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Example Standard Tableau

Let the following TBox 7 and ABox A be given:
T= {3IrACA} Cr= Vr(-A)UA
A= {_‘A(QO)’ r(ag, b1)7 r(bl 5 al): ) r(an—l s bn)y r(bn: an)yA(an)}

r r r r r
ap by ai by > p—1 —— by —— an

Assumption: we address the nodes in the tableau in alphabetic order, i.e., a’s
before b’s
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Example Standard Tableau

Cr = Vr.(-A)UA

r r
ao by ap by e > Ap—] —— by, ——> dn

L(ay) ={Cr}
L(an_.l) = {éT}
L(an) ={A,C7}
L(by) ={C7}
L(by) ={C7}
L(bn) ={C7}
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
ao by aj by oo y dp—] —— b, —— dn

L(ap) = {-4,C7} U {vr.(-4)'}

L(al) ={Cr}
L(an— l) :{ T}
L(an) = {A,C7}
L(by) ={C7}
L(bz) =1 7'}
L(bn) = {CT}
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Example Standard Tableau

Cr = Vr.(-A)UA

r
ap by

r r

r r
ai by oo > p—1 ——— by, —— an

TU Dresden

L(ag) = {~A,Cr} U {vr.(-A)'}
L(ar) ={Ct}

D=1
Lian) = {A,C7)
L(b) = {Cr}U{-a")
L(b) = {Cr}
L(bs) = {C7)
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Example Standard Tableau

Cr = Vr.(-A)UA

r
ap by

r r

r r
ai by oo > p—1 ——— by, —— an

TU Dresden

L(ap) = {-4,C7} U {vr.(-4)'}
L(ar) = {CT} U {vr(-A)*}

D=1
Lian) = {A,C7)
L(b) = {Cr}U{-a")
L(b) = {Cr}
L(bs) = {C7)
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Example Standard Tableau

Cr = Vr.(-A)UA

r
ap by

r r

r r
ai by oo > p—1 ——— by, —— an

TU Dresden

L(ap) = {-4,C7} U {vr.(-4)'}
L(ar) = {CT} U {vr(-A)*}

D=1
L(ax) = {A, Cr}
Lby) = {CrIu {4}
L(by) = {CT} U {-4%}
L(bs) = {C7)
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
ap by 4 by > dp—1 —— by —— an

L(ap) = {-4,C7} U {vr.(-4)'}
L(ar) = {CT} U {vr(-A)*}

D=1
L(ax) = {A, Cr}
Lby) = {CrIu {4}
L(by) = {Cr} U {-4%}
L(b,) = {Cr}
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
ap by aj by > dp—1 —— by —— an

L(ap) = {-4,C7} U {vr.(-4)'}
L(ar) = {CT} U {vr(-A)*}

)=A{
L(an) ={A,C7}
L(by) ={Cr}u{-A"}
L(b) =A{

L(ba) = {Cr} U {-a"}
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
ap by aj by > dp—1 —— by —— an

L(ap) = {-4,C7} U {vr.(-4)'}
L(al) ={Cr}u{vr.(-4)*}

L(an— 1) = {CT} U {vr.(-A4)"}
L(an) = {A, CT} U {vr.(-A)""1}
L(br) = {Cr}u{-a"}

L(bz) = {CT} U {-A%}

L(bn) = {CT} U {-4"}
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
ap by aj by > dp—1 —— by —— an

L(ap) = {-4,C7} U {vr.(-4)'}
L(al) ={Cr}u{vr.(-4)*}

L(an— 1) = {CT} U {vr.(-A4)"}

L(an) = {A, CT} U {vr.(-A)""1}

L(br) = {Cr}u{-A"} U {vr.(-A)""?}
L(bz) = {CT} U {-A%}

L(bn) = {CT} U {-4"}

TU Dresden Foundations of Semantic Web Technologies



TECHNISCHE
@ UNIVERSITAT
DRESDEN

Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
ap by aj by > dp—1 —— by —— an

L(ag) = {-A,C1} U{Vr.(-4)'}
L(a|) = {C7} U {vr.(-4)*} U {-4""?}

L(an— 1) = {CT} U {vr.(-A4)"}

L(an) = {A, CT} U {vr.(-A)""1}

L(br) = {Cr}u{-A"} U {vr.(-A)""?}
L(bz) = {CT} U {-A%}

L(bn) = {CT} U {-4"}
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r

r r
ap by aj by > dp—1 —— by —— an

L(ag) = {-A,C1} U{Vr.(-4)'}
L(a|) = {C7} U {vr.(-4)*} U {-4""?}

L(an— 1) = {CT} U {vr.(-A4)"}

L(an) = {A, CT} U {vr.(-A)""1}

L(br) = {Cr}u{-A"} U {vr.(-A)""?}
L(bz) = {CT} U{=A%} U {vr.(-A)")

L(bn) = {CT} U {-4"}
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r

r r
ap by aj by > dp—1 —— by —— an

L(ag) = {-A,C1} U{Vr.(-4)'}
L(a|) = {C7} U {vr.(-4)*} U {-4""?}

L(an— 1) = {CT} U {¥r.(-4)"} U {-A""}
L(an) = {A, C7} U {vr.(-A)""1}

L(br) = {Cr}u{-A"} U {vr.(-A)""?}
L(bz) = {CT} U{-A%} U {vr.(-A)")

L(bn) = {CT} U {-4"}
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
ap by aj by > dp—1 —— by —— an

L(ag) = {-A,C1} U{Vr.(-4)'}
L(a|) = {C7} U {vr.(-4)*} U {-4""?}

L(an— 1) = {CT} U {¥r.(-4)"} U {-A""}
L(an) = {A, C7} U {vr.(-A)""1}

L(br) = {Cr}u{-A"} U {vr.(-A)""?}
L(bz) = {CT} U{-A%} U {vr.(-A)")

L(bn) = {CT} U{-A"} U {vr.(-4) )
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
a by ap by Yo — s p, — s a,

L(ag) = {-A,C1} U{Vr.(-4)'}
L(a|) = {C7} U {vr.(-4)*} U {-4""?}

Lnes) = (U oAV U {4

L(a,) = {A,CT}U{vr. (ﬁA)nJrl} U {ﬁAZ"‘H}
L(bl) = { 7—} @] {ﬁA } U {Vr (“A)'lJrZ}
L(b2) = {Cr} U {7} U {¥r.(24)")

L(bn) = {CT} U {-A"} U {Vr.(-4)2F1}
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
a by ap by Yo — s p, — s a,

L(ag) = {-A,C1} U{Vr.(-4)'}
L(a.) = {C7} U {vr.(-4)*} U {-4""?}

L(a,— 1) = {CT} UA{Vvr.(-A)"} U {—|A2"}

L(an) = {A, Cr} U {¥r.(-a)+'} U SR}
L(by) = {Cr} U {-A'} U {vr.(-4)"?}
L(bz) = {CT} U {-A2} U {Vr.(-A)" T3

L(bn) = {CT} u{-A"}u M U {AZ+1
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
a by ap by Yo — s p, — s a,

L(ag) = {-A,C1} U{Vr.(-4)'}
L(a.) = {C7} U {vr.(-4)*} U {-4""?}

L(a,— 1) = {CT} UA{Vvr.(-A)"} U {—|A2"}

L(an) = {A, Cr} U {¥r.(-a)+'} U SR}
L(by) = {Cr} U {-A'} U {vr.(-4)"?}
L(bz) = {CT} U {-A2} U {Vr.(-A)" T3

L(bn) = {CT} u{-A"}u M U {aZ+1y
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r
ap by ay by

L(ag) = {~A, CT} U {Vr.(-A)"}

r r
> dp—1 —— by, ——> an

Lar) = {Cr} U {vn(-a)} U o

Lan- |)={CT}UMU’>‘Q

L(an) = {A, C7} U {VE I !
L(by) ={Cr}u{-A"}U{VE ’}
L(bz) = {CT} U {-A%} U{VE °}

L(bn) = {C7—} u Dy u {vE

o<
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Example Standard Tableau

Cr = Vr.(-A)UA

r r r r r
aop by ai by » p—1 —— by, ——> dn

L(ag) = {~A, CT} U {Vr.(-A)"}

Lar) = {Cr} U {vn(-a)} U o

Lan- .)z{cT}uMu%U{A}
L(an) = {A, C7} U {VE I !
L(by) ={Cr}u{-A"}U{VE ’}
L(bz) = {CT} U {-A%} U{VE °}

L(bn) - {C7—} U DUV U B

Now again decisions for a, and by, ..., b,
TU Dresden Foundations of Semantic Web Technologies
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Is that Necessarily So?

® the algorithm constructs exponentially many branches, despite
dependency directed backtracking

® translation of the formula into FOL:

vr.(-A) U
=V, y. [r(x, y) ANA(y) = A(¥)]
=Y,y [2r(x,y) V 2A() VA(Y)]

® note: the formula does not have real non-determinism (Horn-clause)
® hypertableau exploits this

TU Dresden Foundations of Semantic Web Technologies
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ldea Hypertableau

® translate KB axioms into FOL
— rewrite axioms to obtain formulae of a certain structure
® axioms are translated such that non-determinism is avoided, if possible

® the formulae thus obtained become rules for constructing a model
abstraction

TU Dresden Foundations of Semantic Web Technologies
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Simple Hypertableau Example

@ Translation into Clauses

ACA
ALC 3r.B
DCEUF
FC L
ITCC

Aa)
(DN —B)(d)

TU Dresden Foundations of Semantic Web Technologies
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Simple Hypertableau Example

@ Translation into Clauses

ACA Alx) — A(x)
ALC 3r.B
DCEUF
FC L
ITCC

Aa)
(DN —B)(d)
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Simple Hypertableau Example

@ Translation into Clauses

ACA Alx) — A(x)
AC3rB A(x) — 3r.B(x)
DCEUF
FC L

ITCC

A(a)
(DM =B)(d)

® existential quantifiers treated as in the tableau
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Simple Hypertableau Example

@ Translation into Clauses

ACA Alx) — A(x)
AC3rB A(x) — 3r.B(x)
DCEUF D(x) — E(x) V F(x)
FC L

ITCC

A(a)
(DM =B)(d)

® existential quantifiers treated as in the tableau
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Simple Hypertableau Example

@ Translation into Clauses

ACA Alx) — A(x)
AC3rB A(x) — 3r.B(x)
DCEUF D(x) — E(x) V F(x)
FEC L F(x) — L(x)
ITCC
Ala)
(DM —=B)(d)

® existential quantifiers treated as in the tableau
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Simple Hypertableau Example

@ Translation into Clauses

ACA Alx) — A(x)
AC3rB A(x) — 3r.B(x)
DCEUF D(x) — E(x) V F(x)
FEC L F(x) — L(x)
ITLEC r(x,y) = C(x)
Aa)
(DM —=B)(d)

® existential quantifiers treated as in the tableau
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Simple Hypertableau Example

@ Translation into Clauses

ACA Alx) — A(x)
AC3rB A(x) — 3r.B(x)
DCEUF D(x) — E(x) V F(x)
FEC L F(x) — L(x)
ITLEC r(x,y) = C(x)
A(a) — A(a)
(DM —=B)(d)

® existential quantifiers treated as in the tableau
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Simple Hypertableau Example

@ Translation into Clauses

ACA Alx) — A(x)
AC3rB A(x) — 3r.B(x)
DCEUF D(x) — E(x) V F(x)
FEC L F(x) — L(x)
IrTLCC r(x,y) = C(x)
A(a) — A(a)
(DM —=B)(d) — D(d)
— —B(d)

® existential quantifiers treated as in the tableau
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Simple Hypertableau Example

22EEE
N A AN
L
PRI
=
<=
2
=

Q
U
=
= O

> Q-

J
=
\%\_/

L(a) = {A}
L(d) = {D,-B}
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Simple Hypertableau Example

22EEE
R R AN
L
RN
=
<=
2
=

Q
U
=
PN RN

> QO

J
=
\%\_/

L(a) = {A}
L(d) = {D,-B}
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Simple Hypertableau Example

22EEE
N A A
L
PRI
=
<=
2
=

Q
U
=
= O

> QO

J
=
\%\_/

L(a) = {A}U{a’}
L(d) = {D,-B}
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Simple Hypertableau Example

2=2EEE

A R R
L 2>

Py

S8

=

Q
U
=
< O

> O™

i~
s
\%\_/

L(a) = {A}U{A"}
L(d) = {D, B}
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Simple Hypertableau Example

22EEE
N A A
L
PRI
=
<=
2
=

Q
U
=
= O

> QO

J
=
\%\_/

L(a) ={A}U{a’}
L(d) = {D,-B} U{E'}
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Simple Hypertableau Example

22EEE
N A A
L
PRI
=
<=
2
=

Q
U
=
= O

> QO

J
=
\%\_/

L(a) = {A} U {A"}
L(d) = {D,~B} U{E'}
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Simple Hypertableau Example

22EEE
N A AN
TS
=
<=
2
=

Q
U
=
< O

> QO

J
=
\%\_/

L(a) = {A}U{A"}
L(d) = {D,~B} U{E'}
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Simple Hypertableau Example

22EEE
A AN
L
Y
=
<=
2
=

Q
U
=
PR NN

> QO

J
=
\%\_/

L(a) = {A} U {A’} U {3r.B}
L(d) = {D,~B} U{E'}
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Simple Hypertableau Example

Vi
L(a) = {A} U {A’} U {3r.B}

L(d) = {D,-B} U{E'}
L(v) = {B}

QU
=
= o>
22EEE
A AN
L
Y _=
=
<=
2
=

> QO

J
=
\%\_/
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Simple Hypertableau Example

Vi
L(a) = {A} U {A’} U {3r.B}

L(d) = {D,-B} U{E'}
L(v) = {B}

QU
=
= o>
2=2EEE
N A
L
Y _=
=
<=
2
=

> Q-

J
=
\%\_/
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Simple Hypertableau Example

Vi
L(a) = {A}U{A’}u {3r.B}U{C}

L(d) = {D,-B} U{E'}
L(v) = {B}

QU
=
= o>
22EEE
A A
TS
Y _=
=
<=
2
=

> QO

J
=
\%\_/
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Simple Hypertableau Example

A(x) — A'(x)
A(x) — Fr.B(x)
“ d D(x) — E(x) V F(x)
F(x) — L(x)
' r(x,y) = C(x)
v — A(a)
— D(d)
— —B(d)

L(a) = {A} U {A’}u {3r.B}U{C}
L(d) = {D,~B} U{E"}
L(v) = {B}

® no more rules applicable ~~ satisfiability has been shown
® the only thing left from the tableau rules: an analogue of the 3-rule

TU Dresden Foundations of Semantic Web Technologies
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Translation into FOL

translation of TBox axioms into FOL via the mapping 7 with C, D complex
classes, r a role and A an atomic class:

7(C C D) = Vx.(mx(C) — mx(D)) 7(C = D) = Vx.(mc(C) > mx(D))

m(A) = A(x) m(4) = AQ)
mx(=C) = =me(C) my(=C) = =my(C)
m(CT D) = 7 (C) A mx(D) my(CM D) =7, (C) A 7y(D)
m(CUD) = 7y (C) V mx(D) my(CUD) =m,(C) V 7y(D)
m(Vr.C) = Vy.(r(x,y) = 7y (C)) my(Vr.C) = Vx.(r(y, x) — 7 (C))
m(Ir.C) = y.(r(x,y) A my(C)) my(Ir.C) = Ix.(r(y, x) A m(C))

TU Dresden Foundations of Semantic Web Technologies
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Motivation Normal Form
® the given translation creates rather complex formulae for complex axioms

w(C C 3r.(Vs.(D LU Ir.D)))
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Motivation Normal Form
® the given translation creates rather complex formulae for complex axioms

w(C C 3r.(Vs.(D U 3r.D)))
V. [ (C) — 7 (Ir.(Vs.(D U 3r.D)))]
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Motivation Normal Form
® the given translation creates rather complex formulae for complex axioms
w(C C 3r.(Vs.(D U 3r.D)))

V. [ (C) — 7 (Ir.(Vs.(D U 3r.D)))]
Vx. [C(x) — Ty.(r(x,y) Amy(Vs.(D U 3r.D)))]

TU Dresden Foundations of Semantic Web Technologies
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Motivation Normal Form
® the given translation creates rather complex formulae for complex axioms

w(C C 3r.(Vs.(D L 3r.D))

V. [ (C) — 7 (Ir.(Vs.(D U 3r.D)))

Vx. [C(x) — Ty.(r(x,y) A my(Vs.(D U 3r.D)))

Vx. [C(x) = Fy.(r(x,y) AVx.(s(y,x) = m(D U 3r.D)))

)
]
]
]
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Motivation Normal Form
® the given translation creates rather complex formulae for complex axioms

w(C C 3r.(Vs.(D U 3r.D)))

V. [ (C) — 7 (Ir.(Vs.(D U 3r.D)))]

Vx. [C(x) — Ty.(r(x,y) Amy(Vs.(D U 3r.D)))]

Vx. [C(x) = y.(r(x,y) A Vx.(s(y,x) = m(D U 3r.D)))]

Vx. [C(x) — Ty.(r(x,y) AVx.(s(y,x) = m(D) V 7x(3r.D)))]
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Motivation Normal Form
® the given translation creates rather complex formulae for complex axioms

w(C C 3r.(Vs.(D U 3r.D)))
V. [ (C) — 7 (Ir.(Vs.(D U 3r.D)))]
Vx. [C(x) — Ty.(r(x,y) Amy(Vs.(D U 3r.D)))]
Vx. [C(x) = y.(r(x,y) A Vx.(s(y,x) = m(D U 3r.D)))]
Vx. [C(x) — Ty.(r(x,y) AVx.(s(y,x) = m(D) V 7x(3r.D)))]
Vx. [C(x) — Ty.(r(x,y) AVx.(s(y,x) = D(x) V Iy.(r(x,y) A my(D))))]
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Motivation Normal Form
® the given translation creates rather complex formulae for complex axioms

w(C C 3r.(Vs.(D U 3r.D)))
V. [ (C) — 7 (Ir.(Vs.(D U 3r.D)))]
Vx. [C(x) — Ty.(r(x,y) Amy(Vs.(D U 3r.D)))]
Vx. [C(x) = y.(r(x,y) A Vx.(s(y,x) = m(D U 3r.D)))]

Vx. [C(x) — Ty.(r(x,y) AVx.(s(y,x) = m(D) V 7x(3r.D)))]

Vx. [C(x) — Ty.(r(x,y) AVx.(s(y,x) = D(x) V Iy.(r(x,y) A my(D))))]
Vx. [C(x) = Ty.(r(x,y) AVx.(s(y,x) = D(x) V Iy.(r(x,y) AD(y))))]
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Agenda

Motivation

Recap: Translation into FOL
Structural Transformation
Translation into Clauses
Summary
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Structural Transformation

® Structural Transformation introduces new concepts for complex
subconcepts

C C 3r.(Vs.(DU 3r.D))
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Structural Transformation

® Structural Transformation introduces new concepts for complex
subconcepts

C C 3r.(Vs.(DU 3r.D))

~ CLE3r.0
Q) =Vs.(DU 3r.D)
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Structural Transformation

® Structural Transformation introduces new concepts for complex
subconcepts

C C 3r.(Vs.(DU 3r.D))

~ CE 3r.0

Q) =Vs.(DU 3r.D)
~ Q] = Vs.0r

0, =DU3rD
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Structural Transformation

® Structural Transformation introduces new concepts for complex
subconcepts

C C 3r.(Vs.(DU 3r.D))

~ CC3r0
Q) =Vs.(DU 3r.D)
~ Q] = Vs.0r

0> =DU3rD
~ 0 =DUQ3
~» Q3 = 3Jr.D
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Optimization of Structural Transformation
® do we have to introduce equivalence axioms?

A CVr.(Vr.B)
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Optimization of Structural Transformation
® do we have to introduce equivalence axioms?

A CVr.(Vr.B)

~ ACYr.Q
~ QLCVrB

TU Dresden Foundations of Semantic Web Technologies



TECHNISCHE
@ UNIVERSITAT
DRESDEN

Optimization of Structural Transformation
® do we have to introduce equivalence axioms?

A CVr.(Vr.B)

~ ACVYr.Q
~ QCVYrB v
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Optimization of Structural Transformation
® do we have to introduce equivalence axioms?

A C Vr.(Vr.B) Ir(AMB)C C

~ ACVYr.Q
~ QCVYrB v
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Optimization of Structural Transformation

® do we have to introduce equivalence axioms?

A CVr.(Vr.B) Ir(ANB)CC
~ ACVr.Q ~ 3rQC C
- QCVYrB QCAMB
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Optimization of Structural Transformation

® do we have to introduce equivalence axioms?

A CVr.(Vr.B) Ir(ANB)CC

~ ACVr.Q ~ 3rQC C
- QCVYrB QCAMB

~ QLA

~ QLB
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Optimization of Structural Transformation

® do we have to introduce equivalence axioms?

A CVr.(Vr.B) Ir(ANB)CC

~ ACVr.Q ~ 3rQC C
- QCVYrB QCAMB

~ QLA

~ QLB

Well. Is that correct? Let A = {r(a, b),A(D), B(b),~C(a)}
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Optimization of Structural Transformation

® do we have to introduce equivalence axioms?

A CVr.(Vr.B) Ir(ANB)CC

~ ACVr.Q ~ 3rQC C
- QCVYrB QCAMB

~ QLA

~ QLB

Well. Is that correct? Let A = {r(a, b),A(),B(b),~C(a)}

® |n the context of a TBox with the original axiom, the ABox was
contradictory.
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Optimization of Structural Transformation

® do we have to introduce equivalence axioms?

A CVr.(Vr.B) Ir(ANB)CC

~ ACVr.Q ~ 3rQC C
- QCVYrB QCAMB

~ QLA

~ QLB

Well. Is that correct? Let A = {r(a, b),A(),B(b),~C(a)}

® |n the context of a TBox with the original axiom, the ABox was
contradictory.

® |n the context of a TBox with the rewritten axiom, the ABox is satisfiable
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Polarity for Optimized Transformation

we have to take care if subexpressions occur “positively” or “negatively”
ACBisjust-AUB
thus, A occurs negatively in the axiom and B positively

when replacing a negatively occurring concept, we have to use J
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Polarity for Optimized Transformation

we have to take care if subexpressions occur “positively” or “negatively”
ACBisjust-AUB
thus, A occurs negatively in the axiom and B positively

when replacing a negatively occurring concept, we have to use J

I (ANB)CC
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Polarity for Optimized Transformation

we have to take care if subexpressions occur “positively” or “negatively”
ACBisjust-AUB
thus, A occurs negatively in the axiom and B positively

when replacing a negatively occurring concept, we have to use J

I (ANB)CC

~ 3rQCC
0JANB
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Polarity for Optimized Transformation

we have to take care if subexpressions occur “positively” or “negatively”
ACBisjust-AUB
thus, A occurs negatively in the axiom and B positively

when replacing a negatively occurring concept, we have to use J

I (ANB)CC

~ 3rQCC
0JANB
~ AMBLC Q
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Polarity for Optimized Transformation

we have to take care if subexpressions occur “positively” or “negatively”
ACBisjust-AUB
thus, A occurs negatively in the axiom and B positively

when replacing a negatively occurring concept, we have to use J

I (ANB)CC

~ 3rQCC
0JANB
~ AMBLC Q

Cr=Wr.(-Q)uC)N(=AU-BL Q)
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Tableau for Unsatisfiability

Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A = {r(a,b),A(b), B(b), _‘C(a)}

a

L(a) = {~C}
L(b) = {A,B}
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Tableau for Unsatisfiability
Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A= {r(avb)vA(b)vB(b)v _‘C(a)}

r

b

L(a) = {~C} U {CF,Vr.(=Q) U C, ~A LI ~B I Q,Vr.(—Q), ~A}
L(b) = {A, B}
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Tableau for Unsatisfiability
Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A= {r(avb)vA(b)vB(b)v _‘C(a)}

r

b

L(a) = {~C} U{Cy,Yr.(-Q)UC,-A U -BUQ,Vr.(-Q),-A}
L(b) = {A,B} U {~0Q}
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Tableau for Unsatisfiability

Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A = {r(a,b),A(b),B(b), ~C(a)}

a

b

L(a) = {-C}U{Cy,Vr.(—-Q)UC,-A LI -BUQ,Vr.(—Q),-A}
L(b) = {A,B} @] {"Q} @] {CT,VV.("Q) UC,-AU-BU Q,Vr.(ﬁQ)}
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Tableau for Unsatisfiability
Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A= {r(avb)vA(b)vB(b)v ﬁC(a)}

a

b

L(a) = {-C}U{Cy,Vr.(—-Q)UC,-A LI -BUQ,Vr.(—Q),-A}
L(b) = {A,B} @] {"Q} @] {CT,VV.("Q) UC,-AU-BU Q,Vr.(ﬁQ)}
U {ﬁA}
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Tableau for Unsatisfiability
Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A= {r(avb)vA(b)vB(b)v ﬁC(a)}

a

b

L(a) = {-C}U{Cy,Vr.(—-Q)UC,-A LI -BUQ,Vr.(—Q),-A}
L(b) = {A,B} @] {"Q} @] {CT,VV.("Q) UC,-AU-BU Q,Vr.(ﬁQ)}
@]
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Tableau for Unsatisfiability
Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A= {r(avb)vA(b)vB(b)v ﬁC(a)}

a

b

L(a) = {-C}U{Cy,Vr.(—-Q)UC,-A LI -BUQ,Vr.(—Q),-A}
L(b) = {A,B} @] {"Q} @] {CT,VV.("Q) UC,-AU-BU Q,Vr.(ﬁQ)}

u}.{{u {-B}
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Tableau for Unsatisfiability
Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A= {r(avb)vA(b)vB(b)v ﬁC(a)}

a

b

L(a) = {-C}U{Cy,Vr.(—-Q)UC,-A LI -BUQ,Vr.(—Q),-A}
L(b) = {A,B} @] {"Q} @] {CT,VV.("Q) UC,-AU-BU Q,Vr.(ﬁQ)}

AU
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Tableau for Unsatisfiability
Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A= {r(avb)vA(b)vB(b)v ﬁC(a)}

a

b

L(a) = {-C}U{Cy,Vr.(—-Q)UC,-A LI -BUQ,Vr.(—Q),-A}
L(b) = {A,B} @] {"Q} @] {CT,VV.("Q) UC,-AU-BU Q,Vr.(ﬁQ)}

PP
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Tableau for Unsatisfiability
Cr = (Vr.(ﬁQ) [ C) [l (ﬁA U-BU Q)
A= {r(avb)vA(b)vB(b)v ﬁC(a)}

a

b

L(a) = {-C}U{Cy,Vr.(—-Q)UC,-A LI -BUQ,Vr.(—Q),-A}
L(b) = {A,B} @] {"Q} @] {CT,VV.("Q) UC,-AU-BU Q,Vr.(ﬁQ)}

BV
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Tableau for Unsatisfiability

Cr = (Vr,(ﬁQ) [ C) [l (‘\A U-BU Q)
A = {r(a,b),A(b),B(b), ~C(a)}

a

b

L(a) = {-C}U{Cy,Vr.(—-Q)UC,-A LI -BUQ,Vr.(—Q),-A}
L(b) = {A,B} @] {‘\Q} @] {CT,VV.("Q) UC,-AU-BU Q,Vr.(ﬁQ)}

BV

no further choice options
~ the KB is satisfiable
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Optimized Structural Transformation

® we now want to define structural transformation formally
® we want to introduce just one new concept name per subexpression

® goal: rewrite TBox into an equisatisfiable TBox umzuschreiben containing
only “simple” axioms
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Polarity of Concepts

We define the polarity of a concept C inside a formula as follows:
® ( occurs in C positively,

® ( occurs in —D positively (negatively) if C occurs in D negatively
(positively),

® (Coccursin DM E or DL E positively (negatively), if C occurs positively
(negatively) in D or E,

® ( occursin 3r.D or Vr.D positively (negatively), if C occurs positively
(negatively) in D,

® ( occursin D C E positively (negatively), if C occurs positively
(negatively) in E or negatively (positively) in D.
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Polarity of Concepts

We define the polarity of a concept C inside a formula as follows:
® ( occurs in C positively,

® ( occurs in —D positively (negatively) if C occurs in D negatively
(positively),

® (Coccursin DM E or DL E positively (negatively), if C occurs positively
(negatively) in D or E,

® ( occursin 3r.D or Vr.D positively (negatively), if C occurs positively
(negatively) in D,

® ( occursin D C E positively (negatively), if C occurs positively
(negatively) in E or negatively (positively) in D.

A concept occurs positively (negatively) in an (ALC) TBox T, if C occurs
positively (negatively) in an axiom in 7.
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Polarity of Concepts

We define the polarity of a concept C inside a formula as follows:
® ( occurs in C positively,

® ( occurs in —D positively (negatively) if C occurs in D negatively
(positively),
® (Coccursin DM E or DL E positively (negatively), if C occurs positively
(negatively) in D or E,
® ( occursin 3r.D or Vr.D positively (negatively), if C occurs positively
(negatively) in D,
® ( occursin D C E positively (negatively), if C occurs positively
(negatively) in E or negatively (positively) in D.
A concept occurs positively (negatively) in an (ALC) TBox T, if C occurs
positively (negatively) in an axiomin 7.
~» a concept may occur both positively and negatively in an axiom
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Optimized Transformation with Polarity

Let 7 be an ALC TBox. For every concept (sub-)expression Cin T, we
introduce a fresh atomic concept A¢ and define the function st(C) as follows:

st(A) = A st(=C) = —Ac st(3r.C) = IrAc
s(T)=T St(CMD) =AcMAp st(Vr.C) = Vr.Ac
st(1) = L st(CLD) =Ac UAp

The result of the structural transformation of a TBox 7 is a TBox 7" with the
following axioms:

® A L st(C) for every concept C occurring positively in 7T,
® st(C) C A for every concept C occurring negatively in T,
® AcC ApforeveryGCICC D e T.

TU Dresden Foundations of Semantic Web Technologies



TECHNISCHE
UNIVERSITAT
DRESDEN

Simplification of Axioms

we can now use known equivalences to simplify the axioms further:

{CCDNE}y={CCD,CCE}
{CUDCE}={CCEDCE}
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Result of the Structural Transformation

by virtue of structural transformation and the known equivalences, we can
rewrite an . ALC KB into an equisatisfiable one, which contains only axioms of
the following shape (A and B being atomic):

AiM...MAC B U...UBp
AC 3rB
ALC VrB
IrALC B
Vr.AC B
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Example: Optimized Structural
Transformation

o Cy
—_—~
q q o

—~ = —~ = —~ =
Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A
——— —_—— ———— ~~

C3 Cy Cs Ce
Coy
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Example: Optimized Structural
Transformation

c; Gy
—_—~
q q e

—~ = —~ = —~ =
Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A
——— —_—— ———— ~~

C3 Cy Cs Ce
Coy
AMNDE C
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Example: Optimized Structural
Transformation

c; Gy
—_—~
q q e
—~ = —~ = —~ =
Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A
——— —_—— ———— ~~
C3 Cy Cs Ce
Cy
AMNDE C
CGC CNE
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Example: Optimized Structural
Transformation

c; Gy
—_—~
q q e
—~ = —~ = —~ =
Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A
——— —_—— ———— ~~
C3 Cy Cs Ce
Cy
AMNDE C
C,C CMNE
vr.Ci C C3
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Example: Optimized Structural
Transformation

c; Gy
—_—~
q q e
—~ = —~ = —~ =
Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A
——— —_—— ———— ~~
s Cy Cs Ce
Coy
AMNDE C
CGC CNE
vr.Ci C C3
HS.C] E C4
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Example: Optimized Structural
Transformation

—N—
C c C,

—~ = —~ = —~ =

Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A

——— —_—— ———— ~~
s Cy Cs Ce

Co

Cy
r.Cs

<

>

o
MM

S

TU Dresden Foundations of Semantic Web Technologies



TECHNISCHE
UNIVERSITAT
DRESDEN

Example: Optimized Structural
Transformation

—N—
C c C,

—~ = —~ = —~ =

Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A

——— —_—— ———— ~~
s Cy Cs Ce

Co

C Co C VrA

Cy
r.Cs

<

>

o
MM

S
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Example: Optimized Structural
Transformation

o Cy
—_—~
q q o
—~ = —~ = —~ =
Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A
——— —_—— ———— ~~
C3 Cy Cs Ce
Cy
AT D Cy Ce C VrA
Cy CMNE CGyMANC, E ¢y

Cy
r.Cs

<

>

o
MM

S
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Example: Optimized Structural
Transformation

—N—
C c C,

—~ = —~ = —~ =
Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A
—— ———— ~~

N—_——
C3 Cy Cs Ce
Co
ANDLC C; Ce C VrA
G C CNE C3MANC E ¢
CyC CsMF

Cy
r.Cs

<

>

o
MM 1

S
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Example: Optimized Structural
Transformation

c; Gy
—_—~
q q e
—~ = —~ = —~ =
Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A
——— —_—— ———— ~~
C3 Cy Cs Ce
Coy
AMNDE C Ce C VrA
C,C CMNE CGyMANC, E ¢y
vr.Ci C C3 CGC CsMF
ds.C; C C4 Co C BLUCglUCg
Cs C Jr.Cs
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Example: Optimized Structural
Transformation

e Cy
—N—
C Cy (&)

—~ = —~ = —~ =
Vr.(AMD)MAM3s.(AND)C BU(3r.(CME)NF)UYr.A
—— ———— ~~

—_——

C3 Cy Cs Ce
Coy

AMNDE C Ce C VrA
GLC CNE C3MANCs E G

Vr.Ci C Cs CsC CsNF

ds.C; C C4 Co C BLUCglUCg
Cs C Jr.Cs C7C Gy
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Example: Optimized Structural
Transformation

we still can apply the simplification rules:

7 Cg
—_—
G C (&)

—~ = —~ = —~ =
Vr. AND)MAM3s.(AND)C BU (3r.(CME)NF)UVr.A
— —_——— ————— ~~

C3 Cy Cs Ce
Co

ANDLC C, Ce C VrA
GCC CG;MANCsCE &

Vr.Ci C C3 C3 C Cs

3s.C; C C4 CoC BLUCgUCe
Cs C 3r.Cs C7C Gy
GCE C

8 =
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Agenda

Motivation

Recap: Translation into FOL
Structural Transformation
Translation into Clauses
Summary
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

ArmM...MA, C BiU...UBy
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

Arn...MA, CE BiU...UBy
Af(x) Ao ANA(xX) = Bi(x) V...V Buy(x)

If m = 0, the rule head contains L (x).
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

Arn...MA, CE BiU...UBy
Af(x) Ao ANA(xX) = Bi(x) V...V Buy(x)

If m = 0, the rule head contains L (x).

AC 3rB
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

Arn...MA, CE BiU...UBy
Af(x) Ao ANA(xX) = Bi(x) V...V Buy(x)

If m = 0, the rule head contains L (x).

ALC 3rB A(x) = (3r.B)(x)
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

Arn...MA, CE BiU...UBy
Af(x) Ao ANA(xX) = Bi(x) V...V Buy(x)

If m = 0, the rule head contains L (x).

ALC 3rB A(x) = (3r.B)(x)
ALC Vr.B
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

Arn...MA, CE BiU...UBy
Af(x) Ao ANA(xX) = Bi(x) V...V Buy(x)

If m = 0, the rule head contains L (x).

ALC 3rB A(x) = (3r.B)(x)
AC Vr.B A(x) A r(x,y) — B(y)
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

Arn...MA, CE BiU...UBy
Af(x) Ao ANA(xX) = Bi(x) V...V Buy(x)

If m = 0, the rule head contains L (x).

ALC 3rB A(x) = (3r.B)(x)
AC Vr.B A(x) Ar(x,y) = B(y)
drAC B
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

Arn...MA, CE BiU...UBy
Af(x) Ao ANA(xX) = Bi(x) V...V Buy(x)

If m = 0, the rule head contains L (x).

ALC 3rB A(x) = (3r.B)(x)
AC VrB A(x) Ar(x,y) = B(y)
JrAC B r(x,y) NA(y) — B(x)
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

Arn...MA, CE BiU...UBy
Af(x) Ao ANA(xX) = Bi(x) V...V Buy(x)

If m = 0, the rule head contains L (x).

ALC 3rB A(x) = (3r.B)(x)

ALC Vr.B A(x) A r(x,y) — B(y)
IrAC B r(x,y) NA(y) — B(x)
VrAC B
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Translation into Clauses

a TBox with simplified axioms can now be translated into clauses (written as
rules):

Arn...MA, CE BiU...UBy
Af(x) Ao ANA(xX) = Bi(x) V...V Buy(x)

If m = 0, the rule head contains L (x).

ALC 3rB A(x) = (3r.B)(x)
ALC Vr.B A(x) A r(x,y) — B(y)
IrAC B r(x,y) NA(y) — B(x)
vrAC B — (3r.—A)(x) V B(x)
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Motivation

Recap: Translation into FOL
Structural Transformation
Translation into Clauses
Summary
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Summary

axioms can be simplified via structural transformation
simplified axioms can be expressed as rules
existential quantification in rule heads allowed

often these rules allow to avoid nondeterminism
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