. The thick gray arrows represent the flow of the storage in t; and
t, and the dashed arrows show how transitions used to recognize 6, are
handled by the construction of A’.

e If t; =q(p) = 61(q1(f1), -+, qn1(fu+1)) and 7, = q(p)— by arein T, and f; # O,
then

- 1 =4q(p) = [71,q1, 721(fi) is in T’ and wt'(77) = wt(71),

- for each 7 = §,(p) — qz(f) in T we let the transition v/ = [74,§1, T21(P) —
(71,45, T2)(f) be in T and wt'(t’) = wt(1), and

- T/Z = [71,4,721(p") = o(q1(f1)s-- > Q=1 (fi=1)s Q1 (fi41)s - - Qi1 (fag1)) ds in
T’ and wt'(15) = wt(75).

As 7, is linear, 7, is linear as well.

In this construction, we distinguish two possibilities of A to recognize 6, and &,. For an
intuition of the third bullet in the construction, consider the following situation. Given the
subcomputation t; top left in Figure 4.3, the transition T passes the storage configuration
computed so far to the subtree t; . Thus, A’ cannot simulate e-transitions occurring between
the recognition of 6; and 6, above T. However, we know that the right subtree of 7 starts
with the initial storage configuration in state q, and has to recognize the single symbol 6,.
Thus, the value wt(55,q5) = Zte@A(qz, 82c0) wt(t) which stands for the sum over the weights
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of all subcomputations recognizing &, starting in g, and ¢y, can serve as factor in the weight
of t7. Note that nevertheless 7 has to be split into two transitions. This is important to ensure
that no information gets lost by removing g, in the constructed transition " reading o. As
there might be a transition 7 which only differs from 7 in the removed state, otherwise a
distinct weight assignment would not be possible.

On the other hand, A could also pass its current storage configuration to the subtree
recognizing 6, when reading 6, as it is done by the subcomputation ¢, top right in Figure
4.3. In this case, we cannot use the technique described above as it cannot be determined at
the time of construction which storage configuration t, starts with. However, now A’ can
simulate the recognition of &, before reading o as the storage gets reset afterwards anyway.
This case is regarded by the fourth bullet of the construction.

In the following, for each 7,,7, € T we denote by T - the subset of T’ consisting of
all transitions of the form [71,q1,72](p) = [71,92, Tz](f) for some d1,92 €Q, p € P, and
f € F. Moreover, we denote by Ts,  the subset of Ty containing all transitions q(p) —

61(q1(f1)s -+ > Gns1 (fr1)) with f; # O.

* ok k

Now we want to prove that [.A’] = h~}([A]). We do this by giving a bijection between the
computations of A and .A". For this, we define a family ¢ = (¢, |9 €Q,& € T, c € C) of
mappings

Qe ©4(q,h(E),c) = O 4(q,&,¢).

First, let (¢, 1, | T1 € Ts, 5, T2 € T5,) be a family of tree homomorphisms ¢ ., : Cr (X;) —
CTéM2 (X;) given by

‘Prl,rz(fh(P) —q(f))= ([71:Q1> T51(p) = [71,92, Tz](f))(xl)

for each transition q;(p) — g,(f) in T,. Note that, by construction, the transitions in the
image of ¢ ., existin T’ for each 7, € Ts, 0> T2 € Ts,-

Now let & =y(&yq,...,&,,) forsome meN, y € (™ and &,,...,&, €Tsx. Then for each
t €©4(q,h(&),c)

* if t = 7(t;) and 7 = (q(p) — q'(f)), then ¢, ¢ () = (Vg £ £(c)(t1));
o ift= T(tl, ceo tm): T= Q(P) - Y(ql(fl), . -)qm(fm)); and Y ¢ {51’ 52}: then

Pq,c(0) =7(0q, £, f0)(T1)s -5 g, 20 fun(e) ()

cifm=n+1,t=1(ty,...,t041), T =q(p) = 61(q1(f1),---,qn+1(fa+1)), and f; = O,
then

g =7"("(t], .t s 1))
where
- v'=q(p) - [r](1D),
- v =[7](TRUE) = 0(q1(f1)s -+ > Q-1 (fim1)s 1 (fi41)s - - T Frg1 D)y
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t; = ¢g,.&,.f,0(t;) for every j € [l —1] and t§ = ¢g,.&,.5,(t;) for every j €
{l+1,...,n+1}, and
cifm=n+1,t=71(t1,.., 1, U To, ti41,- -, tpy1), U € Cp (X7),

71 =q(p) = 61(q1(f1), -+ > @ns1(fs1))s f1 # O, and 75, = ¢'(p’) — &5, then

/ /
(Pq,i,c(t) = T/I(SOTl,TZ(u) : T/Z(tl) MR tll_la tl+1) R t1/1+1))
where

- 71 =q(p) = [71, 9, T21(f),
- 7/2 = [71,‘1/, Tz](p/) = 0(q:1(f1), - > Q1—1(fi=1) @1 (f141)5 - - -5 @1 (fr41)), and
- t; = g,.£,,0,(t;) foreach j € [I-1], f; = g5, 1.,(t;) foreach j € {I+1,...,n+1}.

Note that by Observation 4.3.3, t can only be of one of the shapes treated above. Indeed, each
element in the image of ¢ is a computation of .A’: All transitions we use exist, by construction,
in T’. Moreover, as we apply ¢ to a computation of A, each predicate and instruction can
be assumed to be true respectively defined on the current storage configuration. It can be
checked that the states and storage components fit together. The same applies to the segment
¥z, ¢, (W) in the fourth bullet.

It is not hard to see that the elements of ¢ may be not a bijection: particular computations
containing e-transitions between the recognition of 6, and &, are treated by ¢ in the same
way as depicted in Figure 4.4. Hence we will group such computations in an equivalence
class. For this, we define an equivalence relation =5, on © 4(q, h(§), ¢) inductively as follows.
Letm €N, 7 €T, and, for each i € [2], let t; = T(t;1,...,t; ) € ©4(q,h(&),c) for some
computations t; ,..., t; , of A. Then t; =5, t, if

* ty;=5,ty; foreach j €[m], orif

* m=n+1, 7 is of the form q(p) = 61(q1(f1);-- > qnt1(fns1)), fi = O, t1j=5, toj for
each ] € [n + 1] \ {l}, and tl,l: tZ,l € eA(ql: 62: CO)'

This equivalence relation is well-chosen as the following observation shows:

Observation 4.3.5. Let £ € Ty, ¢ €Q, c € C, and t € © 4(q,h(&),c). For each t’ € [t]zéz:
‘Pq,{,c(t/) = Soq,é,c(t)'

Is is not hard to see that this statement holds: Computations that are in the same equivalence
class only differ in certain transitions recognizing 6, and those do not occur anymore in the
image of .

We will see in the further that is is possible to define a bijection between © 4(h(£))/ =5,
and © 4(&) resting on the definition of ¢.

* ok k

First, we want to show that each function in ¢ is injective “modulo =5 7, i.e., two compu-
tations can only be mapped by an element of ¢ to the same computation if they are in the
same equivalence class. We show this by proving the following property:
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I OBENAGEAG) v q() = 61(1(F), aa(3)) |
3 / 42(p1) > 4s(f1) / 4o(p1) = 55
: | =5, ;
Y 05(ps) = 65 1, 1
1¥,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,Ifﬁ%?{J
o q(p)_,‘m(m) o
[T]I(TRUE) — o(q:(f))
|
tgl

Figure 4.4: The two computations t; and t, in © 4(q, h(&),c) on the top
left and right, respectively, which differ only in their right subtree under
T are mapped by @, ¢ . to the same computation t' €0 4(q,&,¢).

Property (A). Let t' € Ty, £ € Ty, ¢ € Q, and ¢ € C. If t' € © 4(q,&,c¢), then for all
tl: t2 € eA(qa h(g)’ C)" if‘Pq,g,c(tl) = (pq,g,c(tZ) = t/: then tl :52 tZ'

We prove Property (A) by induction on t’. First, let t’ = q(p) — a for some p € P and
ae A, As g €Q, a # o. By definition of ¢, apq‘éc(t’) = {t'} and, thus, t; = t, = t’ and
tl :52 fz.

Now let t' € © 4,(q, &, ¢) be of the form

I It /
t'=71'(ty,...,t,,)
forsome m > 1, v/ € T/, and computations t7, ..., t/ of A’. We proceed with a case distinction
ont’.

Case 1: Let 7/ be of the form q(p) — ¢'(f) with ¢’ € Q. Hence, t’ is both in T and T’.
Consider ty,t; € © 4(q,h(&),c) with @, ¢ (t1) = @q ¢ (t2) = t'. Fori € {1,2}, t; is of the
form

ti = Ti(ti,l)"'ﬁ ti,mi)

for some m; €N, 7; € T, and computations ¢; j,..., t; . of A. By definition of ¢ and due
to the form of 7/, m; = my = 1 and 7; = 7, = ©’. Then t;; € ©4(¢’,h(&), f(c)) and
©q.e f,()(ti 1) = t] for each i € [2]. Moreover, by induction hypothesis, t; ; =5, t5. Thus,
t1 =5, to-

Case 2: Let 7’ be of the form q(p) — v(q1(f1), - - - > @m(fn)) for some y & {5,,5,}. Then 7’ is

bothin T and T/, £ = y(&,,...,&,,) forsome &,...,&,, € Ty, and h(&) = y(h(&,),...,h(E,)).
Consider ty,ty € © 4(q,h(&),c) with ¢y ¢ (t1) = @q ¢ (t2) = t’. Fori € {1,2}, t; is of the
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form
ti = Ti(ti,l’ ey ti,mi)

for some m; € N, 7; € T, and computations t;,...,t;,, of A. By definition of ¢ and
due to the form of v/, m; = my = m and 7, = 7, = ©’. Then t;; € ©4(q;,h(&;), fi(c))
and goqjgj’fj(c)(ti’j) = t;. for each i € [2] and j € [m]. Moreover, by induction hypothesis,
t1,j=s, toj for each j € [m]. Thus, t; =5, t,.

Case 3: Let 7’ be of the form g(p) — [7](1D) for some T € T. By construction, T = q(p) —
61(q1(f1), -+, 4n41(fns1)) for some qy, ..., 441 €Q and fy,..., fry € F with f; = O. Then
E=0(&1,.-,81-1,&1415+ - - &ny) for some & € Ty, j € [n+ 1]\ {l}. Moreover, t’ has to be
of the form

t' =7 (], gt )

where 7 = [T](TRUE) — 0(q1(f1),-- > Q1(fim1)s Qr1(fi41)s - - - Q41 (i) and t;-/ €
©.4/(q;,&;, fj(c)) for each j € [n+ 1]\ {l}.

Consider ty,t; € © 4(q,h(&),c) with @, (t1) = g (t;) = t’. By definition of ¢ . ,
for each i € {1,2}, t; has to be of the form 7(t;;,...,t; ,+1) where t; ; € © 4(q;,h(&;), f;(c))
and ¢y ¢ 5 0(ti ) = t;.’ for j € [n+ 1]\ {l} and t;; € © 4(q;,52,¢0). Then, by induction
hypothesis, t; ; =5, ty; for each j € [n+ 1]\ {l}. Thus, t; =5, t,.

Case 4: Let 7/ be of the form q(p) — [71,q;, T21(f;) forsome 71,7, € T,q; €Q, and f; €F
with f; # O. By construction, 71 = q(p) = 61(q1(f1), -+, qns1(fns1)) and 75, = q'(p) — &,

for some qq,..,q1—1, Q141> - -»dns1,9 € Q, fir--sfi—1>fis1s---»fns1 € F, p' € P. Then
E=0(&1, 8121, &1415 - - -» Eng1) for some & € Ty, j € [n+ 1]\ {I}. Moreover, t” has to be

of the form

t' =7 -ttt st )

whereu’ € CTﬁ,Tz’ v =[71,4,721(p") = o(q1(f1)s - a1 (1) G (fren)s - -5 Gnn (Fara))s
and t;.’ €0 4(q;,&;,¢o) for each j € [n+ 1]\ {I}.

Now consider tq,ty € © 4(q,h(&),c) with ¢,z (t1) = @q £ (t5) = t’. By definition of ¢,
for each i € {1,2}, t; has to be of the form

t; =T1(ti1, o ti—1,Ui " Tos i jp1s e o5 ting1)

where t;; € ©,4(q;,h(E;),co) with ¢y ¢ . (t;;) = t;.’ for each j € [n+ 1]\ {l} and uy; €
@lerz(u’). By induction hypothesis, t; ; =5, t, ; for each j € [n+1]\ {l}. Moreover, go;llfz(u’)
contains a unique element u and, therefore, (u; - 75) =5,(uy - 72). Thus, t; =5, t,.

* ok k

The next property shows that all elements of ¢ are surjective.

Property (B). Let t' € T, £ € Ty, q €Q, and ¢ € C. If t' € © 4(q,&,¢), then there is a
t €0 4(q,h(&),c) with pg e (t) =t
We prove Property (B) by induction on t’. First, let t' = q(p) — a for some p € P

and a € A©. Then a # o, £ = a, h(a) = a, and q(p) — a is an element of T. Thus,
(q(p) — @) € © 4(q, h(a),c) and, by definition of ¢, we have ¢, - .(q(p) = @) =q(p) — a.
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Now let t’ = 7/(t],...,t; ) for some m > 1, v € T’, and computations t,...,t; of A’. We
proceed with a case distinction on 7’.

Case 1: Let m=1, 7" = (q(p) — q'(f)) with ¢’ €Q, and t; € © 4(q’, &, f(¢)). Then 7’ is
also an element of T. Moreover, by induction hypothesis, there is a t; € © 4(q’,h(£), f(c))
with Qg £ ¢ (t1) = t]. Let t = 7'(t;). Clearly, t € © 4(q,h(&),c) and @, ¢ (t) =t

Case 2: Let ©" = q(p) — y(q1(f1);---,qm(fin)) for some y # o and t; € © 4(g;, &;, f;(c))
for each i € [m]. This case is analogous to case 1.

Case 3: Let 7/ = q(p) — [7](1D) for some 7 € T, and let t; € © 4([7],&,c). By con-
struction, 7 is of the form q(p) — 6,(q1(f1),---,qn+1(fny1)) with f; = O and there is at
least one t € © 4(q;, 63, ¢p). Moreover, £ =0(&y,...,&11,& (41, -+, Epy) for some &; € T,
j€[n+1]\{l}, and t; has to be of the form

I el 1 /7 1
=T (] s by

where 7 =[7T](TRUE) = 0(q1(f1),- -, @1 (fi-1), Q1+1(fix1)s - - -» Gny1(f41)) and, for each
je[n+1]\{l}, t;’ € © 4(q;,&;, fi(c)). By induction hypothesis, for each j € [n+1]\{l}, there
isat;€0,(q;,h(&)), fic)) with ¢, ¢ ¢ (t;) = t;’. Let t = T(tq,..vsti—1s by tisgseees tnp)-
Clearly, t € © 4(q,h(&), ) and, by definition of ¢, ¢, ¢ .(t) = t'.

Case 4: Let v/ = q(p) — [71,9q;, T5](f;) for some 7,7, € T and f; # O. By construc-

tion, 71 = q(p) = 61(q1(f1);---,qns1(fn41)) and 7, = ¢'(p") — &, for some g, ...,q1,
Q115> qnt1> @ €EQ, frs-vvs fic1s fix1s-- > fns1 € F, and p’ € P. Furthermore, it holds that

E=0(&1,---,81-1,&1415--+» Epy1) for some & € Ty, j € [n+ 1]\ {l}. Then t] has to be of
the form
ty=u ottt

whereu’ € CT;MZJ 75 =[71,4",721(p) = o(qu(f1), -, G (fim1)s G Firnds -+ G (i),
and t;.’ € ©4/(q;,&j,co) for each j € [n+ 1]\ {l}. By induction hypothesis, for each j €
[n+ 11\ {1}, there is a t; € © 4(q;, h(&;), co) with ¢y ¢ . (t;) = t;’. Let t = 71(tq,...,t;_q,U"
Tos 1415+ tny1) Where u € ¢t (W) (recall that ¢! (') is a singleton). Clearly, t €
eA(q: h(g)) C) and ‘Pq,&,c(f) =t

Using Property (A) and (B), we obtain that for each ¢ € Q, £ € Ty, and ¢ € C the mapping

¢q,€,c : eA(q) h(é), C)/ =5, - eA’(q7 g: C)
where
Pgecltl=;)) = @qec(t)  forevery [t]-, € ©4(h(£))/=s,

is a bijection. By Observation 4.3.5 this mapping is well-defined. The next property shows that
this bijection preserves the weights of the computations, summing over all weights occurring
in the same equivalence class.

Property (C). Let t €Ty, E €Ty, q<€Q, and c € C. If t €© 4(q,h(&),c), then
> we(t) =wt' (¢ (€], ).

/
te[t]=52
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We prove this property by induction on t. First, let t = q(p) — a for some p € P and
a € A®. Then h(§) = a and a # §,. Moreover, [t]:52 = {t} and ¢y ¢ (t) = t. By
construction, wt'(q(p) — a) = wt(q(p) — a).

Now let t = 7(ty,...,t,,) for some m > 1, T € T and computations tq,...,t,, of A. We
proceed with a case distinction on 7. Note that for the sake of readability in the following we
sometimes multiply the weight of a transition from the left to the weights of subcomputations.
As K is commutative this does not change the weight of a computation.

Case 1: Letm =1, 7 = (q(p) = ¢'(f)), and t; € © 4(q", h(£), f (c)). Since [t]_, = {7(t})|
t) € [t1:|:52 }, we have

Z wt(t)) = Z wt(T) - we(t))

veltl=s, tieltal=;,
=wt(1) - Z wt(ty) (by distributivity)
tie[tl]:SZ
=wit(7) W' (¢ g e 0 ([t1]=,))) (by IH)
=wt'(7) - wt' (@ £ p ([ 1 :|:52 ) (by construction)
= Wt'(@’q,g,c([t]:gz ) ()

where (*) holds as ¢z () = T(pg £ (o) (t1))-

Gase 2: Let © = q(p) — 7(@1(f1)s - -+ Gm(fn)) With 1 & {81, 5,}. Then & = y(Z1,..., £,
t; € © 4(q;,h(&;), fi(c)) for each i € [m], and [t:|:52 ={t(ty,....,t; )|t} € [ti]:gz,i € [m]}.
Thus,

> wi(t)= > wit(t) - we(t]) - ... wi(t)
t/e[t]:62 tlfe[ri]zsz for ie[m]
= wt(1)- > we(t]) - ... wi(t") (by distributivity)
tlfe[ti]zaz for i€[m]
=wt(t)-( Z Wt(tg)) S ( Z Wt(t;n)) (by Observation 1.2.5)
tell-,, theltnl=s,

=wt(7)- Wf/((??q],gl,fl(c)([ﬁ]:ﬁz ). 'Wt/(¢qm,gl,fm(c)([fm]:52 ))  (byIH)

= Wt/(T) ’ Wt/(('bql’gl’fl(c)([tl]:&Z )) Teeet th(gquﬂgl’fm(c)([tm]:(iz ))
(by construction)

:Wt/(¢q,§,c([t]=5z )) (*)
where () holds as ¢g ¢ (t) = T(¢g, &, £,(0)(E1)s -+ 5 Pg, 1 () (Em))-

Case 3:Letm=n+1, 7 =q(p) = 6:(q1(f1)s--->qns1(frs1)), and f; = O. Then & =
0(&15-++5&1-15 81415 -+» Ene1) such that t; € ©4(q;,h(E)), fj(c)) for each j € [n+ 1]\ {l},

142



4.3 Inverse Elementary Tree Homomorphisms

t; €©4(q;,62,¢0),
[t],, = {7t ) 1t el forjeln+ 1]\ {1},t] €©4(q,62,¢0)},

and we have

> wi(t)= > wt(t) - we(t)) -...-we(t! )

t/e[t]:52 t}e[tj]=52 for je[n+1]\{l},

t/€0 4(q1,62,¢0)

=wt(1) - Z wt(t]) ... -we(t), 1) (by distributivity)
telty)oy, forjeln+ 1N,
t/€0 4(q1,62,¢0)

=wi(o)-( > ow))- [] (DD wit))

£,€0 4(q1,62,¢0) jeln+11\{1} t;.E[tj]:ﬁz

(by Observation 1.2.5 and commutativity)

=we(r)- (>, owi()- || w (g0t Gy IH)

tlleeA(ql,Bz,Co) ]E[n+1]\{l}

=wt'(t")-wt'(z”) - l_[ Wt/(kf?qj,g}.,fj(c)([fj]:&))
jeln+11\{1}

=wt' (g ([t]=;))
where the last two equalities hold as
Paec() =7 (t"(E, .. tia, B o5 Bpg))
with
- tj=q,£,50)(t;) foreach j€[n+1]\ 1,
- v/ =q(p) = [7](1D), and
- v =[r](TrRUE) = 0(q1(f1); -, Q1 (fim1), 1 (fr1)s -+ Gnra (fria)),

and as, by construction,

wt'(t) =1 and wt'(t”) =wt(t) - Z wt(t).

t€0 4(q1,62,¢0)

Case 4: Letm =n+1, T = q(p) = 61(q1(f1),---,qnt1(fns1)), and f; # O. Then & =
(81,5 &1-1, 81415+ - -, Eng1) such that t; € © 4(q;,h(&;),¢co) for each j € [n+ 1]\ {i}.
Moreover, t; is of the form ©(...(74(72))...) for some g €N, %4,...,1, € T, and 7, =
q'(p’) — 6, with ¢’ €Q, p’ € P. By construction,

(‘Oq’g’c(t) == T/(%?l Ceee” %/g . T/Z(fl, ceey fl—l’ fl+1, ooy £n+1)),
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where 1! = ¢, . (%;) for each i € [g], 7/ = q(p) — (7, q 721011, 75 = [T,q/:Tz]‘(P/) -
o(q1(f1)s - @-1(fim1), Q1 (fr41)s - Qnar (far1)), and €5 = @ = ¢o)(t;) for each j € [n+
17\ {I}. Moreover, [t]:52 ={(t],....t/ DI t} € [tj]:(32 for j € [n+1]}. Thus,

Z wt(t') = Z wit(T)-we(t]) ... -we(t) ;)
t’e[t]=52 tje[tj]=§2 for je[n+1]
=wt(7) - wt(T1) ... - wt(Tg) - wt(T,)-
Z wt(t]) .. owt(t_) -we(t, ) ... -we(t, )

t;e[tj]:ﬁz for je[n+1]\{l}
(by distributivity and as [t;]— 5y = {t:hH
=wt(t) - wi(t)) ..o we(t) - wi(zy) - [ (D) wt))
jeln+11\{l} t}e[tj]:gz
(by Observation 1.2.5)

=wi(e) - we(ty)-owi(E) - wi(wy) - [ | wi(@g e po(lt]=,))

Jeln+1\ {1}
(by IH)
_ / / /1l /0 nl / / /(A
=wt' (7)) -wt'(17)-...-wt (Tg) wt'(75) - l_[ wt (goqj’gj’fj(c)([tj]zaz))
jeln+11\{1}

= Wt/(gbq,g,c(t))

where the last but one equality holds as, by construction, wt'(t”) = wt(t), wt'(1}) = wt(%;)
for each i € [g], and wt'(77) = wt(7,).

Thus, we can conclude that for each £ € Ty,

(R ([ADXE) = [A](R(£))

= Z wt(t)

t€0 4(h(&))

= Z Z wt(t")

[6]5, €04 (R(EN/ =5, veltl;

= D wl(@geeTtl,)) (by Property (C))
[6)-,, €6 4 ((E))/ =,
= Z wt'(t") (as ¢ is a bijection)
t’G@A/(g)
= [A](&).
Hence, [.A’] = h~1([A]) and, therefore, the class Us RT(S, 2,K) is closed under the inverse
application of elementary tree homomorphisms of type 1. [ |
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4.3.2 Elementary Tree Homomorphisms of Type 2

After having shown that the class | |, RT;(S, £,K) is closed under inverse application of
elementary tree homomorphisms of type 1, in this subsection we consider elementary tree
homomorphisms of type 2. Again, we obtain a positive result:

Lemma 4.3.6. Let K be a commutative and complete semiring, s a linear (S, A, K)-recognizable
tree language, and h: K {Tx(X)) — K{TA(X)) an elementary tree homomorphism of type 2.
Then h™'(s) is a linear (S, X, K)-recognizable tree language.

Proof. Let A= (Q,q, T,wt) be a linear (S, A,K)-wta with [A] =s and let h: K{Tx(X)) —
K{TA(X)) be an elementary tree homomorphism of type 2 with

h(o) =061(x1,--»X1—1, 09(X5 -+ o s X 4ke1)s Xigos - -+ Xn)

for some n,k > 1,0 € M, 5, € A D 5, € AW andl € [n—k + 1]. As before, we
assume without loss of generality that © 4({) = @ for each { ¢ h(Ty,).
We construct the linear (S, %,K)-wta A" = (Q’,qo, T',wt’) where

Q/ :QU {[Tl;q:TZ:I | T1,T2 € T)q € Q}
as follows:
e If Tt =q(p) — ¢'(f) isin T, then it is also in T" and wt’(7) = wt(7).

o If T =q(p) = v(q:(f1),--.,qm(fn)) is in T and y ¢ {6, 55}, then 7 is also in T’ and
wt'(7) = wt(7).

* For all transitions 71 = q(p) — 61(q1(f1); -+, qnr+1(fais1)) and 7, = ¢'(p’) —
52(q1(f]), .-, q;.(f))) in T we proceed as follows. If there is a j € [k] such that fj’ # O,

then let i = j, otherwise let i = 1. Then
- 7/1 =q(p) = o(wy,uy, [71,q, T21(f1), ug, wy) with
e wy =q1(f1)s - @1 (fim1), wo = @ (fr41)s -+ Gk Frmier1)s
& u = qll(fll)) cees ql{_l(fi/_l)) and Up = ql{+1(fi/+1)’ v Jq]/C(fk/)
is in T” and wt'(77) = wt(71),
—ift=2(p)—> 2 (f)isin T, then ' =[71,2,751(p) = [71,2’, T2 1(f) is in T and
wt' (%) =wt(%), and
- 75 =[71,4,721(p") = q;(f/) is in T" and wt'(7}) = wt(7y).
As 7 and T, are linear (and u; and u, only contain reset instructions), 7} is linear as

well. Note that the choice of i is valid as &, ¢ A©.

The intuition of the construction is the following. In a computation t of A there might be a
sequence of e-transitions 7 ... T, between the recognition of 6; and &,. These transitions
can prepare a storage configuration c that is passed to (at most) one subtree ¢t; of 6,. In
the corresponding computation t’ of A’, the sequence 7;...7 u is simulated right after the
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710 q(p) = 61(q1(f),92(0),q3(0))
\

/ \
q2(p2) — q5(f3)
‘ | ‘
Ty q3(ps3) = 62(q7(0),q5(f), q5(O))

3

q(p) — U(Ql(f),q/l(o), [T1,92 Tz](o),qg(o),%(o)
|

// \

{M](Pz)*[’qum

A . e o A
L0 (11,45 nlP) > )

Figure 4.5: A computation ¢ in © 4(g, h(£),c) at top (where, in T,, f' # O)
and the corresponding computation ¢’ in © 4(q, &, ¢) at the bottom for
some & € Ty

recognition of the original o, above the subtree h(t;). This method is exemplified in Figure
4.5. Note that, if all subtrees below &, are recognized by A with a reset storage, then we
choose the first subtree to simulate 7, ... 7, above as we also need to regard the weights
computed by these transitions.

In the following, for every 74,7, € T we denote by T L the subset of T’ consisting of all

T
transitions of the form [71,2,7,](p) = [71,2’, T2 ](f) for some z,2’ €Q, p € P, and f €F.

* ok k

Now we want to prove that [.A’] = h~([A]).
For this, in the following we define a family ¢ = (¢4 ¢ . | €Q,& € Tx;, ¢ € C) of mappings

‘Pq,g,c : eA(q’ h(g)z C) - GA’(q) g; C) .

First, let (¢¢, -, | T1 € T5,, T2 € T5,) be a family of tree homomorphisms ¢, . : Cr (X;) =
Cr:  (X;) given by
T1,T2

(Prl,rz(Q(P) —-q'(f)= ([qu,’fz](P) - [11,q, Tz](f))(xl)

for each (q(p) — ¢’(f)) € T.. Note that, by construction, the transitions in the image of
¢z, 7, existin T’ for each 7, € T5 , 7, € Ts,.
Now let & =y(&4,...,&,,) for some m € N. Then for each t € © 4(q,h(),c)
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e if t = 7(t;) and 7 = q(p) — ¢'(f), then @, £ (1) = T(@g £ f()(t1))s

o ift=1(ty,...,t,), T =q(p) = v(q1(f1), ..., qm(fin)), and y & {51,855}, then ¢, - (t) =
(.60, -5 g, £ () (Em)), and

e if m=n,
t=7T1(tq, st U Totry e e vy tgke1)s Litks - - 5 En)

with u € Cr (X3), 71 = q(p) = 61(q1(f1)s -+ Gntes1(Faek+1))> and 7, = ¢'(p’) —
82(q1(f]); - - 43 (f)), then

_ / / / / / / /
Pae,c(t) = Ty(Eh sty 0 Py e, (W Tyt s s 1)

where

i = jif there is a j € [k] with f/ # O and i =1 otherwise,

) =q(p) = o(wy,uy,[71,q;, T2](f1), Us, wy) with
e wy =q1(f1)s -, @1 (fim1), wo = @ (fri1)s -+ Gk Frmiern)
o up =q1(f])s -, q_(fL)), and up = q;  (f 1), - 4 ()

75 =[71,4",721(p") = q;(f/), and

for each j € [n]

qu’gj,fj(c)(tj) ifje{1,...,1—1,l+k,...,n}

t;.: ‘Pq;,m,ij,Co(ti) ifje{l,...,.1+i—2,l+1i,...,1+k—1}

SOql{’gj,E(tj) lf_]:l+l—1

where ¢ = fi/(fu(' . f1(fi(c))...))and £, .. 'fu is the sequence of storage instruc-
tions occurring in u read from top to bottom.

Note that by Observation 4.3.3, t can only be of one of the shapes treated above. With the
same argumentation as in the proof of Lemma 4.3.4 it can be checked that each element in
the image of ¢ is indeed a computation of A’.

Now we want to show that each mapping in ¢ is a bijection, i.e., it is injective and surjective.
We do this by proving the following property:

Property (A). Let t' € T, E€ Ty, q€Q, andc € C. If t' €O 4(q, &, ), then
* thereisat €© 4(q,h(&),c) with p, ¢ (t)=t"and

° fOI‘ all t1,th € @.A(q: h(g),C)f l:f(pq,f,c(tl) = ‘Pq,g,c(tz) = t/; then t; =ty
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We prove Property (A) by induction on t’. First, let t’ = q(p) — a. Then £ = a, h(a) = a,
and, by construction, q(p) — a is an element of T. Thus, (q(p) — a) € © 4(q,h(a),c) and,
by definition of ¢, we have ¢, : .(q(p) = a) = q(p) — a. Moreover, (p;é’c(t/) = {t'} and,
thus, t; =t, =t’.

Now let t' = 7'(t],...,t; ) for some m > 1, T € T' and computations t/,...,t; of A". We
proceed with a case distinction on 7.

Case 1: Let 7" = (q(p) — q'(f)), and t] € © 4(q’, &, f(c)). Then, by construction, 7’ is
also an element of T. Moreover, by induction hypothesis, there is a t; € © 4(¢’,h(£), f (c))
with g ¢ ¢()(t1) = t]. Let t = 7'(ty). Clearly, t € © 4(q,h(&),c) and ¢, ¢ (1) = t".

Now consider tq, t, € © 4(q,h(&),c) with @, ¢ (t1) = gz (ty) =t". Fori € {1,2}, t; is of
the form 7,(t; ;) for some 7; € T and computation t; ; of A. By definition of ¢, 7 = 7, = 7’
Thus, t;7 € ©4(q",h(&),f(c)) and @y ¢ (y(t;1) = t; for each i € {1,2}. By induction
hypothesis, t,; = t5 ;. Hence, t; = t,.

Case 2: Let 7" = q(p) — v(q1(f1);--,qm(fin)) for some y # o. Then & = y(&;,...,&pn)
and t! € © 4(q;,&;, fi(c)) for each i € [m]. By construction, 7 is also an element of T.
Moreover, by induction hypothesis, there is for each i € [m] a t; € © 4(q;, h(&;), f;(c)) with
Oq. g5 (0(ti) = ti. Let t = T(tq,...,t,). Clearly, t € © 4(q,h(&),c) and ¢g ¢ (t) =1t'.

Now consider tq, t; € © 4(q,h(&),c) with g ¢ (t1) = g (t2) = t’. Fori e {1,2}, t; is
of the form 7,(t;1,...,t; ) for some m; €N, 7; € T, and computations t; ..., t; , of A.
By definition of ¢, 7, = 7, = 7/ and my = my = m. Then t;; € © 4(q;,h(&;), fi(c)) and
@qj,gj,fj(c)(fi,j) = t; for each i € {1,2} and j € [m]. By induction hypothesis, t; ; = t, ; for
each j € [m]. Thus, t; = t,.

Case 3: Let m = n and 7’ = q(p) — o(q1(f1),-..,q,(fn)). Then & = o(&,...,&,) for
some &4,...,&, € Ty, and tl{ €0 4(q;,&;, fi(c)) for each i € [n]. By construction of A’ there
isate{l,...,l +k—1} such thatq, =[71,G,, T2 ],

71 =4(p) = 61(q1(f1); -, q1-1(f1i-1), 4. (S, Qa1 - -+ G (F)),
and
7, =q'(p") = 82(q(f); -, 41 (Fim1)s 4" F s i (i) -+ 5 Qi (fraw—1))
for some q,,q’,q” €Q, p’ € P, and f” € F. Moreover, also by construction of A’,
t/=u"-7"(t])

where u’ € Cp, (Xq), v = [71,4,72](0") = ¢"(f"), and t" € © 4(q",&,,¢) where ¢ =
T1,T2
f”(f‘:(. ~f{(fi(c))...)) and f .. .fﬁ: € F* is the sequence of storage instructions occurring in
u’ read from top to bottom.
By induction hypothesis, there are t; € © 4(q;,h(&;), f;(c)) with <qu,5j,fj(c)(tj) = t; for each
j€[n]\{t} and t, € © 4(q",h(E,),c) with @gr £ :(t,) = t;. Then let

t=71(t1, . ti—, U Tolty, ooy Egke1)s tias - - 5 tn)

where u € go;ll’rz(u’). Clearly, t € © 4(q,h(&),c) and @ ¢ (t) =t
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Now consider t;, t; € © 4(q, (&), c) with ¢, ¢ (t1) = @4 £ (t2) = t’. By definition of ¢ ¢ .,
for each i € {1, 2}, t; has to be of the form

Tl(ti,lﬂ tee ti,l—l» u; - TZ(ti,l: cee ti,l+k—1)> ti,l+k> tee ti,n)

where we have that t; ; € © 4(q;,h(&};), fj(c)) and gaqj’gj’fj(c)(ti’j) = t;. for each j € [n]\ {¢},
ti, € ©4(q",h(E,),¢) and ¢gr ¢ (t;,) = t], and u; € np;lsz(u’). By induction hypothesis,
ty,j =ty for each j € [n]. Moreover, tp;l Tz(u’ ) contains a unique element u. Thus, t; = t,.

hok

By Property (A), for each & € T, the mapping ¢, : ., is a bijection between © (&) and
© 4(h(&)). Moreover, since each transition in a computation t’ € © 4(&) corresponds to a
transition in ‘qu,g,co(f/ ) with the same weight and vice versa, and since K is commutative,
we obtain that wt'(t') = Wt(cpqo,g,%(t’ )). Thus, we can conclude that

[ATE) = > w(t)
t'€d 4/ (&)

— Z Wt(g .0, (t))

t’G@A/(g)

= Z wt(t)

t€® 4(h(&))

= [Al(~(&)) = (A ([ADI(E).

Hence, [A'] = h™!([A]) and, therefore, the class | J, RT;(S, Z,K) is closed under the
inverse application of elementary tree homomorphisms of type 2. [ |

Now we can prove Lemma 4.3.1 from the beginning of this section which comprises the
closure of the class | J5, RT;(S, X, K) under inverse elementary tree homomorphisms of type
1 and 2 as restated below.

Lemma 4.3.7. Let K be a commutative and complete semiring, s a linear (S, A, K)-recognizable
tree language, and h: K{Tx(X)) — K{TA(X)) an elementary tree homomorphism. Then h™*(s)
is a linear (S, X, K)-recognizable tree language.

Proof. This lemma follows from Lemma 4.3.4 and Lemma 4.3.6. [ ]

This finishes the proof of Theorem 4.1.6.
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4.4 Chapter Conclusion

In this chapter, we proved that the class U » RT((S, ¥,K), where K is a commutative and
complete semiring, is closed under the inverse application of linear tree homomorphisms.
This result could be shown by decomposing a linear tree homomorphism into linear alphabetic
tree homomorphisms as well as elementary tree homomorphisms and proving the respective
closure.

One further note

One motivation to prove the closure of the class Im-CFT under inverse linear tree homo-
morphisms in [ODH19] was given by a bimorphism characterization of linear extended
tree transducers (I-xtt). In [FMV11, Theorem 4.2] it was shown that a tree transformation
7: Ty, = P(T,) originates from the application of an I-xtt if and only if it can be decomposed
into the inverse application of a linear and nondeleting tree homomorphism h followed by
the intersection with a recognizable tree language R followed by the application of a linear
tree homomorphism g, i.e.,

7(&) =g(h"'()NR)

for each £ € Tsx.. Moreover, it is well known that the class Im-CFT is closed under intersection
with recognizable tree languages and under application of linear tree homomorphisms. Thus,
these results together with Theorem 4.0.1 yield the closure of Im-CFT under the application
of linear extended tree transducers.

Now it is an obvious question whether our (storage) generalization of Theorem 4.0.1
leads to a similar closure property, i.e., whether the class | J, RT;(S, X, B) is closed under
application of 1-xtt. As the construction in the proof of Lemma 2.6.2 preserves linearity, we
obtain the closure under intersection with recognizable tree languages. Having now shown
Theorem 4.1.6, the question remains whether U 5 RT(S, X,B) is closed under application of
linear tree homomorphisms. We believe that this is true:

Given a linear (S, X)-ta A and a linear tree homomorphism g: Tx(X) — T, (X) we construct
from each transition of the form

ap) = o(q1(f1),---,qx(fn))  with  g(o)=¢

the transition

v =q(p) = Cla:(f1), ... g (f)] -

Of course, 7’ is not a “valid” transition of our automaton model. However, it was shown in
[FV19b] that allowing such extended transitions does not increase the power of (S, X, K)-wta
in case of a complete and commutative semiring K and, thus, of (S, 3)-ta. Moreover, by using
the construction of [Eng15, Theorem 3.22] to reobtain transitions recognizing at most one
symbol at a time, linearity is preserved.

Thus, we conjecture that also the class RT;(S, 3, B) is closed under the application of an
1-xtt mapping. However, as a formal proof would go beyond the scope of this work, we leave
the definite answer to this question open.
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Chapter 5

A Medvedev Characterization of
Recognizable Weighted Tree Languages

In his seminal paper [Kle51], Kleene investigated finite-state automata which he introduced
as an abstraction of McCulloch-Pitts nerve nets [MP43]. To describe the language of such an
automaton, he developed a first version of the well-known regular expressions and proved
that both formalisms are equally expressive. In his work, regular expressions are given in the
form of sets of tables (describing languages) and the operations union E V F, concatenation
E - F, and Kleene star E * F on them.

As explained by Medvedev [Med56], a problem arises from Kleene’s representation of a
language as a set of tables: On the one hand, a language can be described by different sets of
tables and such different sets are called equivalent if they describe the same language. On the
other hand, applying concatenation or Kleene star to equivalent sets might yield sets of tables
that are not equivalent anymore. Thus, these operations are not operations on languages
themselves.

We note that this problem is caused by Kleene’s particular representation of languages and
does not occur in the modern use of regular expressions. However, it constituted Medvedev’s
motivation to introduce an alternative representation of languages, which

«... describes the class of representable events in an intrinsic fashion by means of
“fundamental” operations on events.» [Med56]

Here events stand for languages. In this sense, the representable languages form a class
of languages that contains particular simple languages, called elementary sets, and that is
closed under particular operations, the elementary operations. These operations are union,
intersection, relabeling and “prefix restriction” RST: a word w is in RST(L) if and only if
each prefix of w is in L. As Medvedev showed, the class of representable languages coincides
with the class of recognizable languages.

Similar to Kleene’s work, this characterization found resonance and was the foundation for
further results. Elgot strengthened Medvedev’s theorem [Elg61, Theorem 3.6] and obtained
a characterization that is comparable with (albeit not equal to) the famous statement that
each regular language is the homomorphic image of a local language [CS63, Section 5,
Proposition 1]. This result was generalized by Doner [Don70, Theorem 1.15] to the tree
case and, also in this work, the influence of Medvedev was mentioned. For this reason,
Medvedev’s theorem is often associated with the homomorphic characterization of regular
languages (cf., e.g., [RP19]). Moreover, Costich [Cos72] generalized representable languages
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to representable tree languages. Again, he achieved an equivalence result and, hence, obtained
a Medvedev characterization of recognizable tree languages.

Whereas Kleene’s characterization has been extended to weighted languages [BR82, AB87]
and weighted tree languages [DPV04], to the best of our knowledge a quantitative version of
Medvedev’s result is still open. We close this gap by introducing representable weighted tree
languages over semirings that are built from elementary weighted tree languages and elementary
operations. We use as operations the weighted versions of the operations of Medvedev and
Costich: sum for union, Hadamard product for intersection, relabeling lifted to weighted tree
languages, and a weighted “subtree restriction” RST which is a product for all subtrees of
a tree. However, to obtain a characterization for recognizable weighted tree languages, we
have to restrict our representable weighted tree languages: We limit the application of the
Hadamard product as well as the restriction function to recognizable step functions. With the
help of this restriction, we obtain a Medvedev characterization of recognizable weighted tree
languages.

Moreover, we investigate the relation between unrestricted representable weighted tree
languages and weighted monadic second-order logic. Their relation is interesting because,
to obtain a characterization of recognizable weighted tree languages, MSO-formulas also
have to be restricted (by avoiding universal second-order quantification and by restricting
universal first-order quantifications to recognizable step functions) as mentioned in Section
1.5.2. Here we will prove that the class of representable weighted tree languages is a proper
subclass of the class of weighted tree languages definable by weighted MSO-formulas.

This chapter In Section 5.1 we introduce (X, K)-representations and the corresponding
class REPR(X, K) of (X, K)-representable weighted tree languages where K is a semiring. We
show in Section 5.2 that there are weighted tree languages in REPR(>., K) which are not (X, K)-
recognizable. Therefore, we introduce an appropriate restriction of (X, K)-representations
and state our main result (Theorem 5.2.2). This theorem is proved by showing in Section 5.2.1
that each restricted representable weighted tree language is recognizable and in Section 5.2.2
that each recognizable weighted tree language is restricted representable. Finally, in Section
5.3 we investigate the relation of (unrestricted) representable weighted tree languages and
(unrestricted) MSO-definable weighted tree languages.

Related work This work is based on the original characterization by Medvedev [Med56]
and its generalization by Costich [Cos72]. Variations of the first work, using other elementary
sets, can be found in [Elg61] and [Don70].

Local languages can be described by particular representations without relabeling and with
restricted usage of the union (as local languages are, in general, not closed under union).
The formalism of local languages was also considered in the tree case [Don70] as well as
in the weighted tree setting [Fiil15]. Especially the result that recognizable languages are
a projection of local languages has been resumed lately [RP11, RP19]. A short explanation
of the relation of our formalism to (weighted) local tree languages can be found in Remark
5.2.10.

Also the original alternative to Medvedev’s representation of regular languages by partic-
ular expressions has been investigated in the setting of weighted tree languages: regular
expressions have been introduced, among others, for weighted tree languages over commu-
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tative semirings [DPV04], distributive M-monoids [FMV09], and particular tree valuation
monoids [DFG16]. Lately, a Kleene characterization was extended to the class of weighted tree
languages recognizable by particular weighted regular tree grammars with storage [FV19a].

Our idea of restricting some elementary operations to recognizable step functions in order
to characterize the recognizable weighted tree languages has been borrowed from the logical
characterization of the recognizable weighted (tree) languages by restricted MSO logic, cf.
[DGO5, DV06, DV11, DGMM11].

Note: This chapter is a generalized version of [Her17]: Whereas in [Her17] a Medvedev
characterization for recognizable weighted tree languages over commutative semirings was
proven, here we could drop this assumption and consider arbitrary semirings. For this, we
equipped the product of the restriction mapping by an order and strengthened our notion of
restricted representations.
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5.1 Representable Weighted Tree Languages

The aim of this section is to define a weighted version of the representable sets introduced
by Medvedev, that we call representable weighted tree languages.'* These weighted tree
languages are built up from particular operations, called elementary operations, that are
applied to two types of very simple weighted tree languages, called elementary weighted tree
languages.

Convention. In this chapter we let (K,+,-,0,1) be an arbitrary semiring if not specified other-
wise.

Elementary weighted tree languages We call the following weighted tree languages over
X! and K elementary:

* for each 0 € X and a € K the weighted tree language RT,, , € K{Tyx) defined for each

¢ eTx by
a ifé(e)=0o
RTU,a(g) = .
0 otherwise,
e foreachn>1, vy,...,v, € X, and a € K the weighted tree language NXT, ., , €

K(Ts) defined for each £ € Ty, by

a if E(e) € (W and £(i) =y, for each i € [n]
0 otherwise.

NXTy, y,a(8) = {

Elementary operations We call the following operations on weighted tree languages ele-
mentary:

[] +’
° 0O,
* relabelings, and

* the (subtree) restriction mapping RST: K{Tx) — K{Tx) which is defined for each
s € K(Tyx) and & € Ty; by

(RsTENE) = [ ] sC&l)
vepos(§)
where in the product we follow the depth-first post-order Egj,.
Note that in the case & = X u () our definition of the restriction mapping coincides

with (RsT(s))(&) = ntesub(g)s(t) for each s € K(Ty) and & € Tyx; where, again, we use the
depth-first post-order Cgj, in the product.

“Note that here the notion of representable weighted tree languages is different from the concept of representable
tree series in [Boz94].
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5.1 Representable Weighted Tree Languages

Representable weighted tree languages The class of K-representable weighted tree lan-
guages, denoted by REPR(K), is the smallest class of weighted tree languages that contains
for each ranked alphabet > the elementary weighted tree languages over > and K and
that is closed under elementary operations. Moreover, for each ranked alphabet X, the
class REPR(X, K) of (X, K)-representable weighted tree languages is the subclass of REPR(K)
containing all weighted tree languages of type Ty, — K.

Representations A term made up of elementary weighted tree languages and elementary
operations that results in a (X, K)-representable weighted tree language is called a (X, K)-
representation. Clearly, each (X, K)-representation e can be seen as a tree by considering
elementary weighted tree languages as nullary symbols and elementary operations as unary
respectively binary symbols. Then we denote by ht(e) the height of the tree associated to e,
defined as usual. Moreover, we also speak about subrepresentations, meaning subtrees of the
representation e.

Example 5.1.1. Consider the ranked alphabet ¥ = {oc®,y(1), a(® (0} and the semiring
(P(=*),U,-,0,{e}). Moreover, recall from Example 1.4.18 the weighted tree language r, €
P(Z*){Tx) which maps each tree & € Ty, with £(¢) = y to @) and all other trees to the singleton
set consisting of their root symbol.
This weighted tree language can be expressed by the (X, P(%*))-representation
€ = RTg {5} + (RTa,{a} + RT[J’,{ﬂ})'

of height ht(e) = 2.
Now consider the (X, P(%*))-representation e’ = RST(e). It maps each tree & € T(o,a,p} tO
the string of the labels of £ concatenated in depth-first post-order, e.g.,

o o
RST(e)(a/ \/5) = e(a)-e([j)-e(a/ \/3 ) ={afo}.

However, each tree containing at least one y is mapped to 0, e.g.,
o

/7 \
rRsT(e)| @ y [=0

as e(y(f)) =0. O

Example 5.1.2. Let ¥ = {0®, a®} and consider the semiring (N, +, -,0, 1). The weighted
tree language r € N(Ty.) mapping each £ € Ts. to 2/¥/ + 1 can be expressed by the following
(2, N)-representation. We let 2 = S U {x®, y(©} and define the relabeling h: T, — Ty, given
by h(o) = h(x) = o(x;, x,) and h(a) = h(y) = a. Then we let

e; = RST(RT, 5+ RTy2), e =RST(RT,; +RT, 7).

and
e =h(e; +ey).
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Let £ € Ty It is easy to see that there are only two trees in the preimage h™!(&) that get a
non-zero weight by e; + e,: & itself and the tree £, |, which results from replacing each o in

£ by x and each a in & by y. Obviously, e;(&) = 2/¢!, e,(&) = e;(£,) =0, and es(€xy) =1
Hence, we have that

h(e; +e5)(&) = Z e1(Q) +ex(f)=ei(&) +ex(&) +e1(Eyy) +ea(€yy) = 26 +1=r(8)
{eh=1(&)

and, thus, e =r. O

Convention. As + and ® are associative, we often avoid brackets in subrepresentations, i.e.,
we sometimes write e; + e, + e3 instead of (e; + ey) + e3. When we speak about the height of a
representation, we agree on left-associativity.

The next property of the restriction function follows directly from the definition of the set
of positions when respecting the depth-first post-order.

Observation 5.1.3. Foreachn€N, o € &M, £,,... . €Ty, and s € K(Tyx) we have that

(RST(s))(0(E1,---,€0)) = (RST(s))(E1) ... - (RST(5))(E) - 5(0 (&1, E))-
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5.2 A Medvedev Characterization

5.2 A Medvedev Characterization

Now that we have introduced the representable weighted tree languages, we want to
give a characterization of the recognizable weighted tree languages by means of (X, K)-
representations. However, we cannot do this directly, as not all weighted tree languages that
are representable are also recognizable:

It is well known that the Hadamard product does in general not preserve recognizability
in the case of a non-commutative semiring (cf. [DG09, Exampe 3.4]). However, also in the
commutative case representations are too expressive as illustrated by the following example.

Example 5.2.1. Let ¥ = {y(Y, ¥} and K = (N, +,-,0,1). Moreover, let Texp: Ty = K be

the weighted tree language mapping each tree y"(a) € Ty to 20+ for n e N. It is well
known that this weighted tree language is not recognizable [DV06, p. 236]. Now consider
the (X, K)-representation

€exp = RST(RTy 5+ RT ) @ RST(RST(RT, 4 + RTg 1))
Since for each m > 1 and x € {2, 4} it holds that rRT, ,(y™(a)) = x, we obtain

RST(RT, 5 + RTa2)(r"(0)) = [ Trequnigniaoy (RTy2 + RTq2)(0) = 207D

and, with a similar argument, RST(RT, 4 + RT, 1)(y"(a)) = 4". Using the Gaussian sum it
follows that

RST(RST(RT, 4+ RTy1))(y"(a)) = ]_[tesub(yn(a)) RST(RT, 4+ RTq1)(t)
2

:1.41._._.4”:4n2+n :2(n2+n)-

Then following the definition of ® we obtain that e.,(y"(a)) = 2(n+1) . o(n*+n) — o(n+1)* —
rexp(r"(a)) and hence that re, is (¥, K)-representable. |

To obtain a characterization of recognizable weighted tree languages, we now introduce
two fragments of REPR(X, K). For this, we will use the concept of recognizable step functions,
which proved quite useful in the context of restricted weighted MSO logic, cf. [DG05, DV06,
DV11, DGMM11]. We limit the application of the elementary operations ® and RST to
recognizable step functions in order to ensure that recognizability is preserved. As the usage
of ® only needs to be limited in the case of a non-commutative semiring, we will define two
versions of restricted representations.

Restricted representations Let e € REPR(X,K) be a (X, K)-representation. We say that e
is

o restricted if whenever e contains a subrepresentation of the form RsT(e’), then e’ is a
recognizable step function and

* O-restricted if e is restricted and, moreover, whenever e contains a subrepresentation of
the form e; ® e,, then e; or e, is a recognizable step function.
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We call a weighted tree language r € K(Ty) restricted (X, K)-representable or ®-restricted
(X, K)-representable if it can be expressed by a restricted (X, K )-representation or a ©-restricted
(X, K)-representation, respectively.

In the rest of this section we will prove the following theorem which extends the Medvedev
characterization for tree languages to the weighted setting and generalizes our previous result
in [Her17] from commutative to arbitrary semirings.

Theorem 5.2.2 (cf. [Her17, Theorem 6]). Let K be a semiring and r € K(Ty). Then
1. ris (X, K)-recognizable if and only if r is ®-restricted (3, K)-representable,

2. if K is commutative, then r is (X, K)-recognizable if and only if r is restricted (X,K)-
representable, and

3. if K is locally finite and commutative, then r is (X, K)-recognizable if and only if r is
(22, K)-representable.

Proof. This follows directly from Lemma 5.2.7 and Lemma 5.2.8 proved below. [ |

5.2.1 Restricted Representable Implies Recognizable

First we wish to prove that each restricted representable weighted tree language is recogniz-
able. For this, we show that the elementary weighted tree languages are recognizable and
that (restricted) elementary operations preserve recognizability. In fact, we even prove that
the elementary weighted tree languages are recognizable step functions as we will need this
property in the proof of the opposite direction.

Lemma 5.2.3 (cf. [Her17, Lemma 7]). Let a €K and o € X. Then RT, 4 is a recognizable
step function.

Proof. It is clear that the language L containing all trees & with £(¢) = o is X-recognizable.
Then RT, , =a- 1 is a recognizable step function. [ ]

Lemma 5.2.4 (cf. [Herl7, Lemma 8]). Let a € K, n > 1, and y4,...,Y, € %. Then

NXT, . qisa recognizable step function.

Proof. We construct the tree automaton A = (Q, F, 6) with Q = {qo,qs} U{qy, | i € [n]} and
F ={qy} as follows. Foreach k €N, o € =® and qy,...,q; € Q we let (¢, +-qksqy,) €64
if o =y; for some i € [n] and (q ...qx, Qo) € 6, otherwise. Moreover, if k = n, then we let
(qy,---qy,,q5) € 8, Itisnot hard to see that £L(A) = {€ € Ty | &(e) € M, £(1) = y,,i € [n]}.

Therefore, NXT, ., .= a-1.4), which is a recognizable step function. [ ]

We have already stated in Section 1.4.3 that recognizability is preserved by sum (Theorem
1.4.15), relabeling (Lemma 1.4.24), and Hadamard product in the case of a commutative
semiring (Theorem 1.4.16) respectively if at least one operand is a recognizable step function
(Lemma 1.4.22). It remains to prove that the restriction function preserves recognizability
provided it is applied to a recognizable step function.
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Lemma 5.2.5 (cf. [Her17, Lemma 10]). Let r € K(Ty) be a recognizable step function. Then
RST(r) is (X, K)-recognizable.

Proof. Let A =(Q,F,6) be a (X,K)-wta recognizing r. By Lemma 1.4.19 we can assume
without loss of generality that A is total deterministic and has Boolean transition weights.
Thus, A has on each tree £ € Ty, exactly one run k with wt 4(&,«) = 1, in the following
denoted by ¢, and wt 4(&, k") = 0 for each run x’ with k" # k. The weight A assigns to &
then results from the final state weight F(x:(e)). Moreover, k; uniquely determines for each
v € pos(&) the only run of A on &, with non-zero weight, given by k¢ = x|,.1°> Hence,

[AICEL) = F(xg, (e)) = F(kg(v)) ()

for each & € Ty, and v € pos(§).

We construct a wta B that simulates .4 on each input &, but assigns as weight to each
transition the corresponding final state weight of A. Formally, we construct the (X, K)-wta
B recognizing RST(r) as follows. We let B = (Q,F’,5’) where F/(q) = 1 for each g € Q.
Moreover, the family 5’ of transitions is defined as follows. Foreach o € X, q,qs, ..., qo) €Q
we let

5. (q1 - Qik(o), ) = 65(q1 - - - Qo) O - F(Q)-

Clearly, B is deterministic. Note that, since for each k € N and o € £ by construction

(3,9 €Q* xQ|68,(3.9) #0} €{(3.9) €Q* x Q1 6,(3,q) # 0},

K¢ is also the only run in Rungz(&) which can have a non-zero weight. Thus, we obtain for
each £ € Ty

[BIE)= >, wts(&,x)-F'(k(e))

k€Rung (&)
wtg(€, x¢)
= |1 6t (xeO1).. ke (vik(EM)), k(1))

vepos(&)

= ]_[ Seen(ke(v1). . ke (VEK(E(W))), ke (1)) - F k£ (v))

vepos(&)

= [] Fleev))

vepos(E)

[T 1w (by 1)

vepos(&)

= (RsT([A]I(E)

where in the product we follow the depth-first post-order Egj,.
This proves that RST([A]) = [B]. [

15Recall the definition of the subrun x|, on page 31.
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Example 5.2.6. Let X = {o® y( a© B} and consider the semiring (P(X*),U, -, 0, {e}).
Moreover, recall the recognizable step function ry, € P(X*){(Ty) and the corresponding
(2, P(X*))-dwta Az = (Q, F, 6) with Boolean transition weights from Example 1.4.18. The
weighted tree language RST([Ay]) is described in Example 5.1.1.

Now we apply the above construction to obtain an (X, P(X*))-wta B recognizing RS T([ Az ])-
Recall that Q = {q,, | u € X}. We obtain B = (Q,F’,5") where F'(q,) = {¢} foreachu € X
and, moreover, for each v’ € {o,a,f} and q,q1, ..., ) €Q

{e}-{u} ifqg=qu

51/1/(‘11 co Qi ) = {(Z) otherwise

and
67(q,9) =0

for each q,q" € Q.

Hence, for each & € Ty, with ||, > 0 we obtain [B](&) = # = RST([Ag,])(§). Moreover,
for each £ € Ty, with ||, = O there exists exactly one run in Rung(&) with non-zero weight.
This run is denoted by x; and of the form xz(w) = q¢(,,) for each w € pos(&). By construction
of &', in wtyz(&, k) all labels of & are concatenated in depth-first post-order. Thus, [B](&) =
RST([A(E). O

Now we are capable of proving that each (restricted) (37, K)-representation is also (X, K)-
recognizable.

Lemma 5.2.7 (cf. [Her17, Lemma 11]). Let K be a semiring and r € K (Tx).
1. If r is ®-restricted (X, K)-representable, then r is (3, K)-recognizable.
2. If K is commutative and r is restricted (3, K)-representable, then r is (3, K)-recognizable.

3. If K is locally finite and commutative and r is (X, K)-representable, then r is (X,K)-
recognizable.

Proof. Let e be a (X, K)-representation. We will prove this statement by induction on the
structure of e.

For statement (1) assume that e is ®-restricted. If e is an elementary weighted tree language,
then the property holds by Lemma 5.2.3 and Lemma 5.2.4. If e = e; + e, for some ®-restricted
(X, K)-representations e; and e, that are (X, K)-recognizable, then e is (3, K)-recognizable by
Theorem 1.4.15. Now let e = e; ®@e, for some ®-restricted (X, K )-representations e; and e, that
are (X, K)-recognizable and either e; or e, is a recognizable step function. Then e is (X, K)-
recognizable by Theorem 1.4.22. If e = h(e;) for some relabeling h: K{T,) — K{Ts) and
O-restricted (A, K)-representation e; that is (A, K)-recognizable, then e is (X, K)-recognizable
by Lemma 1.4.24. Finally, if e = RST(e;) for some ©-restricted (X, K)-representation e; that
is a recognizable step function, then e is (X, K)-recognizable by Lemma 5.2.5.

The proof of statement (2) follows the proof of statement (1) unless we do not need to
require that in the case e = e; ® e, one of the operands is a recognizable step function. This
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is due to Theorem 1.4.16 which holds since K is commutative. Hence, in this case each
restricted (X, K)-representation is (X, K)-recognizable.

Statement (3) follows from statement (1) as in the case of a locally finite and commutative
semiring K each (X, K)-recognizable weighted tree languages is a recognizable step function
by Lemma 1.4.20. Hence, each (X, K)-representation is ®-restricted. [ |

5.2.2 Recognizable Implies Restricted Representable

Now we prove that each recognizable weighted tree language is ®-restricted representable
by constructing a ®-restricted (X, K)-representation. As the restriction function can only
be applied to recognizable step functions, at this place we need the fact that elementary
weighted tree languages are recognizable step functions shown beforehand.

Lemma 5.2.8 (cf. [Her17, Lemma 12]). Let K be a semiring and let r € K{Tx). If r is
(22, K)-recognizable, then r is ®-restricted (2, K)-representable.

Proof. Let A= (Q,F, &) be a (X,K)-wta such that [A] = r. Then let 2 = X x Q be a new
ranked alphabet by adopting the ranks of 3. Moreover, we define the relabeling h: T, — T
by letting h(o,q) = o(x1,...,x,) for each n € N and (o, q) € 2. Now we construct the
three weighted tree languages

51= Z RT(5,9),F(q) S2= Z RT(5,9),6,(e.9)
(o0,9)en (0,9)eN©®

53 = Z (NXT(Ulyql)"'(on’qn)’l @ RT(@Q)ﬁa(leqn,Q))’
n>1,(0,9)en™,

(01,9)€0,i€[n]
and we let
s =h(RST(sy+53)®@s7).

By Lemmas 5.2.3, 5.2.4, and 1.4.21 we have that s; and s, + s3 are recognizable step
functions. Thus, s is ®-restricted (X, K)-representable. Next we show that [A] =s.
Intuitively, a tree t in Ty, can be seen as a tree £ € Ty, extended by labeling each node
additionally with the appropriate state from some run in Run 4(&). Formally, for each tree
¢ € Ty, we define a bijection run;: Run4(&) — T, by letting for each x € Run 4(&) and
v € pos(§)
(rung())(v) = (). x(v))

Then we obtain
(runz(K))], = rung, (xl,) ©)

and
&)= {rung(x) | k € Run4(&)} Gx)

foreach & € Ty;, k € Run 4(&), and v € pos(&). Moreover, we can prove the following property
by structural induction on &.
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Property (A). Let £ € Ty; and k € Run 4(&). Then wt 4(&,x) = (RST(sy +53))(rung(x)).

First, let £ = a for some a € X and let k € Run 4(a). Then

(RST(sg +53))(rung (x)) = (RST(s2 +53))(a, k(€))
= sy(a, k(£)) +s3(a, k()
= RT(qx(e)),5,(e.x(e)) (X K(€)) + 0
= 0,(¢,x(¢))
=wt 4(&,x).

Now let & = o(&y,...,&,) forsomen>1,0€ XM &, ... &, €Ty, and let x € Run 4(&).
Then we obtain

(RST(sy +53))(rung (x))

= (RST(sy +53))(rung, (k1)) - ... - (RST(sy +53))(rung (xl,)) -

(52 +s3)(rung(x)) (Observation 5.1.3 and )
=wt (&1, x01) oo Wty (&, kly) - (52 +53)(rung () (by IH)
= Wt.A(gl: K|1) Teelt Wt.A(gnJ K|n) .

(NXT (£(1),1(1))...(E)xm)1 D RT (0 x(e)),84 (1(1)...xc(n)xc(e)) ) (TUNg ()
=wt (&1, K1) o Wtg(E, Kl) - 65(k(1)... k(n), K (€))
= [ 6e.®hoD)..kh L) kL)

vepos(&1)

[T 660)0clavD).. k(L) k1, (1)) -

vepos(&,)

O5(x(1)...x(n),x(e))
= [] 8eonxOD)...x(rrk(E@))),x(v))

vepos(&)
= Wt.A(gz K);

where [; = rk(&;(v)) for each i € [n] and in the product we follow the depth-first post-order
Egp- This completes the proof of Property (A).
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Now we can proceed with

> RST(sy+s3)() - 51()
teh=1(&)

> RST(sy+s5)(rung (x)) - 5 (rung (x)) (by %)

KERun 4 (&)

Z RST(sy +s3)(rung (x)) - F(x(¢)) (%)

Kk€Run 4 (&)

> wiu(E, 1) F(x(e)) (by Property (A))

K€Run 4 (&)

= [A]CE).

where s holds since s; (rung(k)) = RT(g(¢) x(e)), F(x(e)) (Tunz () = F(x(€)). This proves that
[A] = s and, therefore, each (X, K)-recognizable weighted tree language is ®-restricted
(2, K)-representable. [ |

h(RST(sy +53) @51)(&)

Example 5.2.9. Let X~ = {o®, a(M} and consider the semiring (P(Z*),U, -, 0, {¢}). Moreover,
recall from Example 1.4.12 the weighted tree language rp,: Ty, — P(Z*) as well as the
(X, P(X%))-wta Ayan = (Q, F, 0) recognizing rpye,-

We construct a ®-restricted (X, P(2*))-representation ep,q, by applying the above construc-
tion. Let 2 = {(c,9)?, (¢,¢,)?, (a,9)?, (a, qx)(O)} be a ranked alphabet and h: T, — Ty,
a relabeling given by

h(o,u) = o(xy,x5) and h(a,u)=a
for each u € {q,q,}. Then
epath = M(RST(s3 +53) @57)

for the following weighted tree languages s, s,, and s5 in P(X*)(T,). We note that for the
sake of clarity we omit those summands in sy, s5, and s3 which map each tree to  and, thus,
do not contribute to the sum. We obtain

$1 = RT(0,q), (e} T RT(aq,). (e}

$2 = RT(a,q),{e} T RT(a,q,),{a}>

and

$3= Daves (NXT(ug)mante} @ RT(o,q)(e1) + (NXT (g )0man(e} @ RT (0,0, (o))
HNXT(yg)(vq0),(e} @ RT(0,q,),401)) -

In the construction belonging to Lemma 5.2.8 also, €.g., NXT (4 4 )(0,q).{e} © RT(0,9),0 IS @
summand of s5. However, since it maps each tree to §J, we omit it here.

Intuitively, the evaluation of h enriches a given tree £ € Ty, by a run of A, and, thus,
simulates a summation over all possible runs. Then the inner part RST(s, +s3) © s; applies
the weights of the transitions and the final state weight corresponding to the respective run.
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o
VRN
a o
7\
a a
I
{ ..., (o,99) , ... , (0,9¢) , ... , (0,9) , ... }
(a,qy) (o,q) (a,q) (0,4y) (a,q) (0,4q)
(a,q)  (a,q) (a,q,) (a,q) (a,q) (a,qy)

lRST(sZ +53) @5

pu...upu{actuPu...uPuU{acocluPuU...UuPuU{acoclUuBu...ud

Figure 5.1: A visualization of the application of ey, to the tree
o(a,o(a,a)). The grey arrows illustrate the respective (inverted) path
word an enriched tree is mapped to.

Only those runs where the state g, marks exactly one path from root to leaf get a non-zero
weight: the inverted path word. The application of e, to the tree o(a, o(a, @)) is visualized
in Figure 5.1. O

Remark 5.2.10. Note that the weighted tree language RST(s, +$3) ©@s; in the proof of Lemma
5.2.8 is a local weighted tree language in the sense of [Fiil15]. In contrast to [F{il15], we use
sums to define s;, s,, and s;. However, we note that for each input tree at most one summand
of these sums evaluates to a non-zero value. Thus, our proof entails the result that each
recognizable weighted tree language is the image of a local weighted tree language under a
relabeling (for the original proof see [F{il15, Theorem 1]). However, in general the fragment
of representable weighted tree languages without relabelings is more expressive than local
weighted tree languages. This is due to the fact that sums are allowed at each position of a
representation. To see this, consider the ranked alphabet X = {y(, a(® (9} and the two
weighted tree languages r,, g € B(Ty) over the Boolean semiring given by

1 if&=y(a) )1 ifge{y"(B) IneN}
r(8) = {O otherwise and P ©)= {O otherwise

for each £ € Ty, It is easy to see that both, r, and rg, are local weighted tree languages.
Moreover, it can be proved by contradiction that the sum r,+rg is not local anymore. However,
as

rq+1g=(RTy; ® NXT41)+ RST((RT,; ® NXTpg 1)+ (RT, 1 ® NXT, 1)+ RTpg 1),

(2, B)-representations without relabeling describe a proper superset of the local weighted
tree languages. <

164



5.3 Comparison with Unrestricted MSO Logic

5.3 Comparison with Unrestricted MSO Logic

This section investigates the relation between unrestricted (3, K)-representations and weighted
monadic second-order logic. We will prove that MSO-formulas are more expressive than
representations.

First we will prove that elementary operations preserve (X, K)-definability.

Lemma 5.3.1 (cf. [Her17, Lemma 14]). Let sy, s, be (X, K)-definable weighted tree languages.
Then s, +s5 and s; ® s, are (X, K)-definable.

It is not hard to see that also definable weighted tree languages are closed under relabelings,
even if they are not recognizable.

Lemma 5.3.2 (cf. [Her17, Lemma 15]). Let s be a (X, K)-definable weighted tree language
and h: Tsx, = T, a relabeling. Then h(s) is (A, K)-definable.

Proof. Let ¢ € MSO(X,K) such thats = [¢]. We let {o4,...,0,} be an enumeration of the
(pairwise distinct) elements of X for n = |X|. Moreover, let Vs, = {X,, | 0 € X} be a set of
second-order variables. Then we construct the MSO(A, K)-formula

Y= HXO' - 3X, (Lp A wpart w:heck)

with the subformulas ¢’, Y part> and Y check defined below.'® Intuitively, for each tree { € T,
the existential quantification 3X, ...3X,, guesses an assignment of positions of { to symbols
from ¥. Then the subformula v, checks whether this assignment forms a partition, i.e.,
each position is assigned to exactly one symbol from 3. The subformula 1 4. ensures that
the assignment encodes a preimage & of h. Additionally, ¢’ simulates ¢ on this £. Formally,

¢’ is obtained from ¢ by replacing each occurrence of label, (x) by (x € X,,),
* Tabpart = VX( \/ie[n] ((X < Xoi) A /\je[n]:j#i ~(x € XUJ')))’ and

wcheck Vx. (/\ie[n](_'(x € Xal-) \4 labelh(ai)(x))))

where both Y, and 1 peci are in MSO(A).

Now we want to show that [y ] = h([¢]):

Let in the following [X,; +— I, ] stand for [X, — I, ,...,X; — I, ]. For each { € T, we
obtain

[W’]](év): Z [[(10 /\wpart checkﬂvz(g o 1])

Iy sl CPOS(L)

= D X, = Lo D [ A ey (X, = I, D).

Iy ool CPOS(E)

16Recall from Section 1.5.2 that, given an MSO(X) formula 2, )™ denotes the unambiguous MSO(X, K) formula
representing 1.
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Obviously, for each & € h™1({) it holds by construction of ¢’ that
[¢'1(¢[X s, = Pos,,(E)]) = [¢](E).

Thus, it remains to restrict the summation to those variable positions I, , ..., I, thatencode
a preimage & € h™!({). This is ensured by Ypare a0d P epeck S

ﬂgbpart]]vz(([XUi —I;)=1 < {l;,...,I }is a partition of pos({)

and

[[lpcheck]]vz(g[Xo—i g Igi]) =1
(=4
Yv e pOS(C),l' S [n]; v E Iffi N C(V) — h(O'i) '

Finally, as [y part]] v, and [y . ]y, map each argument to 0 or 1, we obtain

[[’(/)part Check]]vz(é’ X, m ;D=1 & 3Ie Q)i e[n]: Iy, = posai(é)

forall I, ,...,I, < pos({). Hence, we can proceed with

Z [[(P ]]Vz(gX = Iy ]) [w)part checkﬂVg(gX — Iy ])

Iy sl CPOS(E)

D> 191, (X, = pos, (5)])
Eeh=1(0)

> [el©

£eh1(0)
=h([»])()

and, therefore, [¢] = h([¢]). [

Although the restriction mapping does in general not preserve recognizability, it preserves
definability as we will show next.

Lemma 5.3.3 (cf. [Her17, Lemma 16]). Let s be a (3, K)-definable weighted tree language.
Then RST(s) is (X, K)-definable.

Proof. Let p € MSO(X,K) such thats = [¢]. We want to construct a formula ¢’ € MSO(X, K)
such that [¢'] = RST([¢]). As the restriction mapping multiplies values for all positions of a
given tree &, we can use a first-order universal quantification Yz (for some new variable g) to
simulate this calculation. However, in contrast to the logical quantifier, R ST multiplies for
each position v of £ values only depending on the subtree &|,. Thus, we also need to restrict
the evaluation of ¢ to the respective subtree. This can be done by defining (1) formulas
of the form path(x, y) checking whether y is located below x and (2) a transformation
1, : MSO(X,K) — MSO(X,K) that, applied to ¢, yields a formula simulating the evaluation
of ¢ restricted to positions below z.
We define the following formulas in MSO(X’) modeling paths between positions: We let
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- closed(X) =Vx.Vy.(—edge(x,y)V-(x eX)V(y € X)),
- path(x, y) = VX.(—closed(X) V~(x € X) V (y € X)), and
- path(x,Y)=Vy.(=(y € Y) V path(x, y)).

Intuitively, path(x, y) holds if there is a path from x to y (and y is below x or y = x) and
path(x,Y) holds if for each y € Y there is such a path from x to y.

Now let z be a new variable not occurring in ¢. Recall from Section 1.5.2 that, given an
MSO(X) formula v, 1+ denotes the unambiguous MSO(X, K) formula representing 1. Then
we define the mapping 7, : MSO(X,K) — MSO(X, K) inductively on the structure of ¢ as
follows:

e m,(y)=1) for every atom 1,

* 1,(—p) =) for every atom 1,

* (01 A @a) = (1) AT (92),

* (91 V@a)=m.(p1) V 1, (92),

o 7,(3x.¢1)=3Ix.(path(z, x)" A m,(¢1)),

* m,(Vx.01)=Vx.((~path(z, x))" V (path(z, x)" A 7,(¢1))),

o 1,(3X.¢q)= EIX.(path(z,X)Jr A ﬂ:z((pl)), and

(VX .p1) = VX.((=path(z,X))* V (path(z, X)* A (1)),

where ¢, 9, € MSO(X,K). Intuitively, m,(¢) restricts the evaluation of ¢ on a tree §
to the subtree of & at the position assigned to z. Moreover, for existential and universal
quantifications, the evaluation of 7,(¢) yields for positions not below z the neutral elements
of addition and multiplication, respectively. Then we construct the formula

@' =Vz.m, ().

Next we show that RST([¢]) = [¢’]. For this, we prove the following statement by
structural induction on ¢:

Property (A). Let & € Ty, V 2 Free(p) withz € V, i € pos(§), and p € @y, ¢|.. Then

[elv(&li, p) = [m(P)]yugey (€, (- Iz — iD).
Let ¢ = label,(x) and note that [¢] can only be 1 or 0. Then

[label, ()] (Eli p) = 1 Elilp(x)) =0

E((i-p)x)) =0

[label(x)]y(E,i-p) =1

[7.(labely (x))]yuy (8, (i - p)z = i) =1

181078
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where the last equivalence holds since 7, (label,(x)) = label,(x). All other cases of ¢ being
an atom or of the form —) for some atom 1) can be proved analogously.
Now let ¢ = Jx.4 and assume that the statement holds for ). Then

Bxyly@Elinp)= Y, [l Elplx— k)

kepos(&l;)
= > [m)ops(E G plx = kDlz = i]) (IH)
kepos(&l;)
= > [m)lhopsE G p)lx = Kz i)
kepos(&):
Ik’ k=ik’
= > [l E G )z~ illx > k)
kepos(&):
Ik’ k=ik’
= > ([pathz, ) Tyuges (& (- p)lz = {lx — k)
kepos(&)
) oz (8, (i - Pz = ilx — k1)) )
= > [path(z,x)" AT (W)]yupen (& (- p)lz — illx — k1)
kepos(&)
= [3x.(path(z, x)* A () yuges (€, (i - Pz = i1)
= [, 3x. )]y (&, (- Pz — i) (by constr.)

where * holds since [[path(z,x)*]]vu{x,z}(é,(i -p)[z — i][x — k]) = 1 if k = ik’ for some
k’ € N* and 0 otherwise.
Now let ¢ = Vx.4 and assume that the statement holds for 1. Then

VxyluElop)= [] [WlvowmElplx — kD)

kepos(&l;)
= [ 7@ hvops(E G plx— kDlz— i) (IH)
kepos(&l;)
= [] Im@)howsE G p)lx — Kz i)
kepos(&):
Ik’ k=ik’
= [] Im)howasE G o)l illx — k)
kepos(&):
Ik’ k=ik’
= [ ] [=path(z,x)* Tyups (&, (- p)z — illx — k1) +
kepos(&)
([path(z, ) Jyupes (& (i - Pz = i1lx = k1) -
[ (o) (G- o)z = i10x = k1)) )
= [] I=path(z,x)* v (path(z, x)* A (Do)
KSpos(®) (&, (i p)z — il[x — k])
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= [Vx.((—path(z, x))* V (path(z, x)" A 7, (¥)))yuiez (E, (- Pz — 1)
= [ (Vx.)]yuy (&, (i - p)lz = 1]) (by constr.)

where in the products we follow the depth-first post-order Eg4,. Moreover, () holds since
[path(z, x)* Jyu(xz (8, (i - p)lz — i][x = k]) = 1 if k = ik’ for some k’ € N* and 0 otherwise.
It is not hard to see that for all other cases of ¢ we can argue in a similar way. Therefore,
these cases are omitted here. This finishes the proof of Property (A).

Now let £ € Ts,.. Then

rsT([eD(@) = [ el

iepos(&)
= [] In@lwE 2~ (by Property (A))
i€pos(&)

= [Vz.7m,(9)](&)

where in the product we follow the depth-first post-order Cg4,. Thus, RST([¢]) is (X, K)-
definable. [ |

Example 5.3.4. Let X = {a(o),y(l),é(l)} and K = (N,+,-,0,1). Moreover, consider the
MSO(X,K) formula ¢ = Vx.(—label,(x) V 2) mapping each tree & € Ty; to 208l If we now

apply the function RST to ¢, the value 2/¢1Dl is multiplied for each subtree &|; of £. Thus,
we obtain

RST([Vx.(—label, (x) v 2)])(&) = l_[ 2l = 9 Xieposte) 1INy
i€pos(&)

Now we want to construct a formula ¢’ € MSO(X,K) such that [¢'] = RsT([¢]). Ob-
viously, it is not sufficient to simply add an outermost universal quantification Yz to ¢ as,
additionally, the positions at which ys occur have to be taken into account. For this, we apply
the construction from the proof above and obtain the formula

Vz.7,(Vx.(—label, (x) V 2))
= Vz.(~path(z,x))" v (path(z, x)* A (rr,(—label, (x) v 2)))
= Vz.(~path(z,x))* V (path(z, x)* A (—label, (x) Vv 2))
Intuitively, the evaluation of this formula results in a product over all positions of . However,
in the inner part of this product it is checked, whether the position g is assigned to occurs

above the position of x: if not, simply 1 is used as factor, if yes, then ¢ is evaluated. In this
way, ¢ is evaluated on the subtree of & at the position of z. a

Using the previous lemmas we can prove the first main result of this section.

Theorem 5.3.5 (cf. [Her17, Theorem 17]). Let K be a semiring and let r € K(Tx). If r is
(X,K)-representable, then r is (X, K)-definable.
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Proof. Clearly, elementary weighted tree languages are (3, K)-definable. Using now Lemmas
5.3.1, 5.3.2, and 5.3.3, we can prove the theorem by induction on the structure of (X, K)-
representations. [ ]

However, the reverse direction does not hold: there are definable weighted tree languages
that are not representable as it is shown in the next theorem.

Theorem 5.3.6 ([Her17, Theorem 18]). Let K be a semiring. There is a (3, K)-definable
weighted tree language r that is not (X, K)-representable.

Proof. Consider the ranked alphabet & = {a(®,y(}, the semiring (N, +,-,0,1) and the
formula ¢ = VX.2 in MSO(X,N). Clearly, for each & € T5x. we have [¢](&) = 2,

On the other hand, we will show that every (X, N)-representable weighted tree language
is bounded exponentially.

For this, we define é(n) = e(&,,) for each (X, N)-representation e and each n > 1 where
€ =aand &; =y(§;_) for each j > 1.

Now we prove the following property by structural induction on e.

Property (A). Let e by a (X, N)-representation and let n > 1. Then é(n) € 02",

First, let e = RT, ; for some y € X, k € N. Clearly, é(n) € O(1) € (’)(2(”]“@)). This holds for
all elementary weighted tree languages.

Now, let e = RST(e;) and assume that the statement holds for e;. Let sub(§,,) = {tq,..., t,}
with ht(t;) < ht(t;,;) for each i € [n—1]. Then

é(n) = e(&,) = er(ty)-...-ea(ty) = €,(1)-...-&1(n)
e 0. 2™y ¢ oM™y = o™ ),
All other cases of e can be proved with similar arguments. This finishes the proof of Property
(A).

So if there were a (X, N)-representation e with e = [¢], then for each £ € Ty we had
e(&) e O(2%") for some constant ¢, which clearly is a contradiction. [ |

Thus, we obtain that the (3, K)-definable weighted tree languages are a proper superset of
the (X, K)-representable weighted tree languages.
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5.4 Chapter Conclusion

In this section we generalized the notion of representable languages and representable tree
languages to (X, K)-representable weighted tree languages where K is a semiring. This
class of weighted tree languages is constituted by (X, K)-representations which are terms
consisting of particular elementary weighted tree languages and the operations +, ®, the
restriction mapping RST, and relabelings. As the class of (X, K)-representable weighted tree
languages is a proper superset of the recognizable weighted tree languages, we introduced an
appropriate restriction. Therewith we could prove that the restricted representable weighted
tree languages are exactly the recognizable weighted tree languages and, thus, obtained a
Medvedev characterization of the class RT(X, K).

Moreover, we analyzed the relation of (unrestricted) representable weighted tree languages
and (unrestricted) MSO-definable weighted tree languages. Whereas for each representation
there exists an MSO-formula which defines the same weighted tree language, the opposite
direction does not hold: there are MSO-definable weighted tree languages, that are not
representable.

Future work For the contradiction in the proof of Theorem 5.3.6 we used the second-
order universal quantification of MSO logic. However, we conjecture that also the fragment
of MSO(X,K) that uses no second-order universal quantification is more expressive than
(2, K)-representations. For this, consider the ranked alphabet > = {a©), y(l), 5}, the arctic
semiring (NU{—o00}, max, +,—00,0), and the MSO(X, NU{—o00})-formula ¢ = Vy.P,(y) —
2. It is easy to see that for each tree & € Ty; we have [¢](€) = 2-|&[,. Moreover, this weighted
tree language can be expressed by the (3, N U {—oo})-representation

e =RST(RT, 2+ (RT50+ RTq0)) -

Now consider the weighted tree language [Vx.y] that maps each tree & € Ty; to 2+ |&] - [£],..
We believe that this weighted tree language is not (%, N)-representable anymore with the
following intuition: We can only obtain a weighted tree language with this growth by nesting
at least two restriction functions. But restriction functions do not only consider the number
of ys in & but also the positions of their occurrences and, thus, may map trees with the same
height and number of ys to different values. However, a proof of this conjecture is still an
open problem.
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Chapter 6

Weighted Symbolic Automata with Data
Storage

Classical automata theory is based on the assumption that each symbol processed by a finite-
state automaton comes from some finite alphabet .. This allows to consider all elements a
from X with a finite amount of transitions of the form

(g, a,q") .

However, when it comes to modeling real-world problems, this assumption often cannot be
made: In several scenarios as, e.g., the processing of XML or the analysis of program traces,
one has to deal with data coming from some infinite domain. Therefore, in the last years
there was a great interest in extending finite-state automata to infinite alphabets. Meanwhile,
there exists a plethora of such generalized automaton models with different functionality
and expressiveness. The work of this chapter was mainly inspired by two approaches:

An automaton model which recognizes strings of the form d; ...d,, with symbols d; from
some (possibly) infinite domain D is that of symbolic automata [VBAM10, Veal3]. Those
automata read their input with transitions of the form

(q,m,q")

where, in contrast to a concrete symbol, a predicate 7 allows to process all symbols from D
which satisfy 7. Symbolic automata keep nice properties of finite-state automata: they are
closed under Boolean operations and equivalence is decidable. They proved to be useful for
many practical applications [Veal3] and were extended into several directions. One such
extension are symbolic visibly pushdown automata [DA14] which enrich symbolic automata
by an additional visibly pushdown storage.

On the other hand, there are formalisms operating on particular strings over an infinite
domain - so-called data words, i.e., strings of the form

(alaxl) cee (an:xn)

where each a; comes from a finite alphabet and each data value x; is taken from some (possibly)
infinite set. Two automaton models which accept (particular) data words are register automata
[KF90] and timed automata [AD94]. Whereas they read the symbols ay,...,a, similar to
finite-state automata, the data values x4, ..., x, are processed by some additional storage — a
finite amount of registers with register automata and a finite number of clocks with timed
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automata. These storage devices are sensitive for the input, i.e., they can store and compare
data values. This makes these models interesting for practical applications — e.g., timed
automata are used in the context of model checking. Both formalisms were also considered
in a weighted setting as weighted register automata [BDP18] and weighted (or priced) timed
automata [ATPO1].

The aim of the following chapter is to combine (and generalize) both of the above ap-
proaches. We present weighted symbolic automata with data storage which are based on
weighted string automata with storage from [HV15] with two differences: our transitions are
of the form

(q.7,p,q,f)

where (i) we allow input predicates 7 as for symbolic automata and (ii) each storage predicate
p and storage instruction f does not only depend on the current storage configuration but
additionally on the current input. As in [HV15], we use as weight structure unital valuation
monoids.

Thus, considering the trivial storage type, we provide a weighted version of symbolic
automata. Moreover, it turns out that our combination of input predicates and an input
sensitive data storage is rich enough to capture automaton models from both worlds mentioned
above: We define the data storage types VP(N) and TIME(C) and show that weighted symbolic
automata over VP(N) and TIME(C) are exactly the (weighted version of) symbolic visibly
pushdown automata and weighted timed automata, respectively.

Moreover, we show a weighted MSO logic over data storage types extending [VDH16] by
employing an infinite set of input symbols and a data storage type. Each formula of this logic

has the form Z"
e
B

where 7 is a relabeling of input symbols into storage inputs. Moreover, ZE represents the
weighted version of a second-order existential quantification over the second-order behavior
variable B. This variable ranges over behaviors of the underlying data storage type. The
subformula e is an expression as defined in [FSV12, Def. 3.1] but adopted to unital valuation
monoids as in [FV15] and with additional atoms of the form

label ;(x) and B(x)=(p,f).

Whereas the former atom checks whether the label at the position assigned to x satisfies the
predicate 7, the latter tests for the behavior assigned to B at the position assigned to x.

We prove that weighted symbolic automata over data storage types are expressively equiv-
alent to weighted MSO logic over data storage types. In particular, we obtain a logical
characterization of the weighted languages recognizable by weighted symbolic visibly push-
down automata (which is new) and recognizable by weighted timed automata (which is an
alternative to [Quall, Thm. 41]). For a comparison of the logic from this chapter with our
logic for weighted tree automata with storage in Chapter 3 we refer to Section 3.3.2.

This chapter In Section 6.1 we present our concept of a data storage type and the appro-
priate data storage behavior. Then we define in Section 6.2 our automaton model. After
discussing several restrictions of it, we recall and extend some closure properties. Section 6.3
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and Section 6.4 are dedicated to show that our automata indeed capture symbolic visibly
pushdown automata and weighted timed automata, respectively. Finally, in Section 6.5 we
provide a logical characterization of weighted symbolic automata with data storage.

Related work As already mentioned above, a lot of work was done in extending finite-state
automata to the case of an infinite input set. Here we want to give a short overview of some
important approaches. However, note that this listing is not exhaustive.

The idea of using predicates instead of concrete symbols in the transitions of an automaton
goes back to [Wat96] and was formalized in [vNGO1] for finite-state transducers. Symbolic
automata were introduced in [VdHT10] and in the following years intensively examined and
extended (e.g., to symbolic visibly pushdown automata [DA14] or symbolic tree transducers
[FV14b, VB15]). For a good overview about recent results for symbolic automata we refer
the reader to [DV17b].

The seminal paper about automata using some input-sensitive storage to recognize words
over some infinite alphabet is [KF90]. It introduces finite-memory automata, later also called
register automata [NSVO1]. Shortly after, in [AD94] timed automata were introduced which
accept data words over X x Rs. Other important models operating on infinite input sets
are data automata [BDM"11] and variable automata [GKS10]. Moreover, several of those
formalisms were extended to the weighted setting by introducing weighted timed automata
[ATPO1], weighted register automata [BDP18], and weighted variable automata [PR14].

There are also several logical views on languages over infinite alphabets as for example
[Wil94], [Bou02], [Quall], and [BDP18]. Recently, a symbolic extension of monadic second-
order logic was introduced [DV17a].

Another recent approach of combining the above dimensions of symbolic automata and
storage-extended automata over infinite alphabets was done in [DFSS19] by introducing
symbolic register automata. Similar to our automaton model this formalism uses both input
predicates and (one particular) input-sensitive storage.

Note: This chapter is a corrected and extended version of [HV16]. Here, the definition of a
label structure is slightly changed in order to prevent problems with the Boolean closure. The
notion of state-normalized automata and the related Lemma 6.2.3 is new — it simplifies some
constructions in this chapter. Moreover, Lemma 6.2.5 generalizes [HV16, Lemma 5] and we
added in Section 6.2.1 a discussion on finite input sets. We note that [HV16, Theorem 17
and Corollary 18] are incorrect. We think these results can be slightly changed by keeping
their essence. However, the technical effort would have gone beyond the scope of this work.
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6.1 Data Storage Types and Data Storage Behavior

In this section we extend the notion of storage type we used in the previous parts of this
work: We define the predicates and instructions such that they do not only depend on the
current storage configuration, but also on storage inputs (which, in their turn, are encodings
of the input of an automaton).

Data storage types A data storage type is a tuple Sy = (C, M, P, F, c,) where
e ( is a set (its elements called configurations),
* M is a set (its elements called storage inputs),
* P is a set of functions each of the type p: C x M — {0, 1} (called (storage) predicates),
* F is a set of partial functions each of the type f : C x M — C (called instructions), and
* ¢y € C (called the initial configuration).

If M is a singleton, then we nearly reobtain the concept of a (usual) storage type used in the
previous parts of this work. However, note that we here do not require a data storage type to
contain an always-true predicate or an identity instruction — all constructions in this chapter
work without this assumption.

Example 6.1.1. For some fixed elements ¢ and m we define the trivial data storage type as the
data storage type TR1Vg = ({c}, {m}, {prrue}, {fip}, ¢) where

Prrue(c,m) =1 and f,p(c,m)=c.

Clearly, TR1V4 corresponds to the storage type TRIV. O

Example 6.1.2. In Section 2.1 we recalled the storage type COUNT that can, in each step,
increment or decrement an integer by 1. Here we want to extend this functionality by defining
a data storage type COUNT,4. This memory is allowed to increment (respectively decrement)
a storage configuration by a storage input.

Let COUNT be the data storage type (Z,Z, {T?,0?}, {+,—}, 0) where for each configuration
¢ € Z and for each storage input d € Z we let

T?(c,d) =1, 0?(c,d)=1 & ¢c=0,

and
+(c,d)=c+d, —(c,d)=c—d. O

Convention. Throughout this chapter we let S4 denote an arbitrary data storage type (C, M, P, F, cy)
unless specified otherwise.
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b: (T?2,+) (T?,+) (T?2,+) (T?,-) (T?,-) (0?,+)
ST PAAR B /7//\\ B /7//\\ ,7//\\ B ST
/// 1 = /// 1 = - ! = -7 ! =l /// ! = 2 ! =
c 0 : 2 : 10 I 14 I 7 I 0 : 0
w 2 8 4 7 7 0

Figure 6.1: The w-behavior b over {T?,0?} x {+,—} from Example 6.1.3
induces the sequence ¢ of storage configurations.

Data storage behavior As in the previous parts of this work, the behavior of a data storage
type S4 plays a central role for our results, especially in the context of an appropriate MSO
logic. Since the result of applying a predicate or an instruction now not only depends on a
configuration but also on a storage input, we will adapt our definition of storage behavior.
Moreover, as we consider string automata in this section, we only need string behaviors
instead of trees.

Let {2 be a finite subset of P x F. Also, letn € N, my,...,m, € M, and

b=(p1,f1)...(pn, fn) € 2"

We call b an m ... m,-behavior (over £2) if there exists a sequence c; ...c,; of configurations
c; €C, j €[n+1], such that

* (; is the initial storage configuration c,
* pi(c;;my) =1, and
* filep,m) =cipq
for each i € [n]. We denote the set of all m; ...m,-behaviors over 2 by B(£2,m; ...m,).

Example 6.1.3. Consider the data storage type COUNT4 and the word w = 284770 € Z*
with |w| = 6. Then

b=(T?2,+)(T2,+)(T2,+)(T?,=)(T?,-)(0?,+)

is a w-behavior over {T?,0?} x {+,—} since, choosing the sequence ¢ =02 10 14 7 0 0, the
three conditions from above are satisfied. For example, T?(¢c(2),w(2)) = T?(2,8) =1 and
+(c(2),w(2)) = +(2,8) = c(3), as depicted in Figure 6.1. O
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6.2 Weighted Symbolic Automata with Data Storage

In this section, we define and investigate our model of weighted symbolic automata with data
storage. For this, let us first consider a structure which provides predicates for the automaton
input.

Predicates and label structures Let D be a non-empty set. A predicate (over D) is a mapping
7: D — {0,1} and the set {a € D | m(a) = 1} is denoted by [r]. We let T and L be two
predicates over D such that [T] = D and [L] = 0. Moreover, we use the Boolean connectives
-, A, and V in the usual way by setting

[-m] =D\ [m], [rty A o] =[] N 72, [ry Vo] = [mi] U [m,]

for all predicates m; and 7, over D. In the following we denote by Pred(D) the set of all
predicates over D. Obviously, (Pred(D), V,A,—, L, T) is a Boolean algebra.

Let IT € Pred(D). Recall from Section 1.2.3 that BC(IT) is the Boolean closure of IT. By
Lemma 1.2.2, if IT is finite, then so is BC(IT).

A label structure (over D) is a tuple (D, IT), where IT C Pred(D) is a finite set of predicates
such that BC(IT) = II. If D is clear from the context, then we only write IT instead of (D, IT).
Remark 6.2.1. We note that in the literature the set IT of a label structure (D, IT) is often

assumed to be recursively enumerable (instead of finite). However, since each automaton
uses finitely many predicates, our definition is no restriction. <

Example 6.2.2. Let (N, IT) be the label structure where IT = BC({even, odd, zero}) with

1 ifa#0andaiseven 1 ifaisodd
even(a) = i , odd(a) = .
0 otherwise 0 otherwise
and
1 ifa=0
zero(a) = )
0 otherwise
for each a € N. O

Convention. Throughout this chapter we let D denote a non-empty set and (D, IT) an arbitrary
label structure over D unless specified otherwise.

Weighted Symbolic Automata with Data Storage

Now we define weighted symbolic automata with data storage. First, let us agree on the
weight structure we will use: unital valuation monoids.

Convention. Throughout this chapter we let K denote an arbitrary unital valuation monoid
(K,+,val,0,1) unless specified otherwise.

Intuitively, the following automaton model extends the model in [HV15] by using predicates
to read input symbols and by using a data storage type that is sensitive for the automaton’s
input. To map the input symbols into the data storage, we use a relabeling 1) as an adapter.
Moreover, also the weight function is sensitive for the input. This is important for capturing
existing automaton models as, e.g, timed automata.
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6.2 Weighted Symbolic Automata with Data Storage

The model A K-weighted symbolic automaton with data storage type Sq and input D (short:
(S4, D, K)-automaton) is a tuple A = (Q, IT,Qo,Qy, T,wt,n) where

e (Q is a finite set (its elements called states),

e [T is a label structure over D,

* Qo £ Qand Q¢ € Q (their elements called initial and final states, resp.),
e TCQXIIxPxQxF is a finite set (its elements called transitions),

e wt: T x D — K is a function (called the weight assignment), and

* 1n: D — M is a relabeling (called the storage encoding).

Given a transition T = (q, 7, p,q’, f ) we sometimes call 7t the input predicate of T in order to
avoid confusion between 7t and p. As IT is closed under the Boolean connectives, we sometimes
use expressions instead of input predicates in transitions, e.g., we write (q, 7; A 79, p,q’, f)
and mean with 7; A 7T, the predicate 7 € IT with [n] = [7; A 7,].

Convention. When considering a transition of the form (q, 7, p,q’, f ) of an (Sq, D, K )-automaton,
then we will often omit the quantifications for q,q’, 7, p, and f as they should be clear from the
transition’s form.

For each 7 € T, we denote by wt(7, [(7),]) the set {a € K | wt(7,d) = a,d € [(7),]}. We
call A projective if 1) is a projection and if 1 is the ith projection for some i € N, then we
sometimes call A i-projective. Moreover, we call A homogeneous if for each transition T € T
and for every d;,d, € [(7),] we have wt(7,d;) =wt(7,d,), i.e, wt(7, [(T),]) is a singleton.
In this case we view wt as function of type T — K.

Computations Assume in the following an (S4, D, K)-automaton A = (Q, IT,Q,, Q, T, wt, ).
The set of A-configurations is given by the set Q x D* x C. For each transition 7 = (q, 7, p,q’, f)
in T we define the binary relation F* on the set of .A-configurations as follows: for every
deD,weD* and c € C, we let

(¢, dw,c) " (q", w, f (c,n(d)))

if t(d) =1, p(c,n(d)) =1, and f(c,n(d)) is defined. The computation relation of A is the
binary relation b= J o, F".
A computation is a sequence
CobF1 gy E L,

suchthatneN, 74,..., T, are transitions, {, ..., {, are A-configurations, and {;_; F*i {; for
each i € [n]. Sometimes we abbreviate this computation by {, F"1"n {,. Let w=d; ...d,
in D* for some n € N and d;,...,d, € D. A computation is called a successful computation on
w if it is of the form

9 = ((QO, w, CO) }_71---’5" (qf: g, C/))

for some q, € Qo, g5 € Qy, ¢ eC,and 74,...,7, € T. We denote the set of all successful
computations of A on w by © 4(w).
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The weight assignment Let 6 = ((qo, w,co) """ (qf, €,¢’)) be a successful computation
of Aonawordw=d,...d, € D* of length n. The weight of 6 is the element in K defined by

wt(0) =val(wt(t,,d;)...wt(t,,d,)).

The weighted language recognized by A is the K-weighted language [A]: D* — K defined
for every w € D* by

[AIW) = 2 pco oy WH(O) -

We note that the empty word € € D* can be recognized by computations of the form 6 =
(q,¢&,c0) where g € Qo N Qy. Then wt(0) = val(e) = 1. As |© 4(¢)| = |Qo N Q|, we obtain
[[A]](E) = ZqGQoﬂQf 1

A weighted language r: D* — K is (S4, D, K)-recognizable if there is an (S4, D, K )-automaton
A such that r = [A]. In the obvious way, we define (i-)projectively (S4, D, K)-recognizable
and homogeneously (S4, D, K)-recognizable. Moreover, we denote the class of all (S4, D, K)-
recognizable languages by REC(S4, D, K).

Normalized automata In contrast to usual automata (over a finite alphabet), (S4, D, K)-
automata possess a remarkable property due to the predicates of their label structure: there
may be two transitions 7, = (g, 7t1,p,q’,f) and 1, = (q, 79, p,q’, f ) with [7;] # [7,] and
[mi] N [my] #0,i.e., T, and 7, only differ in their input predicate but allow some “shared”
input. As the weight assignment of 7; and 7, may be different, this sometimes leads to
difficulties when constructing new transitions with slightly changed input predicates (which
then may describe the same set of input symbols). Thus, we introduce a normal form for
(Sq4, D, K)-automata that avoids this difficulty.

We say that an (S4, D, K)-automaton A = (Q, I1,Q,, Qy, T, wt,n) is normalized if for all
distinct two transitions 7, = (q, 71,p,q’,f) and T4 = (q, 75, p,q’, f) in T we have [r;] N
[r5] = 0. Moreover, we say that A is state normalized if for all states q,q" € Q there is at
most one transition (q, 7T, p,q’, f) € T leading from q to q’. Obviously, each state-normalized
(S4, D, K)-automaton is normalized. Moreover, each (Sy, D, K)-automaton can be made state
normalized as shown next.

Lemma 6.2.3. Foreach (Sy, D, K)-automaton A there is a state normalized (Sq, D, K )-automaton
A" with [A] = [A].

Proof. Let A=(Q,I1,Qo,Qy, T,wt,n) be an (S4, D, K)-automaton. Intuitively, to normalize
A, we encode the transitions that are used during a computation into the set of states, i.e.,
we use as states elements from T x Q (and, additionally, Q). In this way, from state (7,q) to
state (7’,q’) at most one transition may occur — the transition ((7,q), 7, p, (7’,q’), f) if T/ is
of the form (q, 7, p,q’, f).

Formally, we construct the (S4,D,K)-automaton A" = (Q/, I, QO,Q},T’ ,wt’,n) where
Q' =(TxQ)uUQ,and Q} = T x Qy. For each transition 7 = (q,7,p,q’,f)€Tand T € T

e the transition v' = ((7,q), 7, p,(7,q’),f) is in T’ and wt/(t/,d) = wt(t,d) for each
d € D, and
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* if g € Q,, then the transition ©”/ = (q, 7, p,(7,q’), f) isin T and wt'(t”,d) = wt(z,d)
for each d € D.

Obviously, A’ is state normalized.
Now we prove that [A'] = [A]: LetneNand w=d, ...d, for d,,...,d, € D. Moreover,
let

0 = (qo,w,co) F" " (g, £, €4)
be a successful computation in © 4(w) with transitions 7v; = (q;_1, 7;, p;» q;, f;) € T for each
i € [n]. Then we construct the computation

9/ = (qO, w, CO) |_T/1T:l ((qna Tn), £, Cn)

in e.A’(W) such that T/l = (qO) T1,P15 (le ql))fl) and Tg = ((Ti—lz qi—l): T, Dis (Ti: qi);fi) for
each i € [n]\ {1}. Clearly, wt'(6") = wt(0).

Conversely, each computation in © 4 (w) has the form of 6’ and we can similarly construct
the computation 6 € © 4(w). Hence, there exists a bijection ¢ : © 4(w) — © 4 (w) such that
wt(0) = wt'(¢(0)) for each 6 € © 4(w).

We obtain for each w € D*

[Alw) = >0 wi(@)= > wt'(8)=[A]w)

6€6 4(w) 67€0 /(W)
and, thus, that [A'] = [A]. ]
Example 6.2.4. Consider the language L, € N* consisting of all words of the form
Uy...UpVvy...vy0
for some m,n > 1 such that
* u; is greater than 0 and even for each i € [n],
* vjis odd for each j € [m], and
U .U, =V Yy,

Now recall the unital valuation monoid K,,, = (RU {—o0, 00}, sup,avg, —00, c0) from
Example 1.2.14. We define the weighted language r,,, such that each word w in Ly, is
mapped to the average value of all even symbols in w. Formally, let r,,,: N* — K, where

foreachw=d,...d, € D* forsome ne N and d,...,d, €D
% ~Zi€[j] d; if w€ Ly and dj, is the first odd symbol in w
ravg(W) = .
—00 otherwise.

This weighted language can be recognized by the following state normalized, projective,
and non-homogeneous (COUNTy, N, K,.)-automaton A = ({e,o, f}, IT,{e}, {f }, T,wt,n),
also shown in Figure 6.2. We let IT = BC({even, odd, zero}) with the intuitive interpretations
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7, =(e,even, T?,e,+) T3 =(0,0dd, T?,0,—)

T, =(e,o0dd, T?,0,—) T4 = (0,zero,0?, f,+) Q
~ o ®

Figure 6.2: The projective (COUNTy, N, K,,)-automaton A recognizing

Tavg-

of even, odd, and zero as in Example 6.2.2 (recall that O ¢ [even]). Moreover, T consists of
the following four transitions:

7, =(e,even, T?,e,+),
T, =(e,0dd, T?,0,—),
T3 =(0,0dd, T?,0,—),
74 = (0,zero,0?, f,+).

Finally, for each d € D we let
wt(t,,d)=d, wt(T,,d) =wt(T3,d) =wt(1,4,d) = 00,

and n(d) =d.
It is easy to see that for each word w € D* the automaton A has at most one successful
computation. For example the word w =2 6 4 7 5 0 is recognized with the computation

(e,w,0) FT171T172%3%4 (£ ¢, 0)
which leads to the weight

[A](2 6 4 7 5 0) =avg(wt(tq,2) wt(T,,6) wt(71,4) wt(t,,7) wt(13,5) wt(74,0))
=avg(2 6 4 00 00 Q)
=avg(2 6 4) = 4. O

Clearly, the automaton A in Example 6.2.4 cannot be made homogeneous as the weight
assignment wt maps to infinitely many distinct values. However, we can show that for each
(S4, Z, K)-automaton using a weight assignment with finite image there exists an equivalent,
homogeneous (S4, X, K)-automaton. This result extends [HV16, Lemma 5] where it was
shown that each (Sy4, D, B)-automaton can be made homogeneous.

Lemma 6.2.5 (cf. [HV16, Lemma 5]). Let A = (Q,II,Q,Qy, T,wt,n) be an (S4,D,K)-
automaton such that wt(T x D) is finite. Then there is a homogeneous (S4, D, K)-automaton A’

with [A’] = [A].

Proof. Let A=(Q,II,Qq,Qy, T,wt,n) be an (S4, D, K)-automaton such that wt(T x D) is finite.
By Lemma 6.2.3 we can assume that 4 is state normalized. We construct a homogeneous
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(S4, D, K)-automaton A" with the following intuition. We split each transition 7 of A into
several transitions by partitioning the set [(7),]: for each value x € wt(t, [(7),]) we construct
a transition that can read all symbols d € [(7),] with wt(t,d) = x while keeping the original
weight assignment. Hereby we ensure that the transitions of A’ are assigned a weight not
depending on the symbol read.

For this, let IT,,, be the set of predicates containing for each transition T € T and each value
x € wt(7, [(7),]) the predicate 7. , with

[7:x]={d € D|wt(r,d)=x} .

Clearly, the set {[(7)2 A 7. ] | x € wt(7, [(T),])} is a partition of the set [(1),]. Since IT,,, is
finite, we can define the new label structure IT" = BC(IT U IT,,,).

Now let A" = (Q,II',Qq,Qy, T',wt’,m) be the (S4, D, K)-automaton where for each transi-
tion T =(q,7,p,q’,f) € T and x € wt(r, [(7),]) the transition 7, = (q, T A 7T, ,,p,q’, f) is
in T’. Moreover, for each d € D we let wt'(7,,d) = wt(7,d). Note that wt’ is well-defined
since A is state normalized. Furthermore, it follows that for each d;,d, € [ A 7 ] we have
wt'(t,,d;) =wt'(t,,d;) = x. Thus, A’ is homogeneous.

Now we show that [A'] = [A]. Letn€Nand w=d,...d, for dy,...,d, € D. Moreover,
let

9 = (qu w, CO) |_T1"'Tn (qn) g, Cn)

be a successful computation in ® 4(w) with transitions ©; = (q;_1, 7;, P;, q;, f;) for each i € [n].
Moreover, let x; = wt(7;,d;) for each i € [n]. Then we construct the computation

0" = (do, W o) F*1" ™ (g, €, ;)

in © 4 (w) such that, for each i € [n], 7} = (q;—1, TA 7T+, x., Pi»q;> f;)- Clearly, wt’(6") = wt(6).
Conversely, each computation in © ,,(w) has the form of 6’ and we can similarly construct
the computation 6 € © 4(w). Hence, there is a weight preserving bijection between © 4(w)
and © 4/(w).
We obtain for each w € D*

[Alw)= > wi(@)= > wt'(8)=[A]w)

0€6 4(w) 0'€0 4/ (w)
and, thus, that [A'] = [A]. ]

In the context of automata over some finite alphabet X it is quite common to keep an
additional storage separated from the automaton input, i.e., the current input symbol does
not change the behavior of an instruction. However, when using infinite input sets, it is
sometimes useful to define a memory that is sensitive for the symbols read by the automaton.
We will see in Section 6.4, that this technique is used for timed automata and, thus, our
definition of a data storage type is reasonable. In fact, symbolic automata equipped with
a data storage are more expressive than symbolic automata using only (non-data) storage

types.
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Observation 6.2.6. Thereis an (Sy, D, K)-recognizable weighted language r thatis not (S’, D, K)-
recognizable for any data storage type S’ with a singleton set M of storage inputs.

For an intuition behind this observation consider the language L, from Example 6.2.4.
Clearly, this language can not be recognized by any (S’, X, B)-automaton A with a singleton
set M of storage inputs: On the one hand, there are infinitely many u;,u,, v, vo € N such that
UjUs V1 V90 is in Lg,,. On the other hand, A uses finitely many transitions and, thus, finitely
many storage instructions. Hence, it is not possible to verify the constraint u; + uy = v; + v,
using S’.

6.2.1 Particular Restrictions

Now we want to consider several instances of our automaton model obtained by restricting
some of its components.

Boolean unital valuation monoid

Let K = B. As in this case the image of each weight assignment wt is finite, by Lemma 6.2.5,
we can assume each (Sy, D, B)-automaton A to be homogeneous:

Corollary 6.2.7 ((HV16, Lemma 5]). Foreach (Sy, D, B)-automaton A there is a homogeneous
(Sq, D, B)-automaton B with [B] = [A].

Therefore, the weight assignment wt does not depend on its second argument and we can
presume that the set of transitions of .4 consists of those transitions which are mapped to 1.
Thus, we can specify an (Sq4, D, B)-automaton (now also called an (S4, D)-automaton) by a
tuple A = (Q, I1,Q,Qy, T,n) and define the language recognized by A as the set

L(A) = supp([A]) .

Trivial data storage

Let Sy = TR1vy. Then we drop all references to S4 from the concepts introduced for (Sy, D, K )-
automata. Thus, T € Q x IT x Q, we speak about (D, K)-automata and (D, K )-recognizability,
and a (D,K)-automaton A is a tuple A = (Q, I1,Qy,Qy, T,wt). Note that homogeneous
(D, K)-automata can be seen as a K-weighted version of symbolic automata.

Boolean unital valuation monoid and trivial data storage

Let S3 = TR1V4 and K = B. Then we use both conventions mentioned above and, thus,
reobtain symbolic automata; in our context we speak about D-automata and D-recognizable.
Moreover, we say that a D-automaton A = (Q, IT,Qy,Qy, T) is deterministic if |Qo| = 1 and
for every two transitions (q, 7t1,q,) and (q, 9, q,) in T with [7t;] N [7,] # @ we have q; = qs,
and total if for each ¢ € Q and d € D there is a transition (g, t,q’) € T with d € [x].

In [VB15, Theorem 1] it was proved that symbolic tree automata can be made total and
deterministic. As a special case we easily obtain that for each D-automaton there exists an
equivalent total and deterministic D-automaton (cf. also [VAHT10]).
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Lemma 6.2.8 (cf. [VB15, Theorem 1]). For every D-automaton A there is a total and deter-
ministic D-automaton B such that L(A) = L(B).

Finite input set

Let D be a non-empty and finite set (i.e., an alphabet). As in this case the image of each
weight assignment wt is finite, by Lemma 6.2.5, we can assume each (Sg4, D, K)-automaton A
to be homogeneous:

Corollary 6.2.9. Let D be an alphabet. For each (S4, D, K)-automaton A there is a homogeneous
(S4, D, K)-automaton B with [B] = [A].

Moreover, we also obtain that each (S4, D, K)-recognizable language can be recognized by
an (S’, D, K)-automaton for some (non-data) storage type S’.

Lemma 6.2.10. Let D be an alphabet. For every data storage type Sq there is a data storage
type S’ with a singleton set M of storage inputs such that REc(Sy, D,K) € REC(S’,D,K).

Proof. Let D be an alphabet and let S4 = (C, M, P,F,cy) be a data storage type. Moreover,
let m be a new storage input such that m ¢ M. Then we define the data storage type
S"=(C,{m},P’,F/,c,) as follows: Foreachp € P, f eF,and me M

* the predicate p,, with p,,(c, m) = p(c, m) for each c € C is in P’ and
e the instruction f,, with f,,(c,m) = f(c,m) for each c € C isin F’'.

Now let A =(Q, IT,Qo,Qy, T,wt,n) be an (S4, D, K)-automaton. By Lemma 6.2.3 we can
assume that A is state normalized. Let IT be a new set of predicates such that for each d € D
the predicate m; with

[rq] ={d}

is in ITp. Then we define the new label structure IT" = BC(ITp).

Now we construct the (S, D, K)-automaton B = (Q, IT',Q, Qy, T',wt’,n") as follows. For
each transition T = (q,7,p,q’,f) in T and for each d € [r] we let the transition v/ =
(4, 4> Pi(a)> 4’ foay) be in T and we set wt'(t’,d) = wt(7,d) and wt'(7’,d") = O for each
d’ # d. Finally, we let n)’(d) = m for each d € D. It is easy to see that [A] = [B]:

LetneNand w=d,...d, ford,,...,d, € D. Moreover, let

6 = (qo, W, o) F*1"" (g, £, ¢5)

be a successful computation in © 4(w) with transitions 7v; = (q;_1, 7;, p;»q;, f;) € T for each
i € [n]. Then we construct the computation

0/ = (q0> w, CO) FT/IT; (qn) £, Cn)

in ©5(w) such that, for each i € [n], T} = (q;_1, (7:)a., (Pi)n(a,)> 9i> fidy(a,))- Clearly, wt'(8”) =
wt(6).
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Conversely, each computation in ©z(w) has the form of 6’ and we can similarly construct
the computation 6 € © 4(w). Hence, there is a weight preserving bijection between © 4(w)
and ©z(w).

We obtain for each w € D*

[Alw)= > wi(®)= > wr'(6)=[B](w)

0€0 4(w) 0’€0p(w)
and, thus, that [B] = [A]. |

Note that we could not prove an equality of the classes REC(S4,D,K) and REc(S’, D,K)
from the above lemma. This is due to the fact that, using the above construction, there is no
possibility to ensure that an (S’, D, K)-automaton A’ uses p, 4 and f,4) while reading d.

6.2.2 Closure Properties

Here we consider some closure properties of (S4, D, K)-automata (and instantiations of them)
that we will need later to prove our logical characterization.

Most of the following results can easily be obtained by slightly modifying usual constructions.
However, we conjecture that (S4, D, K)-automata show a surprising difference to classical
automaton models: due to their storage encodings, we think that (Sy4, D, K)-automata are
in general not closed under sum. As two different encodings n; and 7, of two (S4, D, K)-
automata .4; and .4, may force the data storage to treat the automata’s input differently, it is
not clear how to join the storage behavior of 4; and 4, in one automaton.

However, if A; and A, use the same storage encoding (for example, a projection), then we
obtain the closure under sum using a simple disjoint union.

Lemma 6.2.11 (cf. [HV16, Lemma 7(1.)]). Let r; and ry be (Sy, D, K)-recognizable weighted
languages. If r; and r, can be recognized by two (Sy, D, K)-automata using the same storage
encoding m, then ry + ry is (Sg, D, K)-recognizable. In particular, if ry and r, are i-projectively
(Sq4, D, K)-recognizable, then ry + ry is i-projectively (S4, D, K)-recognizable as well.

We note that from the above lemma obviously the closure of (TR1Vy, D, K)-recognizable
weighted languages under sum follows.

Lemma 6.2.12 ([HV16, Lemma 7(2.)]). Let r be an (S4, D, K)-recognizable weighted language
and let L be a D-recognizable language. Then r N L is (S4, D, K)-recognizable.

Proof. Let A=(Q,I1,Qo,Qy, T,wt,n) be an (S4, D, K)-automaton. Moreover, consider the D-
automaton B = (Q', I', Qy, Q}, T’). By Lemma 6.2.3 we can assume that A is state normalized
and by Lemma 6.2.8 we can assume that B is total and deterministic. Moreover, without
loss of generality we can assume that Q N Q" = . Then we construct by the usual product
construction the automaton A = (Q, I1,Q,,Qy, T, wt,n), where

° Q:QXQ/:Q_O:QOXQ63andQ_f:QfxQ};

e [I=BC(ITuIT), and
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» foreach transition T = (qq, 7, p,qs, f) € T and v’ = (¢}, ', q5) € T’ such that [ Ax] #
P the transition T = ((qy,97), T A ', p,(q2,q5), f) is in T and wt(7,d) = wt(t,d) for
eachd € D.

We note that since A is state normalized, B is deterministic, and we require [ A 7] # @ in
the above bullet, the weight assignment of A is well-defined.

First let w € £(B). Then there is exactly one run 6,, € ©z(w). By the construction, we
obtain that © 3(w) = {0 x 0,, | 6 € © 4(w)} where 6 x 6,, is the computation obtained by
combining the states and input predicates in the transitions of 6 and 6,, as indicated above.
Moreover, by construction, we obtain that wt(6 x 6,,) = wt(0). Thus, [A](w) = [A](w).

Now let w € D* \ £(B). Then ©z(w) = @ and, hence, © 3(w) = 0. It follows that [A] =
[A] N £(B). ]

The next lemma follows as a special case from the closure of tree languages recognizable
by symbolic tree automata from [FV14b] under nondeterministic relabelings. Here, we mean
by a nondeterministic relabeling a mapping of the form p: D — P(D’) as well as its unique
extension p’: D* — P((D’)*) for non-empty sets D and D’. We identify p and p’.

Lemma 6.2.13 ([FV14b, Lemma 3.4(2.)]). Let D, D’ be non-empty sets, L a D-recognizable
language, and p: D — P(D’) a nondeterministic relabeling. Then p(L) is D’-recognizable.

Proof. Let A=(Q,I1,Q,Qy,T) be a D-automaton such that £(.A) = L. Then we construct
the D’-automaton B = (Q,BC(IT"),Qq,Qf, T") where IT" = {m, | & € II} such that

[r,] ={d’€D’'|3d €[n]: d’ € p(d)}

for each 7, € II" and T' = {(q, 7,,,q') | (¢, ,q') € T}.
It is easy to see that £L(B) = p(L(A)). [ |

Moreover, it is well known that D-recognizable languages are closed under difference.

Lemma 6.2.14 ([VBAM10, Section 5]). Let L, and L, be D-recognizable languages. Then
Ly \ Ly is D-recognizable.
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6.3 Data Storage for Symbolic Visibly Pushdown Automata

In this section we want to show that our automaton model captures symbolic visibly pushdown
automata (svpda). For this, we define a data storage type VP(V) and prove that the projectively
(VP(N), N)-recognizable languages are exactly the languages recognizable by svpda. Before
we start with this, let us recall from [DA14] some definitions we need.

In [DA14], symbolic visibly pushdown automata were defined over a so-called label theory,
which is similar to a label structure but additionally provides binary predicates. Moreovet,
the set of predicates of a label theory does not have to be finite. However, as each symbolic
visibly pushdown automaton only uses finitely many predicates, this difference is not crucial.

Label theory Let D be a set. A binary predicate (over D) (often also just called a predicate)
is a mapping 7: D x D — {0, 1} and the set {(a, b) € D | n(a, b) = 1} is denoted by [r]. We
denote the set of all binary predicates over D by Pred,(D). Similar to (unary) predicates
over D, we let [-7,], [7t1 A 5], and [, V 5] be defined by the set operations \, N, and
U, respectively, for all binary predicates m;, m, € Pred,(D). Moreover, given a predicate
7t € Pred(D) and a binary predicate 7’ € Pred,(D), we set

[t An'] =[r"Ar]={(a,b) €D |a€|n] and (a,b) € [7]}
and
[rva']=[rn"Vr]={(a,b)eD|ac[n]or(a,b)e[r]} .

A label theory (over D) is a recursively enumerable set ¥ C Pred(D)UPred,(D) that is closed
under the Boolean operations -, A, and V. We let ¥; = ¥ N Pred(D) and ¥, = ¥ N Pred,(D).

Nested sets A nested set is a non-empty set N = N; UN, UN,, where N; (its elements called
internal symbols), N, (its elements called call symbols), and N, (its elements called return
symbols) are pairwise disjoint sets.

Symbolic visibly pushdown automata Let N be a nested set and let ¥ be a label theory
over N. A symbolic visibly pushdown automaton (using ¥) (or a svpda) is a tuple M =

(QJ QOJ F: 51'; 5(:5 5r1 5b: Qf) Where
e Q is a finite set (its elements called states),
* Qo CQ (its elements called initial states),

e [ is a finite set (its elements called pushdown symbols),

0; C€Q x ¥, xQ is a finite set (its elements called internal transitions),
* §5,CQx¥; xQ xT'is a finite set (its elements called call transitions),
* 5, CQxW, xTI xQ is a finite set (its elements called return transitions)

* 0, CQ x¥; xQ is a finite set (its elements called empty-pushdown return transitions).
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The set of M-configurations is the set Q x N*x (I'x N, )*. For each transition 7 in §;U6.U6,,Ud,
we define the binary relation ° on the set of M-configurations as follows: for every q,q’ € Q,
deN,weN* and u,u’ € (I x N)*, we let

(q,dw,u) F* (¢",w,u)
if one of the following holds:

* 7 is an internal transition of the form (q, 7,q") for some © € ¥;, d € N; and d € [r],
and u’ =u,

* 7 is a call transition of the form (g, 7,q’,v) for some © € ¥; and y € I', d € N, and
d €[], and v’ = (y,d)y,

* 7 is a return transition of the form (q,7,y,q’) for some 71 € ¥, and y € I', d € N,,
u = (y,a)u’ for some a €N, and (a,d) € [r], or

* 7 is an empty-pushdown return transition of the form (q, 7, q") for some © € ¥;, d € N,
andd € [n],andu=u'=e.

A computation (of M) is a sequence

LR SRR N

suchthatn € N, 74,..., T, are transitions of M, {,, ..., {,, are M-configurations, and {;_; "
{; for each i € [n]. Sometimes we abbreviate this computation by {y """ {,. Let w =
dy...d, € N* for some n € N and d;,...,d, € N. A computation is called a successful
computation on w if it is of the form

9 = ((q()z w, 8) |_T14..Tn (Qf, g, u))

for some qy € Qg, g5 €Qy, u € (I' x N)*, and transitions 74,...,7, in §; U8, UG5, UG, We
denote the set of all successful computations of M on w by © ,,(w). Then the language of M,
denoted by £(M), is the set

LM) = {w € N* | @ (w) # 8.

Thus, the pushdown operations M executes during a run are predetermined by the input
string — each call symbol forces a push operation, each internal symbol forces a stay operation
and each return symbol forces a pop operation (unless the pushdown is empty, then a stay
operation is performed). This behavior induces a matching relation over the positions of
each input word w. A pair (i, j) of positions of w is matching if the pushdown cell pushed
at position i is popped at position j. We denote the set of all matching position pairs by
match(w).

In contrast to a symbolic automaton, M uses binary predicates over matching positions.
We will now define the data storage type VP(N) which simulates the pushdown part of an
svpda and encodes these binary predicates as parameters of storage instructions.
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Data storage type VP(N) Let N be a nested set. We define the data storage type VP(N) =
(C,N,PF,¢) where

e C=(AXxN_,)" and A is an infinite set of pushdown symbols,

e P={TRUE} with TRUE(c,d) =1 foreachce C,d € N, and

e F={rusH, |y €Alu{ror, . |y €A, m €Pred(N. x N,)}U{STAY;, STAY,} such that
for each y € A, m € Pred(N, x N,.), c € C, and d € N we have
PUSH,(c,d)=(y,d)c if dEN,

poP,  (c,d)=c" if deN,, c=(y,a)c’ for some a €N, and (a,d) € [n],

STAY;(c,d)=c if d € N;, and

STAY,(c,d)=cifd €N, and c =&,

and undefined otherwise.

The storage encoding of an (VP(N), N)-automaton admits to map an input symbol d € N
to another symbol d’ € N with d # d’. Thus, for our equivalence result, we require projective
(VP(N),N)-automata. Then we can show the following statement.

Theorem 6.3.1 ([HV16, Theorem 9]). Let N be a nested set and L. € N*. L is recognizable by
a symbolic visibly pushdown automaton if and only if L is projectively (VP(N), N )-recognizable.

Proof. For the “only if” part let N be a nested set and let ¥ be a label theory over N. Moreover,
let M =(Q,Qy,I',6;,6.,6,,0;,Q f) be a symbolic visibly pushdown automaton using W.
Recall that A is the set of pushdown symbols occurring in configurations of VP(N). We define
an injective function f : I' — A and for the sake of simplicity we identify f (y) with y. Then
we construct the (VP(N), N)-automaton A = (Q,BC(IT),Qq,Qy, T,n) where II is the set of
all unary predicates occurring in the transitions of M, 7 is the identity on N, and the set T
of transitions is defined as follows:

* for each (g, m,q") € §; the transition (g, 7T, TRUE, q’, stay;) isin T,

» for each (q,7,q’,7) € &, the transition (¢, 7, TRUE,q’, PUSH, ) isin T,

» for each (q,7,v,q’) € 6, the transition (¢, T, TRUE,q’,POP, ;) isin T, and
* for each (g, 7,q") € &, the transition (q, 7T, TRUE, q’,stay,) isin T.

It is not difficult to see that £L(M) = L(A): Letn € Nandw =d; ...d, forsomed;,...,d, €N.
Moreover, let
0 = (qo, w, &) F""n (qn, €,1)

be a successful computation in © ,,(w). Then we construct the computation
/ Lt
0" = (qO; w, 8) |_T1 T (qn; g, u)

in © 4(w) where, for each i € [n],
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* if 7, =(q,m,q’) in &;, then 7} = (q, M, TRUE, ¢’, stay;),

e if 7, =(q,7,q’,v) in &, then 7; = (q, 7, TRUE,q’, PUSH,),

e if 1;=(q,m,7,q") in §,, then 7} = (¢, T, TRUE,q’, POP, ), and
* if 7, = (g, m,q’) in 6,, then 7} = (q, T, TRUE, q’, stay,).

Conversely, each computation in © ,(w) has the form of 6" and we can similarly construct
the computation 6 € © ,,(w). Hence, L(M) = L(A).

For the “if” part let A = (Q, I1,Q,,Qy, T, ) be a projective (VP(N), N)-automaton. We
construct the symbolic visibly pushdown automaton M using a new label theory ¥ as follows.
Let IT = {7t € Pred,(N) | = € I} where for each 7 € IT we set

[7] ={(d,d)|deN,d €[r]} .

Moreover, let IT' be a set of binary predicates containing for each transition in T of the
form (q, 7, TRUE,q’,POP, ) the binary predicate ¢ € Pred,(N) with [¢] = [¢]. Now we
set U = BC(IT U IT’ U IT). Moreover, let I' be the finite set of pushdown symbols used in
transitions of A. Then we construct M =(Q,Qo, I', 6;,6.,68,,0,Qf) such that

* for each (q, 7, TRUE,q’,stay;) € T the transition (g, 7t,q’) is in &;,

« for each (q, 7, TRUE,q’,PUSH,) € T the transition (q, 7,q’,y) is in &,

* for each (q, 7, TRUE,q’,POP, ,) € T the transition (¢, T A ¢,y,q") isin §,, and
« for each (q, 7, TRUE,q’,stay,) € T the transition (g, 7t,q’) is in &}.

Again, it is not difficult to see that £(A) = £L(M): In the same way as above, for each word
w € N*, we can relate a computation 6 € © 4(w) to a computation 6’ € © ,,(w) as induced
by the construction. |

Example 6.3.2. Let N be a nested set with N; =N,, N. = {(x | x e N_},and N, = {x) | x €
N, }. We consider the language L € N* which consists of all words w such that for every two
symbols (x and y) at matching positions of w we have x = y if x is even, i.e.,

welL << V(i,j)€ match(w): (w(i) = (x and x is even) = w(j) = x)
for each w € N*. For an example consider the word
w=3)(24 (35)2)
in L with |w| = 6 and matching positions (2,6) and (4, 5).
This language can be recognized by an svpda. Recall from Example 6.2.2 the unary
predicates even and odd and let ~ be a binary predicate with ((x,y)) € [~] iff x = y for

each x,y € N,. Let ¥ = BC({even, odd, ~}). Now we let M = ({q},{q},T’,6;,6.,6,,6,{q})
be an svpda using ¥ where I' = {e, 0}, and
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* 6;={(¢. .9}
* 6. ={(q,even,q,e),(q,0dd,q,0)},
* 6, =1{(g,~e,q),(qT,0,9)}, and
* 6, ={(¢, T,9)}

It is not hard to see that £(M) = L: for each even call symbol (x a pushdown cell y = (e, (x)
is pushed. If a return symbol y) is read while y is the topmost pushdown cell, it is checked
whether x = y.

Now we construct the projective (VP(N),N,B)-automaton A = ({q}, 1,{q},{q}, T,n)
where IT = BC({even,odd, T}), n is the identity function, and T contains the following
transitions:

* from §; the transition (q, T, TRUE, g, stay;) is constructed,

e from &, the transitions (q,even, TRUE,q,PUSH,) and (q,odd, TRUE,q,PUSH,) are
constructed,

e from 0, the transitions (¢, T, TRUE,q,POP, ) and (q, T, TRUE,q,POP, 1) are con-
structed, and

* from 6}, the transition (q, T, TRUE,q, stay,) is constructed.

Clearly, £(A) = L. m|

Now Theorem 6.3.1 opens the possibility of considering weighted svpda. For example
we can easily construct a (VP(N), N, K,,)-automaton A’ which maps each word in L to the
average value of all its even call symbols.
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6.4 Data Storage for Weighted Timed Automata

Now we want to provide another data storage type TIME(C) and show that projective
(TIME(C), Z x R, K)-automata recognize a timed series r if and only if r is recognized by a
weighted timed automaton. First of all, we briefly recall some concepts for defining timed
automata.

Our definition of timed words and weighted timed automata closely resembles the one in
[Quall]. The only difference is that in our definition of timed words, each symbol stores the
time difference to its predecessor as in [DP14], while in [Qual1] the corresponding point
in time is recorded. However, there exists a straight forward bijection between both views
[Perl6].

Convention. In the course of this section let > be a non-empty and finite set and let K be an
arbitrary semiring if not specified otherwise.

Timed words and timed series A timed word (over X) is a non-empty finite sequence
(a1, t1)...(ap, ty) € (X x Rs)™. The set of timed words over X is denoted by TX* and for
some semiring K a mapping r: TX+ — K is called a timed series (over X and K).

Clocks A clock variable is a variable ranging over R, and we denote the set of all clock
variables by C. Moreover, we let a clock constraint ¢ over C be a conjunction of expressions
x ~cwithx €C,ceN, and ~ € {<,<,=,>,>}. The set of all clock constraints over C is
denoted by ®(C).

A clock valuation is a function v: C — Ry, and we let vy(x) = O for each x € C. Now let
v:C = Rsq, t €Rs, and A € C. Then we define the clock valuation v+t by (v +t)(x) =
v(x) + t for all x € C. Moreover the clock valuation ¥[A := 0] is defined by v[A :=0](x) =0
for all x € A and v[A :=0](x) = v(x) for all x ¢ A.

The satisfaction relation |= C ]Rgo x ®(C) is defined as expected, by checking the valuation
of each clock against the respective constraints in the conjunction. For this, for each ¢ € ®(C)
and v: C — Ry, we let @[ v] denote the expression obtained by replacing each occurrence
of a clock variable x in ¢ by v(x). Then v |= ¢ if p[v] evaluates to true.

Weighted timed automata A K-weighted timed automaton over X (and C) is a tuple A =
(Q,Q;,Qy,C, E, ewt,dwt), where

e (Q is a finite set (its elements called states),

* Q;€QandQ FEQ (their elements called initial states resp. final states),
e ( is a finite set of clock variables,

* ECQx X x®(C)xP(C)xQ is a finite set (its elements called edges),

* ewt: E — K is a function (assigning so-called edge weights), and

e dwt: Q x R — K is a function (assigning so-called delay weights).
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b/x=0 a/x=21Ax<4

@

a/x=>0/x:=0

Figure 6.3: A graphical representation of the edges of the weighted timed
automaton .4 from Example 6.4.1.

A run of A is a finite sequence

t; e ty € t, ey
0= ((qO, 1)0) _l’_l’ (ql’ 1)1) _2)_2> cee T (qn: 1}n))

where n>1, qp,...,9, €Q, vg,..., v, are clock valuations, tq,...,t, € Rsg,and eq,...,e, €
E such that the following conditions hold: g, € Q;, q, € Qf, and e; = (q;—1, a;, i, Ai> q;) such
that v;_; +t; = ¢; and v; = (v;_1 +t;)[A; := 0] for each i € [n]. Thus, each step of 6 consists
of (i) adding a time delay to the current clock valuation and (ii) applying an edge.

The label of 6 is the timed word label(6) = ((e1)4, t1) - .- ((e,)q, t,), and the running weight
rwt(6) of 0 is the value in K given by

wt(0) = l_[ie[n] dwt(q;_1, t;) - ewt(e;)

where the product is ordered naturally.
For any timed word w € T X let Run 4(w) denote the set of all runs 6 of A with label(0) = w.
The timed series recognized by A is the mapping [A]: TX" — K such that

[[A]] (W) = ZGERunA(w) I'Wt(@)

Example 6.4.1. Let X = {a,b}, C = {x}, and consider the max-plus semiring (R>q U
{—o0}, max, +,—00, 0) of non-negative reals. Nowlet A = ({qy,q1}, {90}, {90}, C, E, ewt, dwt)
be the R y-weighted timed automaton over X where E consists of the three edges

31:(qO,b,X20,Q),qO) eZZ(qO:a:XZ]-/\xS4:0;q1) 63:(Q1:Q’X20:{X},QO)

and where ewt(e;) = 0 for each i € [3] and, for each t € R, dwt(qg, t) =t and dwt(qq,t) =
0. A graphical representation of the edges of A is given in Figure 6.3.

Intuitively, A recognizes non-empty strings over X~ x R where all as occur as pairs (i.e.,
two in succession) and between two such pairs (and before the first pair) there is a time delay
from 1 up to 4. For example,

w = (b, 2)(a,2)(a,3) € supp([A])

and

w’ = (b,2)(a,3)(a,3) ¢ supp([A])
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as in w’ before the first occurrence of a there is a time delay of 5 (note that by the semantics
of a timed automaton, the time at a position i is added to the clocks before an edge is applied
and, thus, the symbol at i is read).

Formally, for each n > 1 and w = (wq,x7)...(w,, x,) € TX" we let Ind(w) be the set of
all pairs (i, j) € [n] x [n] such that either (i <j,i=1,w;=qa,andw; =...=w;_; =b) or

(i<j,wiy=wj=a,and w; =...=w;_; = b). Then w € supp([.A]) if and only if

* wi...w, € ({b}*{aa})" and
e forall (i,j) € Ind(w): 1 <(x;+...+x;) <4

and for each w fulfilling these requirements we have

[A](w) = Z X+ Xxj .

(i,j)€lnd(w)

For example, the timed word w = (b, 2)(a, 2)(a, 3) is recognized by A with the run 6 of
the form

2 e 2 e 3 e
(q(); [X = 0]) _)_1) (qO: [X = 2]) _)_2) (ql; [X = 4]) _>—3) (CIO> [X = 0])
where [x = a] denotes the clock valuation v with v(x) = a. Then

rwt(0) = dwt(qy, 2) + ewt(e;) + dwt(qg, 2) + ewt(ey) + dwt(q;, 3) + ewt(e3)
=242
=4 .

As 6 is the only run for w, we obtain [A](w) = rwt(6) = 4. m|

Now we define a data storage type TIME(C) to simulate the clock behavior of weighted
timed automata.

Data storage type TIME(C) Let C be a finite set of clock variables and let TIME(C) =
(R;O,RZO,P,F, vo) where P = {p,, | ¢ € ®(C)}, F = {f; | A € C}, and for every ¢ € &(C),
ACC,ve R‘;O, and t € R we let

* po(v,t)=1 iff (v+t)FEyand

s fa(w,t)=(v+t)[A:=0].

Theorem 6.4.2 ([HV16, Theorem 10]). Let K be a semiring and r: T X" — K a timed series.
Then r is recognized by a K-weighted timed automaton over X and C if and only if r is projectively
(TIME(C), X x R, K)-recognizable.

Proof. For the “only if” part let A = (Q,Q;,Qy,C, E,ewt,dwt) be a K-weighted timed au-
tomaton over X~ and C. We construct the (TIME(C), X x R, K)-automaton B where each
transition 7 of B results from a given edge from E and the weight of T amounts to the product
of dwt (applied to the source state of e) and ewt. However, we have to regard a technical
difficulty: There might be two edges e; = (q,a, ¢1,A,q’) and e, = (q, a, ¢, A,q") which only
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differ in their clock constraints but such that v |= ¢, if and only if v |= ¢, for each v € R;O.

In this case, p,, = p,, and, thus, we would construct from e; and e, the same transition 7.

To guarantee a unique weight assignment, we encode the edges of A into the states of B.
Formally, let B = (E UQ¢,BC(I1),Q0,Qy, T,wt,n), where

e II ={m, | ae€ X} such that for every a, b € ¥ and t € R>, we have (b, t) € [r,] if
and only if a = b,

* Qy={e€E|(e); €Q;},

* for every edge e = (q,a,¢,A,q’) and ¢’ in E with (¢’); = ¢’ the transition T =
(e, Tq> Py> e’,f3)isin T and wt(t, (b, t)) = dwt(g, t) - ewt(e) for every (b, t) € X x Rx,

* for every edge e = (q,a, ¥, 4,q") in E with ¢’ € Q; the transition T = (e, 74,p,,,q’, 1)
isin T and wt(7, (b, t)) = dwt(g, t) - ewt(e) for every (b, t) € X x R, and

* n(a,t)=tforeverya € X, t € Ry.
Now let w = (ay, t1)...(a,, t,) € TX" be a timed word for some n > 1. Moreover, let

t; e t, e,
0= (qO: VO) —— R (qnb vn)

be a run in Run 4(w) with e; = (q;_1, a;, ¢;, A;, q;) for i € [n]. Then we construct the compu-
tation
0" = (el,W, VO) 1T (qn’ &, vn)

in ©gz(w) where 7; = (e;_1, q,, Py, €;, f3,) foreachi € [n—1] and 7,, = (€4—1, g > Py, » Gn> f2,)-
Note that wt(t;, (a;, t;)) = dwt(q;_;, t;) - ewt(e;) for each i € [n] and therefore

rwt(6) = l_[ie[n] dwt(q;_, t;) - ewt(e;) = l_[ie[n] wt(7;, (a;, t;)) W wt(6"),

where the products are ordered naturally and (*) holds since K is a semiring.

Conversely, for every computation 68’ € ©z(w) by definition of T there is a uniquely
determined run 6 € Run 4(w) such that 6’ is the computation constructed above. Hence, for
every w € T X% we have that Run 4(w) and ©z(w) are in a one-to-one correspondence and
for two corresponding 6 € Run 4(w) and 0’ € ©z(w) we have rwt(6) = wt(0”). It follows
that

IIA]](W) = ZGERunA(W) rWt(G) = ZQ’G@B(W) Wt(e) = [[B]](W)

and, hence, [A] = [B].

For the “if” part let B = (Q, I1,Q,Qy, T,wt,n) be a projective (TIME(C), X' x Ry, K)-
automaton. Thus, n: X x Ry — R is the projection to the second component. Then we
construct a K-weighted timed automaton A over X and C such that [.A] = [B]. We construct
an edge e for each given transition 7 and first input component a satisfying the predicate
of 7. Moreover, we have to distribute the weight of 7 to ewt and dwt. Since the weight of
7 depends on a concrete input, we have to use dwt to simulate wt and let ewt map each
element to 1. However, as dwt depends on a state and a time delay (instead of a transition
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and the complete input symbol), we encode the transitions and the symbols from X into the
set of states.

For this let A = (Q’,QQ,Q},C,E,ewt,dwt) with Q" = (T x Z)UuQy, Q; = Ty x X for
To={r<€T]| (1) €Qp}, and Q} = Q. Moreover, for each transition 7 = (q, 7,0,9, f1),
v/ € T with (1'); = ¢/, and a, b € X such that (a, t) € [r] for some t € R the following
edges are in E:

e The edge e = ((7,a),a, ¢, A,(7’,b)) is in E, where ¢ is an arbitrary but fixed clock
constraint such that p, = p (there might be more than one). For each t € R, we let
dwt((7,a), t) =wt(r,(a,t)) if (a, t) € [] and O otherwise and we let ewt(e) = 1.

* If ¢’ €Qy, then additionally the edge ¢’ = ((7,a),a, ¢, A,q’), with ¢ as above, is in E
and ewt(e’) = 1.

Now let w = (a;,t;)...(a,,t,) € TX" be a timed word for some n > 1 and let 6 =
(qo,w, vo) F"1"n (qn, €, v,) be a computation in ©z(w) with t; = (q;_1, 7;, P;»q;, f2,) for
i € [n]. Then we construct the run
t n n
0" = ((71,a1), 70) > ... > (g, ¥)
in Runy(w) where we let e; = ((7;,a;),a;, ¢, A, (Tig1,0;41)) fori € [n—1] and e, =
((th,a,),an, ©ns An, qn) With @1, ..., @, as defined above.
Note that dwt((7;,a;), t;) =wt(7;,(a;, t;)) and ewt(e;) = 1 for each i € [n], and therefore

Wt(e) (i_) l_[ie[n] Wt((aia ti): Ti) = l_[ie[n] th((Ti) ai)) tl) ‘1= rWt(Gl))

where the products are ordered naturally and (x) holds since K is a semiring.

Conversely, for every run 6’ € Run 4(w) by definition of E there is a uniquely determined
computation 6 € ©z(w) such that 6’ is the computation constructed above. Thus again, for
every w € T X+ we have that ©z(w) and Run 4(w) are in a one-to-one correspondence and
for two corresponding runs 6’ and 6 we have rwt(6") = wt(6). It follows that

[BI(W) = >2gce 00 WHO) = igrcrun y(w) TWEO) = [A] (W)
and, hence, [B] = [A]. [ |
Example 6.4.3. Recall the alphabet X = {a, b}, the set C = {x} containing one clock variable x,
and the R y-weighted timed automaton A = ({qg,q1},{q0}, {90}, C, E, ewt, dwt) over X from
Example 6.4.1. Using the above construction, we define the (TIME(C), X~ x R, K)-automaton
B with [B] = [A] as follows:
We let B= (E ) {QO}: BC({TCa: nb})} {61) 62}9 {CIO}, T: Wt7 "7) Where
[a] ={(a,t) | t €R5p} and [7p] ={(b,t) | t € R0}

and where T consists of the transitions

1= (el’ﬂ:bﬁpxzo: el’fﬂ): T/l = (elsnb;pXZO’ eZ:f@)a Tll/ = (elsﬂ-b:prO’qu@):
Ty = (€2, qs Px>1nx<4- €3, ),
T3 = (63:na’px20>elzf{x}): Tj/g = (eSJTEaJprO:eZJf{x})’ T;,/ = (eSJTEa:prO: qO:f{x})'
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Moreover, for each (x,t) € X x Ry we let wt(7, (x,t)) = t for every T € {71,7],77, 72},
wt(t’, (x,t)) =0 for every 7" € {73,753, 75}, and n(x,t) =t.

Now recall from Example 6.4.1 the timed word w = (b, 2)(a, 2)(a, 3). The automaton B
recognizes w with the unique computation

(elz (b) 2)((1, 2)((1, 3): [X = O]) |_T/1 (62, (a, 2)((1, 3): [X = 2])
72 (e3,(a,3),[x =4])

5 (qo, &,[x =0]) .

Thus, [B](w) = 4 as well. O
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6.5 Weighted Symbolic MSO Logic with Storage Behavior

The aim of this section is to give a logical characterization of the weighted languages recog-
nized by symbolic weighted automata with storage. For this, we present a weighted symbolic
MSO logic with storage behavior. Our logic is based on the concepts of M-expression [FSV12,
Definition 3.1], their adoption to unital valuation monoids [FV15], and B-expression [VDH16,
Definition 5]. Since these expressions depend on unweighted MSO-formulas, we first extend
unweighted MSO logic to symbolic MSO logic.

Most of the concepts we use extend the notions from Section 1.5. Thus, we often only
explain the change to the basic case. As before, we let V¢, and V,, be disjoint sets of first-order
and second-order variables, respectively.

Symbolic MSO logic

Here we extend unweighted MSO logic to the symbolic setting: instead of the atom label,; (x)
we will use label (x), where 7 is a predicate from some label structure. Moreover, as
preparation for a logic with storage behavior, we additionally define atoms of the form
B(x) = (p, f), where B is a particular variable that can be instantiated with a storage behavior.
As our logic gives no possibility to check whether a string (p;, f1) - .- (p,, f,) of predicates p;
and instructions f; is a storage behavior, we will implement this requirement in the semantics
by an intersection with “valid strings”.

Symbolic MSO-formulas In addition to the usual first-order and second-order variables,
we use one more variable B which we call second-order behavior variable and which ranges
over behaviors of S.

Let D be a non-empty set, IT a label structure over D, and (2 a finite subset of P x F. We
define the set of formulas of symbolic MSO logic over 2 and II, denoted by MSO(42, IT), by
the following EBNF:

i :=label . (x) | next(x,y) | x € X | B(x) = (p, f)

pu=yY | leAe|Ix.p|IX.@

where T € II, x,y € Vg, (p,f) € 2, and X € V,,. Let ¢ € MSO({2, IT). The set Free(y) is
defined as usual where we additionally set Free(label, (x)) = {x} and Free(B(x) = (p, f)) =
{x,B}. Moreover, we use the typical abbreviations for MSO-formulas that we recalled in
Section 1.5.1.

Variable assignment and updates Let V be a finite set of variables with B € V, let n: D —
M be a relabeling, and let w € D*. A (V,n)-assignment for w is a function with domain V
which maps each first-order variable in V' to an element of pos(w), each second-order variable
in V to a subset of pos(w), and B to an n(w)-behavior over 2. We let &, .y, denote the set
of all (V, n)-assignments for w. In the usual way we define updates of (V, n)-assignments.
Let o € ®(y, ), and i € pos(w). By o[x — i] we denote the (V U {x}, n)-assignment for w
that agrees with o on V \ {x} and that satisfies o[x — i](x) = i. Similarly, we define the
updates o[X — I] and o[B — b] for each set I € pos(w) and each behavior b € B(£2, n(w)),
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respectively. For each n(w)-behavior b we denote by [B — b] the variable assignment
0 € ®((p},),w that maps B to b.

Extended input set and valid words Extending the usual technique we encode a pair
(w,0), where w € D* and o € &y, ) ,,, as a word over an extended set as follows. For each
finite set V of variables with B € V we let

Dy, =D x P(fo(V)Uso(V)) x 2

where fo(V) and so(V) are the subsets of all first-order and second-order variables occurring
in V, respectively.

Let { ={;...C, € Dy, for some n € N and {3,...,{, € D). We call { fo-valid if for each
x € fo(V) there is a unique i € pos({) such that x occurs in the second component of {;. We
denote the set of all fo-valid words over D,, by D;jf". Moreover, we call { n-valid if the word

(€1)3---(Znds

isan 1((¢1)1-..(¢,)1)-behavior over 2. We denote the set of all n-valid words over D,, by
D)
b -
It is clear that, for each finite set V of variables with B € V and relabeling n: D — M, there
is a one-to-one correspondence between the sets

{(w,0)|weD*,0€dy )} and D;‘;fo N D;n.

Thus, as usual, we will not distinguish between the pair (w, o) and the corresponding word
Z; c D*fO n D*TI
% Vo

Lemma 6.5.1 ([HV16, Lemma 11]). Let D be a set and let V be a finite set of variables with
B € V. Then D;Zfo is Dy,-recognizable.

Proof. Without loss of generality assume fo(V) = {x;,...,x,,}. It is easy to see that D{;fo =
ﬂje[n] L;, where L; = {w € DJ; | x; occurs at exactly one position of w}.
Then we let IT = {mq,...,m,}, where for each i € [n] and u € D,, we have

ue [[Tfi]] iff X; € (u)z.

For every j € [n] we construct a Dy-automaton A; = (Q,BC(I1),Qy,Qy, T) such that
L(A;) = L;. For this, let Q = {0, 1}, Qo = {0}, Q = {1}, and the set T of transitions is defined
as follows:

e foreveryi € [n]\{j} the transitions (0, ; A —7;,0) and (1, 7t; A =7, 1) are in T, and
* the transition (0, 7t;,1) isin T.

Obviously, E(Aj) =1; and, therefore, L jis Dy,-recognizable. Since, by Lemma 6.2.12, the
class of Dy,-recognizable languages is closed under intersection, we have that D;;f° is Dy,-
recognizable. [ |
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Semantics of a formula Let ¢ € MSO(£2, 1) and V be a finite set of variables such that
Free(¢) € V and B € V. Moreover, let : D — M be a relabeling. For every (w, o) € D;jfoﬂD;';n
we define the relation (w, o) = ¢ by extending the satisfaction relation of classical MSO logic
as defined in Section 1.5.1 where we set

(w,0) =label (x) <= w(o(x))e|[n]

and
w, o) EBx)=(/,f)) <= oB)o(x)=(,f) .

Then we define the set of models of ¢ as the set
Lyy(@)={w,0)[weD", 00 €®n ), (W,0) = ¢}

Thus, £,,(¢) € Dif° N D}

Remark 6.5.2. In contrast to usual MSO logic (and besides the predicates for the symbolic
part) we require a valid storage behavior as assignment to B. However, by choosing the trivial
data storage type TR1V4 and using 2 = {(pruz, f1p)} We basically obtain a logic for symbolic
automata.

We note that, independently (and a few month earlier), D’Antoni and Veanes [DV15]
introduced a very similar logic for symbolic automata — they also use an atomic formula to
check whether an input symbol satisfies a predicate of their label theory. However, as in that
work (and in the follow-up paper [DV17a]) a major focus is on the implementation of the
formalism, the presentation of the logic (and the reduction to symbolic automata) slightly
differs from our work. <

Lemma 6.5.3 ([HV16, Lemma 12]). Let D be a set and II a label structure over D, let £2 be a
finite subset of P x F, and let : D — M be a relabeling. For each ¢ € MSO({2, IT) and each
finite set V 2 Free(y) of variables with B € V there is a Dy,-recognizable language L such that
Ly (p)=LNDJ"

Proof. We prove this statement by induction on the structure of ¢. First let ¢ be an atom.
We only show two cases, as the other cases are resolved in a very similar way.

If ¢ = label;(x), then we construct the D,-automaton A = ({q,q’},BC({~,}), {q},{q’}, T),
where [7,] = {(a,U,w) €Dy |aen,x €U} and T ={(q, T,q),(q, 7,,q),(q’, T,q)}. Let
L= £(A)ND;f. Then Ly ,(p)=LND;" and, by Lemma 6.2.12, L is D\,-recognizable.

If ¢ = (B(x) = (p, f)), we construct the Dy,-automaton A = ({q,q’},BC({~,}), {q}, {q’}, T),
where [7,] ={(a,U,w) €Dy | x €U,w = (p,f)} and T = {(q, T,q),(q, 7x,q"), (4", T, q)}.
Let L=L(A)N D]’;fo. Then £y, ,(¢) =LN D;';n and, by Lemma 6.2.12, L is Dy,-recognizable.

The induction step on the structure of ¢ is straightforward using Lemmas 6.2.12,6.5.1,
and 6.2.13. ]

Weighted symbolic MSO logic

Here we introduce our new weighted MSO logic over data storage types. This logic extends
the one in [VDH16, Def. 5] from a finite set > to a non-empty but possibly infinite set D.
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B-expressions Let D be a non-empty set, IT a label structure over D, and {2 a finite subset of
P x F. We define the set BExp(£2, IT, K) of B-expressions over (£2, I1,K) to be the set generated
by the EBNF:

e 11=Val;<|(€+6)|(<P‘>€)|ZXE|ZX€ ,

where k: D;, — K is a relabeling for some finite set ¢/ of variables with B € ¢/, and ¢ €
MSO(£2, IT). As in the unweighted case the sets Free(e) and Bound(e) for each B-expression e
are defined as usual where we set Free(Val,.) = U/. Note that, therefore, for each B-expression
e in BExp(£2, IT,K) we have B € Free(e).

MSO-expressions We define the set Exp(£2, IT,K) of MSO-expressions over (§2,I1,K) as the
set of all expressions of the form
n
2
B

with e € BExp(£2, I1,K), Free(e) = {B}, and relabeling n: D — M. An MSO-expression over
(8,D,K) is an MSO-expression over ({2, I1,K) for some finite 2 C P x F and label structure
II over D.

Semantics of an expression Let e € BExp((2, II,K), let V be a finite set of variables con-
taining Free(e), and let n: D — M be a relabeling. The semantics of e with respect to V and 1
is the weighted language [e],,,,: D;, — K such that supp([e]y,,,) € D} N D;;" and for each
{=(w0o)€e D;fo N D;;" we define [e]y, ,(¢) inductively as follows:

* for every Y CV with B € i/ and every k: D;;, — K we let
[Val]y, (&) = val(x(&y,))

where {;, is obtained from { by replacing each symbol (a,V, w) by (a,V N (fo(U) U
so(U)), w),

* for every e;, e, € BExp(£2, IT,K) we let
[ex + eallvn () = Tex Ty, (£) + [eal v,y (€):
* for every ¢ € MSO({2, IT) and e € BExp(£2, I1,K) we let

lelyn(¢) ifC €Ly, ()

0 otherwise,

[[90 > e]]v,n(g) = {

* for every first-order variable x and e € BExp({2, I, K) we let

D elva(@) =D [elvupua(w olx —il),

iepos({)

* for every second-order variable X and e € BExp({2, IT,K) we let

D elva(@) = D leluma(wolx —11) .

ISpos({)
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Lete = ge’ be an MSO-expression over (2, I1,K). We define the weighted language
[e]: D* — K for each w € D* by:

D10 = 30 [l(wls—0])

beB(2,n(w))
We say that a weighted language r: D* — K is definable by an MSO-expression over (S, D,K)
if there is an MSO-expression e over (S, D, K) such that r = [e].

Example 6.5.4. In this example we want to define the (COUNTy, N, K,,)-recognizable
weighted language r,,, from Example 6.2.4 by an MSO-expression. For this, recall the
label structure IT = BC({even, odd, zero}) and let {2 consist of the three elements

w,=(T2?,4), wy,=(T2?,-), and w5 =(0?,+).

Moreover, we define the mapping «: D) — Ky, for each element (d, #, w) € Dz} by

d if d is even and w = w;
k(d,0,w)=1 oo if(disodd and w = w,) or (d =0 and w = w3)

—oo otherwise

Then we construct the MSO-expression e,,, over (£2, IT,K,,) as

n
€avg = ZB((QPlength NP A (Pzero) > ValK)

where we let

* Plength = ny-neXt(X; .y),

* ¢ =-dxy.next(x, y) Alabel,4q(x) Alabel.,,(¥), and

* Yyero = VX.(Vy.~mext(x, y)) < label,.,(x).

Intuitively, @jenge €nsures that each word has at least length 2 (in order to exclude (0,9, w3)
from the support of e,,). Then the formula @iengn A ¢ A ¢,er, makes sure that each word that
is passed to Val,. (ignoring the variable assignment for B) is an element of the set N:VEHN;L 4q10}
where N, and N 44 are the sets of all even respectively odd natural numbers. Thus, it is
easy to see that [e,ye] = I'ayg- O
Remark 6.5.5. As it can be seen in the previous example, the atom Val, is very powerful
as it is sensitive for the concrete input (similar to the weight function of our automaton
model). However, we note that this functionality is, especially in the context of weighted
timed automata, not unusual and indeed needed to simulate this model. <

In the remaining part of this section, we wish to prove the following theorem showing the
strong connection between (S4, D, K)-automata and MSO-expressions over (S4, D, K).

Theorem 6.5.6 (cf. [HV16, Theorem 13 and Theorem 16]). Let r: D* — K. Then r is
(S4, D, K)-recognizable if and only if r is definable by some MSO-expression over (Sq, D, K).

This theorem follows from the subsequent Lemmas 6.5.7 and 6.5.10.
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Chapter 6 Weighted Symbolic Automata with Data Storage

From automata to logic

The proof of the claim that recognizability implies definability follows the standard construc-
tion idea and is exactly the same as the proof of Lemma 9 of [VDH16] where D is a finite set
(there denoted by 37), except that (1) the atomic formula label,(x) (for a € %) in v; has to
be replaced by label .(x) and (2) x(d,V, w) =wt(t,d) if V= {X.} and 0 otherwise, where
wt is the weight function of the given automaton.

Lemma 6.5.7 (([HV16, Theorem 13]). Let r: D* — K. If r is (Sq4, D, K)-recognizable, then r
is definable by some MSO-expression over (Sq, D, K).

Proof. Let A= (Q,II,Q,Qs, T,wt,n). Without loss of generality we can assume that T =
{t1,..., 7} for some n € N and pairwise distinct 74,...,T, € T. We define the set V =
{X. | T € T} and consider each element of V to be a second-order variable. Let 2= {(p, f) |
(g, 7,p,q’,f) €T for some q,q' €Q, n € IT}.

Now we define an MSO-expression e over ({2, I1,K) simulating A. For this, let us first
define the mapping x : Dy,,(5; — K for each (d, V, w) € Dy, (5} by:

(V. w) = {;vt(r,d) ifV={x.}

otherwise.

Now let

€= ZZ an ---ZXTH((np > Val,) + (g, > Val, + ...+ Val,))

k
where k =|Q, N Q| and
(p = (ppart /\ <IDCOI'I'lp /\ —|(p€

with

° Ppart = Vx. \/TET(('X EXT) A /\T’:Tl: _'(x GXT’)):
T#T

* Geomp = VXY AY' A N\ p g prer((X €X2) = (31 Apy As)) where
= = first(x) = /et (o) cq, (X €Xor),
- 1’ =last(x) — \/T’GT:(T’)4€Qf (x €Xo1)
- 1, = label;(x),
- Yy =Bx)=(p,f)),
- Y3 ="VYy. (next(x,y) > \/T/GT;(T/)lzq/ (y €X.)), and

* . = Yx.next(x,x).

Intuitively, ¢ models the computations of 4 as it is usual for weighted symbolic automata

without storage; additionally, 1), assures that the behavior guessed by the semantics of Zg

fits to the behavior guessed by the semantics of the sequence ZXT ---ZXT . We use ¢, to
1 n
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6.5 Weighted Symbolic MSO Logic with Storage Behavior

handle the empty input word appropriately: Since [A](¢) =>. 4€Qo0; val(e) and val(e) =1,
we sum up k-times Val,..
Let m > 1 and w € D* with |w| = m. It is not hard to see that Free(¢) =V U {B} and for

each (w,0) € D;fL(J){B} OD;Z 3y We have (w, o) € Ly,,(5)(¢) if and only if there is a computation

(qo, W, co) F* 1" m (g, €, € ) in © 4(w) such that
(w, o)) = (w(i), X+, ((7)3,(7)5))

for each'i € [m]..We let Eg,o,v!/) ={(w,0) € D;fL(J){B} N D;Z{B} | (w,0) |= ¢}. Then the above
connection constitutes a bijection

h:©,4(w) = L(p,w) .

Moreover, by definition of k we obtain wt(6) = val(kx(h(6))) for each 6 € © 4,(w). Thus, we
obtain

[e](w) = Z Z [ > Val Jyugyn(WIX:, = I, ..., X, > Iy, B b])
beB(£2,n(w)) I1,...,I,, Cpos(w)

= >, le>Vallyup,w.0)

TEL(VUBY M)W

= Z HvaIKHVU{B},n (W, O')

(w,0)eL(p,w)

= Z val(k(w, o))

(w,0)eL(p,w)

= Z wt(hY(w, o))

(w,0)eL(p,w)

= > wi(0)

0€0 4(w)
= [A](w).
Finally, note that £(y, &) = @ and that Ly} ,(¢,) = {(¢, 0,)} with o,(X;,) = 0 for each
i € [n] and o.(B) = ¢. Thus, we obtain
lel(e) = [Val, + ...+ Val [yupyn(e,0.) = Z 1=[A](e) ,
~—_——
k=1QoNQy| 1€QoNQy
where the last but one equation holds because [Val,],5},,(¢,0,) = 1. Thus, [A] is definable
by an MSO-expression over (S, D, K). [ ]
From logic to automata.

We can prove the following lemma by induction on the structure of the B-expression e by
showing generalizations of Lemmas 11-14 of [VDH16]. Due to the symbolic extension, some
cases are technically more involving.
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Lemma 6.5.8 ([HV16, Lemma 14]). Let e € BExp(£2,II,K) and V 2 Free(e) a finite set of
variables with B € V. Moreover, let 1: D — M be a relabeling. There is a (D), K)-recognizable
weighted language r such that [e],, , =N D).

Proof. We prove this lemma by induction on the structure of e. For the induction base let
e = Val, for some &/ C V with B € U and relabeling «: D,, — K. Then we construct the
(Dy,,K)-automaton A = ({x},BC({T}), {}, {*}, T,wt) where T is a singleton consisting of the
transition T = (*, T, %) and we have wt(7,(d,V, w)) = x(d, V N (fo(Ud) Uso(if)), w) for each
(d,V, ) € Dy,. Obviously, [Val, ], , = ([A] N D;fo) N D, and by Lemma 6.2.12 and Lemma
6.5.1 [A] N D} is (Dy,, K)-recognizable.

Now let e = e; + e, for eq, e, € BExp(£2, IT,K). By induction hypothesis, there are (D,,, K)-
recognizable weighted languages r; and r, such that [e; ], , = r;ND" and [e,]y, ,, = roNDY)".
By Lemma 6.2.11 there is a (Dy,, K)-recognizable language r such that r(w) = r{(w) + ry(w)
for each w € D};. Then [e; +e,]y,,, =r N D).

Let e = (¢ > eq) for some ¢ € MSO({2, IT), e; € BExp(£2, I, K). By definition, we have that
[ >ei1]y ., = [e1]v,, N Ly () and, by induction hypothesis, there is a (Dy,, K)-recognizable
weighted language r such that [e; ], , =rn D;';n. By Lemma 6.5.3 there is a D,,-recognizable
language L such that £y, ,(¢) = LN D). Thus, [¢ > €]y, = (rnL)ND; . By Lemma
6.2.12 there is a (Dy,, K)-recognizable weighted language r’ such that v’ = r N L. Then
[¢ >ely,=r"ND}"

As last step we only prove the case e = Y e, forsome e; € BExp(£2, I1, K) since the case e =
> x €1 works similarly. By induction hypothesis, there is a (Dyy(x}, K)-recognizable weighted
language r such that [e; ]y, =7 N D;‘;Z ) Moreover, without loss of generality we can
assume that x ¢ V."7 Let A = (Q, I1,Qq,Qy, T, wt) be a (Dyy(y}, K)-automaton recognizing r.
By Lemma 6.2.3 A can assumed to be state-normalized. We construct the (Dy,, K)-automaton
B which simulates A by guessing exactly one position for x. For this, in a first step we will
split up each predicate 7 € IT into two predicates 7, and 7_: [, ] contains all d € [«] that
include an x in their second component and, analogously, [7.., ] those without x. For this we
construct a (Dyy(y}, K)-automaton A" = (Q,BC(IT, UII-,),Qq,Qy, T',wt’) as follows. We let

 II, = {m, | m € I} such that for each (d, V, w) € Dy (,} and 7, € II, we have

(d,V,w) € [r,] iff (d,V,w)e[rn]andxeV .

e I, ={n_, | m € I} such that for each (d, V, w) € Dy} and 7, € T, we have
(d,V,w) € 1] iff (d,V,w)e[r]and x ¢V .
* For each transition T = (q,,q") € T we let 7, =(q, 7,,q’) and 7, = (q, T—,q’) be in
T’ and wt'(t1,d) = wt'(15,d) = wt(7,d) for each d € Dy (-

As A is state-normalized, from each transition T two transitions are constructed that are
distinct from all other transitions in T’. Hence, the weight assignment is unique and it is
obvious that [.A’] = [A]. Moreover, A’ is normalized.

Y7If x € V, we can obtain this property by a simple renaming of variables.
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6.5 Weighted Symbolic MSO Logic with Storage Behavior

In a second step we construct the (D,,, K)-automaton
B =(Qp,BCII, 5 U Iy 5),Q0,5, Qs Ti5, Wi5)
as follows. We let Qz = Q x {0,1}, Qo 5 = Qo x {0}, and Q; 5 = Q; x {1}. Furthermore,
* I, s={m,p|m, € I,} such that for each (d,V, w) € D), and 7, 5 we have

(d,V,w) € [my 5] iff (d,VU{x},w) e [m,],

o I, 5=1{m.yp5| T €II,} such that for each (d,V, w) € D), and 7, 5 we have

(d,V,w) € [m_y 5] iff (d,V,w) € [n_].

The set T consists of the following transitions:
* For each transition T = (q, 7t,,q’) in T’ such that 7, € IT, we let the transition
7' =((q,0), 7 5,(¢', 1))
be in Ty and weg(t/, (d,V, w)) = wt'(7,(d,V U {x}, w)) for every (d,V, w) € D,,.
¢ For each transition T = (q, 7, q’) in T’ such that n_, € IT_, we let the transitions

T/ = ((q7 0): Tx,B> (q/> O)) and T// = ((q; 1): Tax,B> (q/, 1))
be in Ty and wtz(t’,d) = wtg(t”,d) = wt'(t,d) for every d € D,.

Now let n € N and w = wy ... w,, for some wy,...,w, € Dy,. Obviously, for each 6 € ©z(w)
there is exactly one i € [n] such that the i-th transition of 6 uses a predicate 7 € II, g
and all other transitions of 6 use predicates from II, 5. In the further, we denote by
Gg(w) C ©p(w) those transitions using with their i-th transition a predicate from IT, .
Clearly, {©,(w) | i € [n]} is a partition of ©g(w).

Now let i € [n]. It is easy to see that there exists a bijection

h;: ©h(w) — 0 4 (wlx —i])

and, moreover, wtg(0) = wt'(h;(0)) for each 6 € GE(W). Thus, we obtain

[Blw)= D> wits(6)

0€0,5(w)

= 2, D, wi(6)

i€pos(w) 0Ok (w)

= > > wl(h()

i€pos(w) 9Ol (w)

= > > wrl(9)

iepos(w) 0/€0 4/ (w[x—1i])

= > [Alwlx —i])

iepos(w)

Hence, [Y, e1]y., = [BIN D). ]
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As we consider here symbolic automata, the next lemma again generalizes Lemma 15 of
[VDH16] and we have to regard some technical peculiarities of our setting.

Lemma 6.5.9 ([HV16, Lemma 15]). Let e € BExp(£2, I1,K) with Free(e) = {B} and let
n: D — M be a relabeling. If [e](z;, = r N Dg} for some (Dygy, K)-recognizable weighted
language r, then [[Zg e] is an (Sq, D, K)-recognizable weighted language.

Proof. Let A=(Q, I1,Q,Qy, T,wt) be a (Dz}, K)-automaton such that [e] (g}, = [A] N Dg’}.
By Lemma 6.2.3 we can assume that A is state-normalized, i.e., for all states q,q’ € Q there
is at most one predicate 7 € IT such that (q,,q") € T.

We will construct an (S, D, K)-automaton A’ such that [A'] = [>.5 e], using the following
idea. Since each predicate 7: D x {#} x £ — {0, 1} occurring in T combines elements from
D and £2, we have to keep these combinations also in .A’. For this, we split 7t into predicates
7(p,f) for each (p, f) € 2 and attach the occurrence of p and f in a transition of A’ to the
usage of 7, ry.

Formally, let A" = (Q,BC(IT"),Qo,Qy, T',wt’,n) be defined as follows. We set IT" = {7, ) |
n eIl (p,f) € 2} where we let

[mp.n] ={d €D |(d,0,(p,f)) € [=]}

for each 7, ¢y € IT. Now we let for each transition T = (¢, w,q") € T and each (p, f) € 2 the
transition 7, ) = (¢, T, 5y, P, q’, f) be in T” and we set wt'(t(, 5),d) = wt(7,(d, D, (p, f)))
for each d € D. Note that since A is state-normalized, there cannot be another transition 7’
from which 7, ¢) results as well.

Next we prove that [A] = [>pe]. Let w = d;...d, € D*. We define the mapping

v: © 4 (w) = B(£2, n(w)) for each 6" = (u, R T Un) by

v(0") = ((71)3,(11)s) .- ((7))3, (T))s) -

Clearly, for every n(w)-behavior b = (py, f1) ... (P, fn) in B(£2,n(w)) and variable assign-
ment [B — b] € &g, ), that maps B to b, we have

(W; [B = b]) = (dlz ﬂ} (plafl)) s (dn: w} (pn:fn))>

which we simply denote by w;,. We define the mapping &: © ,(w;) — © 4 (W) N v~ 1(b) as
follows. Let
60 = (qo,wp) F71 ... F™" (qy, €)

be in © 4(wyp,) with 7; = (q;_1, 7;,q;) for i € [n]. Then we construct the computation

0’ =(qo,d1...dp,co) F™ ... F7 (g, €5 Co)
where Tﬁ = (qi-1, (ﬂi)(pi,fi);l?i,ql',fi) and ¢; = f;(... fi(co,m(d1)) ..., n(d;)) for each i € [n].
Obviously, as b is an n(w)-behavior, 6’ is a successful computation in © 4 (w). Moreover, note

that wt(7;, wy,(i)) = wt'(t},d;) for each i € [n] and therefore

wt(0) = val(wt(t, wp(1)) ... wt(7,, wp(n))) = val(wt'(t7,dy)...wt(t),d,)) = wt'(0").
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Conversely, for each computation 8’ = (qo, d; ... d,, co) F°1 ... F™ (g, €,¢,) in e p(w)N
v~1(b) there is a uniquely determined computation 8 in © 4(w) such that 6 is the computation
constructed above.

Thus, for each w € D* and b € B(£2,n(w)), the mapping 6 is a bijection and wt(9) =
wt'(5(0)).

Then we can calculate as follows:

D)= > leli)q(w.[B— b))

beB(£2,n(w))

= > ([[A]]HD;’})(W,[BHb])

beB(£2,n(w))

= >, [AIw[B~ b))

beB(£2,n(w))

S D e

beB(2,n(w)) 0€O 4(w,[B—b])

= > >, wt'(87)

beB(2,n(w)) 6’€6 4 (w)Nv~1(b)

= >, wl(9) )
0/€0 41(w)
=[Aw) .
where (x) holds since {© ,(w) N v~1(b) | b € B(£2,n(w))} is a partition of the set © 4 (w).
Consequently, [A'] = [D7 e]. ]

Using Lemma 6.5.8 for V = {B} and Lemma 6.5.9 we finally obtain the following statement.

Lemma 6.5.10 ([HV16, Theorem 16]). Let r: D* — K. If r is definable by some MSO-
expression over (Sq, D,K), then r is (Sq, D, K)-recognizable.

Proof. Let r: D* — K be definable by an MSO-expression over (S4,D,K), i.e., there is a
label structure IT over D, a finite set £2 C P x F, a relabeling : D — M, and a B-expression
e € BExp({2, IT,K) with Free(e) = {B} such that r = [[ZE e]. By Lemma 6.5.8 we know that
lelisy,n = r’ ﬂDz(;’} for some (Dyy, K)-recognizable weighted language r’. Thus, we can apply
Lemma 6.5.9 and obtain that r is (S4, D, K)-recognizable. [ |

This finishes the proof of Theorem 6.5.6.
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6.6 Chapter Conclusion

In this chapter we introduced weighted symbolic automata with data storage which extend
the weighted automata with storage of [HV15] by input predicates and an input-sensitive
storage type. We proved that our new automaton model is expressive enough to capture
recently introduced languages classes: the class of symbolc visibly pushdown recognizable
languages as well as the class of semiring-weighted timed series. For this, we defined the
appropriate storage types VP(N) and TIME(C), respectively. Moreover, we provided a logical
characterization of the languages recognized by weighted symbolic automata with data
storage.
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Conclusion

Alles Wissen und alles Vermehren
unseres Wissens endet nicht mit
einem SchlufSpunkt, sondern mit
einem Fragezeichen.

(Hermann Hesse)

In this thesis we introduced and investigated a very general automaton model comprising
tree automata, weighted automata and automata with storage — weighted tree automata with
storage where the weights are taken from a multioperator monoid.

The aim of our work was to examine this automaton model theoretically by ascertaining
which results for its origins can be extended to our very general setting. Let us summarize
here the main contributions of our research on weighted tree automata with storage.

In Section 2 we started our investigation with basic automata-theoretic considerations
and obtained the following results: Weighted tree automata with finite storage are equally
expressive as weighted tree automata since the finite storage type can be simulated by a
finite-state control. Moreover, the support language of a weighted tree automaton with
storage over a commutative, complete strong bimonoid is recognizable by an unweighted
tree automaton with storage. If we consider compressible M-monoids and weighted tree
automata with storage where storage configurations are not modified by e-transitions, then
e-transitions can be removed. Finally, the basic closure properties such as closure under sum,
intersection with recognizable tree languages, relabeling, and inverse relabeling also hold for
the weighted tree languages recognized by weighted tree automata with storage.

In Section 3 we established two characterizations for our language classes: On the one
hand, the weighted tree languages recognizable by our automaton model can be decomposed
and, thus, characterized by three more elementary formalisms — a tree transformation, a
recognizable tree language, and an alphabetic monomial mapping. On the other hand, we
showed how our characterization by decomposition can be used to implement a logical
characterization of the weighted tree languages recognizable by weighted tree automata with
storage.

Moreover, we also investigated certain restrictions and modifications of our formalism:
In Section 4 we introduced the concept of linear weighted tree automata with storage over
commutative complete semirings and proved that the weighted tree languages recognizable by
this model are closed under inverse linear tree homomorphisms. In Section 5 we introduced a
Medvedev characterization for weighted tree languages over arbitrary semirings recognizable
by weighted tree automata without storage. Finally, in Section 6 we investigated weighted
string automata with storage over an infinite input set. We showed that this formalism is
expressive enough to capture two recently introduced automaton models from the literature
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and provided a logical characterization.

Of course, this thesis does not only give answers but also raises new questions. Besides
the open problems we mentioned in the respective chapters, additional issues arise by the
combination of results in this work. Two such questions concern our Medvedev characteri-
zation in Section 5. In contrast to our main model, representable weighted tree languages
were defined over semirings. Is it possible to extend this concept to multioperator monoids?
Moreover, we wonder if representable tree languages can be defined over an infinite input
set. As in the literature symbolic regular expressions were considered [VAHT10], a symbolic
version of Medvedev’s alternative to the Kleene characterization could be interesting as well.
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(D,K)-automaton, see weighted symbolic
automaton

(S, X)-ta, see tree automaton with storage

(S, 2, K)-wta, see weighted tree automaton
with storage
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ton with storage
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(X, K)-representation, see representation
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X;-algebra, see algebra

3/-automaton, see automaton

X.-pta, see pushdown tree automaton

>-ta, see tree automaton

5%, 22

Tx(H), 27

0.4(Q,&,¢), 63

[2]a, 86

Cap» 28

L'%Jki 86

Slex: 22

0,122

C pos» 49

c, 22

algebra, 12
carrier set, 12
finite-, 12
homomorphism, 12
subalgebra, 12
finitely generated-, 12

generated-, 12
alphabet, 12
symbols, 12
alphabetic monomial mapping, 103
strict-, 103
asymptotic notation, 11
upper bound, 11
automaton, 23
JJ-recognizable, 24
X/-automaton, 23
REC(X), 24
computation, 23
computation relation, 23
language, 24

B(A,c), 60

Boolean algebra, 14
Boolean closure, 14
Boolean numbers, 8

Cartesian power, 8
Cartesian product, 8
CF(X), 24
CFT(X), 33
closed, 49
composition, 9
context-free language, 24
cut operation, 86

2], € N", 86

data storage type, 176
B(2,m;...my), 177
COUNTy, 176
TRIVy, 176
VP(N), 190
behavior, 177
configuration, 176

initial-, 176
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instruction, 176

predicate, 176

storage inputs, 176
Def(S, X,K), 112
degree, 87

elementary operation, 154
restriction mapping, 154
empty tuple, 8
expression with storage behavior, 112

family, 10
index set, 10

finite-state automaton, see automaton

function, 9
bijective-, 9
extension, 10
injective-, 9
partial-, 10

defined, 10

projection, 10
surjective-, 9

homomorphism, 12

infinitary summation, 13
integers, 8

label structure, 178
predicate, 178
language, 23
X-recognizable, 24
concatenation, 23
lattice, 13
bounded-, 14
distributive-, 14
linear, 122

M(Z,K), 52
M-monoid, see multioperator monoid
mapping, see function
matrix, 10
entry, 10
Min(M), 86
monadic second-order logic, 45
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formulas, 45
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over words, 48
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commutative-, 13
complete-, 13
completely idempotent-, 13
idempotent-, 13
locally finite-, 13
submonoid, 13
zero, 13
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(1, n)-composition closed-, 19
KQISC’ 18
M(K), 18
Boolean-, 17
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completely 1-sum closed-, 18
completely distributive-, 17
compressible-, 19
distributive-, 17
matrix over unary operations, 19
product, 19
unit-, 19

natural numbers, 8



nested set, 188

operation, 10
absorbing element, 10
absorptive-, 16
associative-, 10
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constant, 10
distributive-, 10
left-, 10
right-, 10
idempotent-, 10
neutral element, 10
order
depth-first post-order, 28

power set
algebra, 14

projection, 10

pushdown automaton, 24
computation relation, 24
language, 24

pushdown tree automata
linear, 124

pushdown tree automaton, 32
e-transitions, 33
computation relation, 33
language, 33
read transitions, 33

ranked alphabet, 12
maximal rank, 12
non-trivial, 12
rank, 12

real numbers, 8
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transitive closure, 9
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representation, 155
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sub-, 155

semiring, 15
arctic-, 16
Boolean-, 15
commutative-, 15
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locally finite-, 15
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disjoint, 8
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set builder notation, 8
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tuple, 8
storage behavior, 60
Ba(&), 98
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corresponding ranked alphabet, 60
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storage type, 57
configuration, 57
initial-, 57
counter-, 59
finite, 58
instruction, 57
iterated pushdown storage, 59
predicate, 57
always-true-, 57
pushdown of S, 58
pushdown-, 59
resettable, 122
trivial-, 58
strong bimonoid, 14
commutative-, 15
complete-, 15
idempotent-, 15
zero-divisor free-, 15
symbolic automaton, 184
deterministic, 184
total, 184
symbolic automaton with storage, 184
language, 184
symbolic MSO logic, 199
MSO(£2, IT), 199
formulas, 199
models, 201
second-order behavior variable, 199
symbolic visibly pushdown automata
binary predicate, 188
symbolic visibly pushdown automaton, 188
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computation, 189
label theory, 188
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timed word, 193
tree, 27
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leaf, 28
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node, 28
path, 28
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variable, 29
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tree automaton, 31
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tree language, 31
tree automaton with storage, 69
tree language, 69
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alphabetic-, 34
elementary-, 34
type 1, 135
type 2, 135
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tree transformation, 29 label, 194
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Boolean transition weights, 38

deterministic, 38
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weighted tree language, 38

tree language, 29
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projectively-, 180
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computation, 63
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support, 25 wt(t), 63
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storage, 179
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