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Abstract

We study the extension of non-monotonic disjunc-
tive logic programs with terms that represent sets
of constants, called DLP(S), under the stable model
semantics. This strictly increases expressive power,
but keeps reasoning decidable, though cautious en-
tailment is CONEXPTIMENP-complete, even for
data complexity. We present two new reasoning
methods for DLP(S): a semantics-preserving trans-
lation of DLP(S) to logic programming with func-
tion symbols, which can take advantage of lazy
grounding techniques, and a ground-and-solve ap-
proach that uses non-monotonic existential rules
in the grounding stage. Our evaluation considers
problems of ontological reasoning that are not in
scope for traditional ASP (unless EXPTIME = HS),
and we find that our new existential-rule ground-
ing performs well in comparison with native imple-
mentations of set terms in ASP.

1 Introduction

The success of answer set programming (ASP) is in no small
part due to its declarative approach to computation, which
allows users to encode complex problems in a clean, direct
manner [Brewka et al., 2011; Lifschitz, 2019]. Plain ASP can
express problems up to the second level of the polynomial
hierarchy [Dantsin et al., 20011, and highly optimised ASP
solvers often lead to efficient solutions in such cases. How-
ever, not all problems can be expressed in this way, and ASP
has therefore been extended with more complex terms that
support function symbols [Bonatti, 2004], list, and sets [Cal-
imeri et al., 2009].

The ability to encode sets (of constants) in terms is of par-
ticular interest here, since it preserves — in contrast to func-
tion symbols and lists — the decidability of reasoning. More-
over, sets and related predicates like € and C support a very
declarative modelling style. For example, the rules in Fig-
ure 1 define maximal strongly connected components (scc)
on a graph described by edges ¢(X,Y") and vertices v(X).
The rules for ¢ show how sets can be constructed iteratively
using suitable functions, while the last two rules provide an
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e (X,Y) + e(X,Y)
eT(X,Y) « eT(X,Z)Ne(Z,Y)
c({X}) « v(X)
c(SULY}H « c(NXeSnet(X,Y)Aet(Y,X)
subc(S1) <= ¢(S1) A ¢(S2) AS1 C S Anet Sy C Sp
sce(S) < ¢(S) A not subc(S)

Figure 1: Strongly connected components in ASP with sets

elegant description of maximal sets. Such elegance presum-
ably was the main motivation for implementations of sets
in ASP solvers [Calimeri ef al., 2009], but sets have fur-
ther computational advantages in boosting expressive power,
as noted already for the case of Datalog [Ortiz et al., 2010;
Carral et al., 2019b].

Surprisingly, the extension of ASP with sets remains
poorly understood, regarding both its theoretical properties
and its practical potential. Most notably, Calimeri et al.
[2008; 2009] discuss set terms in combination with functions
and lists, and provide a first implementation in DLV-complex.
However, to our knowledge, even the complexity of reason-
ing in ASP with sets has not been established yet, and its util-
ity for solving computationally hard problems has never been
discussed or evaluated. One may also wonder whether for-
malisms that are even more powerful, such as rules with func-
tion symbols or value invention, could be exploited to imple-
ment sets, but research on feasible implementation methods
is similarly scarce. Significant potential for using ASP and
related tools therefore remains unexplored.

To address this, we take a closer look at the extension
of ASP with set terms, investigate possible implementation
methods in theory, and evaluate their practical feasibility in
solving problems that are beyond the expressive power of
plain ASP. Our main contributions are:

* We define DLP(S), the extension of disjunctive logic
programs with set terms, and establish relevant reason-
ing complexities under the stable model semantics.

* We show how DLP(S) reasoning can be reduced to rea-
soning in disjunctive logic programs with function sym-
bols while still ensuring finite stable models.

* We show that existing lazy ASP solvers can handle these
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programs, whereas traditional ASP engines will fail.

* We develop another alternative grounding approach
based on a technique for modelling sets in existential
rules [Carral et al., 2019b].

* We evaluate the ability of our new methods and the exist-
ing set implementation DLV-complex to solve complex
real-world problems from ontology engineering.

Full proofs are in the appendix. Datasets and source code
for our prototype implementations can be accessed online at
https://github.com/knowsys/eval-2022-1JCAI-asp-with-sets.

2 ASP with Sets

We now introduce the extension of non-monotonic disjunc-
tive logic programs with finite sets (DLP(S)). This will allow
us to write rules as in Figure 1.

Syntax. Formally, we consider two sorts: a sort of objects
obj and a sort of sets set. A signature of DLP(S) is based
on countably infinite sets of object constants Cgopj (typically
a, b, ¢), object variables V opj (typically X, Y, Z), set vari-
ables Vet (typically S, U, V), and predicate names P in-
cluding special predicates {c,C} C P. The signature of
a predicate symbol p is a tuple sig(p) = (Si1,...,Sn) of
sorts, and n is called its arity. We have sig(€) = (obj, set)
and sig(C) = (set,set). An object term is any object con-
stant or object variable. A set term is any set variable, the
special constant (), an expression {t} where ¢ is an ob-
ject term, or, recursively, an expression (s; U s2) where
s1, So are set terms. We use {t1,...,%,} as abbreviation for
{t1}U({t2}U...U{t,}...)) and omit parentheses for U.
An term or formula is ground if it contains no variables.

An atom is an expression p(ty, . ..,t,) where p € P with
sig(p) = (S1,...,Sn) and ¢; is a term of sort S;. We write
€(t,s)ast € s,and C(s1,82) as 81 C $o. A literal is an atom
o or a negated atom not o. We sometimes treat conjunctions
or disjunctions of literals as sets of literals. For a formula F,
preds(F) denotes the set of all predicates in F'.

Definition 1. A DLP(S) rule is an expression r of the form
H + B* A B™, where the head H is a disjunction of atoms,
the positive body B is a conjunction of atoms, and the neg-
ative body B~ is a conjunction of negated atoms, such that:

1. every object variable in r occurs in BT,

2. every set variable S in 7 occurs in BT as an argument
t; =S (1 <i<n)ofanatomp(ty,...,t,) € BT with
non-special predicate p € P\ {¢, C}, and

3. the special predicates € and C do not occur in H.

A fact is a disjunction-free rule with empty body, i.e., a
ground atom. A DLP(S) program P is a set of DLP(S) rules.
A rule, fact, or program is DLP if it contains only object
terms. We also consider the extension of DLP with arbitrary
(object) function symbols, which we will denote DLP/.

Some restrictions in Definition 1 could be relaxed without
fundamentally changing the properties of DLP(S). Our selec-
tion is also motivated by practical concerns, e.g., since a rule
q(S) < p(S UT) (which violates condition 2) would pro-
duce exponentially many derivations in the size of any set R
for which p(R) holds.

A substitution o is a sort-preserving partial mapping from
variables to terms. F'o denotes the result of applying o to all
variables in the formula or term F' for which it is defined.

Semantics. We define a stable model semantics for DLP(S)
by interpreting set terms as finite sets over the (object) do-
main. Given a program P, let obj(P) be the set of all object
constants in P (including those used in set terms), and let
set(P) be a set of terms of the form {¢1,...,t,} that bijec-
tively correspond to the powerset of obj(P). The grounding
ground(P) of P consists of all rules that can be obtained
from a rule » of P by (1) uniformly replacing object and
set variables in r by terms from obj(P) and set(P), respec-
tively; and (2) replacing each of the resulting set terms s by
the corresponding term from set(P) that represents the same
set under the usual interpretation of @, {-}, and U.

An interpretation I for P is a set of ground facts that only
uses terms from obj(P) and set(P), and that contains ex-
actly those facts c et (resp. s Ct) for which ¢ occurs in the
set term ¢ (resp. for which all constants in s occur in t). Z sat-
isfies (or is a model of ) a ground atom o if o € 7. 7 satisfies a
ground conjunction B (disjunction H) if B C Z (HNZI # (),
and a positive ground rule H <— B if it satisfies H or does not
satisfy B. The reduct PT of P with respect to Z is obtained
from ground(P) by (1) deleting every negated atom not «
with « ¢ 7 and (2) deleting every rule with a negated atom
not o with o € Z. T is a stable model of P if it is a subset-
minimal model of PZ. A fact « is (cautiously) entailed by P
if every stable model of P contains the fact o/, obtained by
replacing set terms in « with their representative in set(P).

Since there are exponentially many sets over a given object
domain, groundings, reducts, and stable models can also be
exponential for DLP(S), even in the size of the data:

Theorem 1. Deciding whether P entails o is
CONEXPTIMENY -complete. If P does not contain V,
the problem is CONEXPTIME-complete. In either case,
hardness holds even if only facts are allowed to vary while
all other rules are fixed (data complexity).

Proof sketch. The data complexities of the considered prob-
lems are I15-complete respectively CONP-complete for DLP
[Dantsin er al., 2001]. Hardness can be shown, e.g., by re-
ducing from the word problem of polynomial-time alternat-
ing Turing machines with one quantifier alternation. The
claims for DLP(S) follow by simulating an exponentially
time-bounded alternating Turing machine instead.

The encoding is standard once an exponentially long chain
(of time points or tape cells) is inferred. Given input facts
succ(1,2), ..., succ(f — 1,£), a chain of length 2¢ is charac-
terised by a predicate ¢, defined as follows:

suce™(X,Y) < suce(X,Y) (1)

succt (X, Z) + succ™(X,Y) A suce(Y, Z)  (2)

n(0,{1},1,0) « (3)

n(U,{X}UV,X,V) < n(,U, X, {7) An(U,V,X,) @
A suce™ (X, X)

n(U{Y},Y,0) < n(_,U,X,U)An(U,_X,) )

A suce(X,Y)


https://github.com/knowsys/eval-2022-IJCAI-asp-with-sets

c(S,T) «n(S,T,_,.) 6)

Here we use _ for anonymous variables. The encoding is
adapted from Carral et al. [2019b]. Predicates n(S,T, X, V)
express that (1) T is the successor of S if both sets are taken
as binary numbers with elements from {1,...,¢} encoding
active digits, (2) X is the largest number (most significant
bit) in 7', and (3) T\ {X} = V. With this in mind, (4) and
(5) increment numbers with the highest bit staying the same
or being increased by one, respectively.

Membership is also derived from known results by reduc-
ing the DLP(S) problems to propositional logic programming
problems via grounding, which incurs an exponential blow-
up in the presence of set terms. O

3 Reducing DLP(S) to DLP

Answer Set Programming over DLP(S) could be imple-
mented by similar techniques as normal ASP, taking the se-
mantics of sets into account when applying rules (opera-
tional extension APIs like clingo’s @-terms or DLV’s exter-
nal atoms could be used). However, this is rarely done so far,
and we therefore explore alternative approaches. A first idea
is to reduce DLP(S) to DLP with arbitrary function symbols
(DLP/), which is known to be computationally very power-
ful [Bonatti, 2004; Eiter and Simkus, 2010]. In this section,
we show how this can be done and establish the correctness
of the translation. Its computational properties and possible
implementation in current solvers are discussed later.

We encode sets using a constant ¢y (the empty set) and
a function f, such that, e.g., f(a, fu(b, cy)) represents the
set {a,b}. However, we cannot generally represent {c} U s
by fu(c,s), since this would lead to redundant representa-
tions like f(a, fu(a, cp)). Instead, we use facts of the form
su(c, s,t) — where su stands for singleton union — to express
{c} U s = t, where ¢ might be different from f,(c, s). In
particular, su(c, s, s) means ¢ € s, which we abbreviate by
in(c, s). Finally, to ensure that only necessary set encodings
are derived, we use facts get_su(c, s) to express that a rep-
resentation of {c} U s is needed. The following DLP/ rules
implement these ideas:

su(X, S, fu(X,S)) + get_su(X,S) Anotin(X,S) (7)

su(X,U,U) « su(X,S,U) (8)
su(Y,U,U) < su(X,S,U) A in(Y,S) 9
in(X,S) + su(X,S,S) (10)

We can exercise this machinery to define rules that compute
arbitrary unions using analogous predicates u and get_u:
u(S, g, S)  get_u(S, cp) (11
u(S, fu(X,T),U) « get_u(S, fu(X,T)) A
su(X,S,8) Au(S,T,U)
get_su(X,S) + get_u(S, f,(X,T)) (13)
get_u(S,T) « get_u(S, fL(X,T)) A su(X,S,5) (14)
Here, (11) is the base and (12) the recursive case, and (13)
and (14) ensure the computation of necessary auxiliary facts.

We are now ready to transform a single DLP(S) rule » =
H + B to aset of DLP/ rules dlpf(r). For every DLP(S)

12)

predicate p of arity n, let p be a unique fresh predicate of arity
n and signature sig(p) = (obj,...,obj), and for every set
term s, let V; be a fresh object variable. We construct H' and
B’ from H and B, respectively, by replacing each atom ¢ € s
by in(t,s), each atom s C u by sub(s,u), every predicate
p by p, and every set term s by V. Moreover, let BT be the
conjunction of positive literals in B’. Now let s1,. .., i be
a list of all terms and subterms in r of the form {t} or s U
u, ordered such that subterms occur before their superterms.
Then dlpf(r) consists of the following rules:

H « B' AN, B(si) (15)
a(sjz1) < BY AN B(si) j€{0,....k—1} (16)
where we define, for v = {t}, a(v) = get_su(t,cp)

and S(v) = su(t,cg,V,); and, for v = s U wu, a(vi =
get_u(Vs, V) and B(v) = u(Vs, Vi, Vo).

Example 1. Consider the DLP(S) rule r : p(S) + ¢(S,z) A
r(S U {xz}) Anotz € S. The required list of set terms is
s1 = {x},s0 = S U {z}. We have H' = p(Vs), BT =
(j(v,s, 1}) N f(VSu{i}), and B’ = Bt A not in(az, Vs) Now
dlp!(r) consists of the rules:

H' + B' A su(z, ¢, Viay) A w(Vs, Viey, Vsugay)
get_su(x, cy) + BT
get_u(Vs, Vizy) < BT A su(z, ¢, Vizy)

Note how BT is used to ensure that the auxiliary rules that
define only some of the variables V; are safe in the sense of
Definition 1 (1).

As Example 1 suggests, we could sometimes use get_su
and su instead of get_u and u. This optimisation can be use-
ful in practice since it may make rules (11)—(12) obsolete, but
we omit it from our formal description for simplicity.

The transformation needs one more ingredient, since
our set representations are not unique. For example,
fola, fo (b, cy)) and f(b, fo(a, ) both represent {a, b}. We
therefore explicitly compute equality of sets as follows:

sub(cy, cp) (17)
sub(eg, S) + in(X,S) (18)
sub(T,U) « su(X,S,T) A sub(S,U) ANin(X,U) (19)

eq(S,T) < sub(S,T) A sub(T, S) (20)

Definition 2. Given a DLP(S) program P, the DLP/ program
dlp!(P) consists of the following rules:

e the rules (7)—(12) and (17)—(20);

* for every predicate p in P of arity n, the rules
P(X1, - X)) [ X /Y] = DX, X)) A eg(Xy,Y)
where [X; /Y] is the substitution replacing X; by Y;

» for every rule r € P, the rules dlp(r).

The next result is a pre-condition for the practical utility of
our translation. It can be shown directly but also follows from
Theorem 5 below.

Theorem 2. All stable models of dlp' (P) are finite.



We can convert ground terms s that contain ¢y or f; to
canonical set terms [s] € set(P) in the obvious way: [cg] = 0
and [f,(¢,s)] is the representation of {¢t} U [s] in set(P).
Moreover, let [t] = t for other terms (not representing sets).
Then, for every stable model 7 of dlpf(P), we find an inter-
pretation [J] = {p([t1],- -+, [tn]) | D(t1, -+ ,tn) € T}.
Theorem 3. The set of stable models of a DLP(S) program
P is exactly the set {[J] | J is a stable model of dlpf(P)}.

4 Lazy Grounding

A popular approach towards reasoning in ASP is “ground &
solve”, where one first computes a set of ground instances of
rules that are then turned into a propositional logic problem
to which an ASP solver can be applied [Gebser et al., 2018;
Faber, 2020]. To ensure that the grounding stage produces
enough rule instances, it is common to disregard negative
body literals when applying rules during grounding. Optimi-
sations can further reduce the number of rule applications,
e.g., using predicate dependencies to compute a stratification.
A classical algorithm that combines several such ideas was
proposed by Calimeri er al. [2008], who defined FG as the
class of all DLP/ programs on which their grounding is fi-
nite. However, although our programs dlp (P) have finite sta-
ble models (Theorem 2), such classical grounding approaches
will usually not work for them:

Proposition 4. If P contains a fact p(@) and a rule p(S U
{a}) « p(9), then dIp*(P) ¢ FG.

Indeed, it can be verified in practice that grounders such as
gringo and iDLV do not terminate on dlpf(P) for programs
P as in Proposition 4. A challenge that grounders are facing
in this case is that negation in the rules (7)—(10) of dlpf(P)
is not stratified. To avoid groundings that are too small, most
classical grounders will therefore ignore the negated literal in
rule (7), which leads to a program that has no finite model.

Fortunately, this problem can be avoided by lazy ground-
ing approaches, which interleave grounding and solving to
produce rule instances only when relevant to the search for
a stable model. Notable systems of this type include Alpha
[Weinzierl, 2017; Taupe et al., 2019] and ASPeRiX [Lefevre
et al., 2017]. We analyse the former to show that such ap-
proaches are applicable to our task:

Theorem 5. The algorithm of Alpha terminates on every pro-
gram of the form dlpf (P).

Alpha therefore produces a complete set of (necessarily fi-
nite) stable models of dlpf(P), which correspond to the sta-
ble models of P by Theorem 3. The essence of our proof of
this claim is the fact that Alpha eagerly applies a form of unit
propagation where it exhaustively applies rules (8)—(10) be-
fore considering further choice points obtained by grounding
rule (7). Since the propagation will derive facts for in, rule
(7) is only potentially applicable to values of X that are not
in the set represented by S, and sets can only be enlarged a
finite number of times before no such elements are left.

5 Grounding with Existential Rules

Instead of relying on lazy grounding, an alternative ap-
proach towards reasoning in DLP(S) is to develop a set-

aware grounder whose output can be combined with exist-
ing solvers. Since classical grounders are mostly Datalog en-
gines (with some support for stratified negation), we essen-
tially need an engine for Datalog(S), the extension of Datalog
with sets. To obtain this, we follow an approach by Carral et
al. [2019b] who used a reasoning algorithm from databases
(the standard chase) to simulate Datalog(S) reasoning, and
we argue that it can safely be combined with stratified nega-
tion, which is not immediate in this context.

We first explain grounding based on Datalog(S) with strat-
ified negation. Given a DLP(S) program P, a stratification s :
P — N maps rules to natural numbers such that, for all pairs
of rules r1,79 € Pof formr; : H; < B;f AB; € P, and all
p € preds(Hy): (1) if p € preds(B;), then s(ry) > s(rq),
and (2) if p € preds(By ), then s(ry) > s(r2). This induces a
partitioning P, ..., P, of Psuchthat P, = {r € P | s(r) =
i}. A program P is stratified if it has a stratification.

Now for any program P, let P' C P be the largest
disjunction-free, stratified subset of P such that predicates in
heads of P\ P' do not occur in P'." A predicate is certain if it
occurs only in P'. The Datalog(S) program grnd(P) contains
all facts in P and, for each non-factrule H + Bt*AB~ € P,
the rules

rule,(X) < BT A B' 1)
Nacn @ < rule,(X) (22)

where rule, is a dedicated fresh predicate for r, X is a
list of all variables in r, and B' = A{nota € B~ |
the predicate of « is certain}. For a ground atom of the form
rule,.(c), the ground rule r[c] is obtained by applying the sub-
stitution X — ¢ to r. We get a simple but correct grounding:

Proposition 6. For any DLP(S) program P, grnd(P) is
a stratified Datalog(S) program. If L is the (unique) sta-
ble model of grnd(P), then the stable models of {rlc] |
rule,(c) € I} are exactly the stable models of P.

To compute the stable model of grnd(P), we simulate rea-
soning in stratified Datalog(S) by generalising an approach
for existential rules (also know as tuple-generating depen-
dencies), which we extend by negation (which will be strat-
ified in the same sense as defined above). Such rules have
the form Y .H +— B+ A B—, where H and B are con-
junctions of atoms, B~ is a conjunction of negated atoms,
Y is a list of existentially quantified variables, and all other
(implicitly universally quantified) variables also occur in B
(safety). Existential quantifiers may lead to new domain el-
ements, represented by named nulls, which play the role
of anonymous constants. We can apply an existential rule
JY .H < B* A B~ to a set T of facts (using constants and
possibly nulls) if (1) there is a substitution § with BT C T
and B~ NZ = ), and (2) the rule is not already satisfied un-
der 0, i.e., Z [~ Y .(H0). If this holds, we apply the rule by
extending Z with H6’, where 0’ is an extension of # that maps
eachY €Y to a fresh null.

For existential rules without negation, a (standard) chase
is a possibly infinite set Z obtained by exhaustive, fair ap-
plication of rules. For a set of existential rules with negation

!This can be viewed as a kind of split program in the sense of
Lifschitz and Turner [1994].



that has a stratification Py, ..., P,, the stratified chase T is
Ui, Z;, where Zy = @ and Z; (1 < i < n) is the pos-
sibly infinite set obtained by exhaustive, fair application of
rules P; to Z;_. Note that this only leads to a practical (and
overall fair) procedure if each Z; is finite, which may depend
on the chosen order of rule applications.> We follow Carral
et al. [2019b] and require that, within each stratum P;, rules
without existential variables are applied first (the so-called
Datalog-first chase). This assumption simplifies presentation
and is justified for the system used in our evaluation.

Example 2. Contrary to expectations in normal logic pro-
gramming, the stratified chase does not yield a unique result,
not even up to homomorphic renaming of nulls. Consider the
fact g(a) and the rules

T (X, X) <« q(X)

ro: AVr(X,V) + q(X)

r3: e(Y,Y) + r(X,Y)

Ty p() « r(X,Y)Ar(X,Z) Anote(Y, Z)

A stratification s must satisfy s(g(a)) < s(r1) <
s(r3), s(qla)) < s(ra) < s(rs), and s(r3) < s(r4).
A valid partitioning would be {q(a),r1},{re,rs}, {rs},
which yields a stratified chase {q(a),7(a,a),e(a,a)}.
Note that 7o is not applicable since r(a,a) is al-
ready derived before ro is considered. However, if we
consider the partition {q(a),r2},{r1,7r3}, {ra}, which is
also a valid stratification, then the stratified chase is
{q(a),r(a,n),r(a,a),e(a,a),e(n, n),p()}, where n is a
named null introduced when applying r in the first stratum
(as it is not satisfied at this point).

Now we can simulate sets in a similar way as in Defini-
tion 2, but using existential rules and nulls instead of DLP/f
rules and function terms. To this end, we replace rule (7) by

Y.su(X,S,Y) + get_su(X,S) (23)

while all other auxiliary rules remain as before. The transla-
tion of Datalog(S) rules to existential rules likewise remains
the same as in Definition 2. This produces existential rules
with negation if the input rules contain negation but no dis-
junction. However, stratification can be lost if auxiliary predi-
cates like get_su are needed in every stratum. To address this,
each stratum P; will use distinct copies of each auxiliary rule,
using indexed predicates such as su; and get_su,;. The result-
ing set of existential rules with negation is denoted nex(P;),
and for Datalog(S) program P with negation and stratification
Py, ..., P,, we define nex(P) = nex(Py) U|J:_, nex(P;) U
{su;(X,8,U) < su;—1(X,S,U)}. Then nex(P) is strati-
fied. Since every null n that is introduced by a chase over
nex(P) first appears in a fact su(t, s,n), we can extend the
notation introduced before Theorem 3 and associate n with
the set [n] :== [fu(¢, s)].

Theorem 7. If P is a stratified Datalog(S) program
with negation, then every stratified, Datalog-first chase
T of nex(P) is finite and [Z] = {p([t1], - ,[tn]) |
p(t1, -+ ,tn) € I} is the unique stable model of P.

This is typical for the standard chase; Krotzsch er al. [2019]
give an introductory discussion.

same(C, C) < class(C)
ind(A, C) < sc(A, B) A se(B,C) Anot same(A, B)
Aot same(B, C)
sc™(A,C) + sc(A,C) Anotind(A,C)
A not same(A, C)

Figure 2: Rules for transitive reduction

same(C, C) < class(C)
in_chain(C) < class(C) A not out_chain(C')
out_chain(C) < class(C) A not in_chain(C)
comp(C) < class(C) A sc(C, D) A in_chain(D)

Anot same(C, D)
comp (D) « class(C) A sc(C, D) A in_chain(C)
Anot same(C, D)
+ in_chain(C) A comp(C)
+ out_chain(C) A not comp(C')

Figure 3: Rules for maximal antichains

The previous result is remarkable in the light of Example 2,
since it identifies a case where a classical stratification can
safely be applied to existential rules with negation.

This completes our approach of using existential rule rea-
soners for DLP(S)-reasoning: for a DLP(S) program P, we
conduct a stratified chase over nex(grnd(P)) to infer facts of
the form rule,.(t) and in(c, n), from which we can construct
ground instances of DLP(S) rules as in Proposition 6.

6 Evaluation

To evaluate the practical feasibility of our approaches, we de-
veloped prototypical implementations of the necessary pro-
cedures and combined them with existing reasoning engines
to compute stable models. The first approach (LAZY) uses
the transformation dlp!(P) and the lazy ASP solver Alpha’
[Weinzierl, 2017]. The second approach (EXRULES) imple-
ments grounding with existential rules using the Rulewerk
library with the VLog reasoner* [Carral et al., 2019a] to
produce a grounded file in aspif format, to which we ap-
ply the ASP solver clasp v3.2.1 [Gebser et al., 2007]. As
a third scenario DLVCOMP, we use the native implementa-
tion of sets provided in DLV-complex [Calimeri et al., 2009].
Our evaluation source code and data sets are available from
https://github.com/knowsys/eval-2022-1JCAI-asp-with-sets.

As a challenging task for set-based reasoning, we use a
rule-based reasoning method for the expressive description
logic Horn-ALC by Carral ef al. [2019b]. Given an ontology
that is syntactically transformed into facts, the rules compute
the inferred subclass relationships that follow from the ontol-
ogy — a problem that is EXPTIME-complete in data complex-
ity. Following Carral ef al., we omit auxiliary rules (11)—(20)

3https://github.com/alpha-asp/Alpha, master, 29 Aug 2021
*https://github.com/karmaresearch/vlog, master, 30 Aug 2021
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ID Name #Classes #scAx #scInf
00668 vaccine 6,481 6,090 94,605
00368 bp 16,298 25,626 187,379
00371 bpxcell 17,810 27,171 198,683
00541 mfxanatomy 18,955 23,592 168,338
00375 bpxcell. comp. 27,490 44,949 352,738
00395 bpxanatomy 36,752 55,022 437,770
00533 mfxChEBI 52,726 61,148 911,856
00477 Gazetteer 150,976 10,606 11,031

Table 1: Ontologies used in experiments with their names (“mf”:
molecular function; “bp”: biological processes) and numbers of
class names, stated subclass relations, and inferred subclass relations

sec g4 (A) DLVcomp (B) DLVcomp M (A) ExRules (B) ExRules
1000
'
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00668 00368 00371 00541 00375 00395 00533 00477
Figure 4: Evaluation results for DLVCcoMP and EXRULES (time in
sec, log-scale; empty columns indicate timeouts).

from dlp! (P) and the corresponding existential rules version,
since they would not contribute new derivations here. The
rules define a binary predicate sc that represents the inferred
subclass hierarchy, and a unary predicate class that marks
class names in the ontology.

On top of this basic classification task, we specified two
tasks that require additional expressive power of DLP(S).
First, we compute the transitive reduction of the class hier-
archy, i.e., a directed graph that contains only direct subclass
relations without the transitive bridges (Task A). The addi-
tional rules in Figure 2 were used for this task. While Task
A is inherently non-monotonic, these rules are still stratified
and lead to a unique stable model.

As a second task, we compute maximal antichains (i.e.,
sets of incomparable classes) in the class hierarchy (Task B).
This task admits many solutions, each a stable model, and we
asked systems to compute five stable models in this case. The
rules we used are shown in Figure 3.

Experiments were executed with eight different ontologies
from the Oxford Ontology Repository> as shown in Table 1.
In each case, we deleted axioms that are not supported in the
description logic Horn-ALC and normalised the remaining
axioms as required by the classification rules [Carral et al.,
2019b]. Our final evaluation data sets are provided in the aux-
iliary material. Our evaluation computer is a mid-end server
(Debian Linux 9.13; Intel Xeon CPU E5-2637v4@3.50GHz;
384GB RAM DDR4; 960GB SSD), though most experiments
did not use more than 8 GB of RAM. A timeout of 15min was
used in all experiments. We report results of single runs, as
we observed almost no time variations across runs.

>https://www.cs.ox.ac.uk/isg/ontologies/

The results of scenarios DLVCOMP and EXRULES on both
tasks are shown in Figure 4, with missing values indicating a
timeout. Scenario LAZY is omitted from the figure since it
did not succeed in any of the tasks. The most difficult prob-
lem that we could solve with method LAZY was the basic
classification (without any of the additional rules for tasks A
or B) of the vaccine ontology 00668, which took 248sec (vs.
<4sec needed in the other approaches).

Overall, we find that ASP with set terms can be used to
solve complex problems on large real-world inputs. Both
the native implementation in DLV-complex and our new
existential-rule grounding performed well across a range of
inputs. Contrary to our expectations, the lazy grounding ap-
proach was much less effective. Since Alpha solved instances
of the base task, which already contains (7) as the only rule
that can create infinitely many domain elements, we specu-
late that the algorithm behaves correctly in principle but is
sometimes affected by additional optimisations or heuristics.

DLVcoMP and EXRULES often showed similar perfor-
mance on Task A, though we can see some differences, most
notably an order of magnitude advantage for VLog+clasp on
00395. Interestingly, EXRULES showed almost the same per-
formance on Task B, whereas times for DLV COMP increased
such that only smaller problems could be solved. Again, this
might be caused by a particular weakness of the implemen-
tation that is not conceptual. For EXRULES, most of the
time was spent in the grounding phase, whereas solving the
grounded files was relatively quick. Overall, we see promise
in the performance of our existential grounding prototype, but
the absolute run times should not be considered the main out-
come of our experiments, given the diversity of the underly-
ing systems in terms of maturity and recency.

7 Conclusions

Set terms are a natural and intuitive modelling construct, and
clearly a useful addition to practical ASP tools. This seems
to be the first work, however, that highlights their expres-
sive advantages and puts them to concrete use on real-world
problems that (due to their computational complexity) can-
not be solved with plain ASP. Our work indicates that various
existing ASP systems can feasibly be applied to these new
kinds of tasks. The competitive performance of our prototyp-
ical existential-rule grounder encourage further research into
combinations of existential rules and ASP.

We were surprised by the weak performance of lazy
grounding approaches in our experiments, but we still con-
sider them promising. Our programs can serve as benchmarks
for further improving such implementations. An operational
alternative to DLV-complex would to implement own set
datatypes through extension points of modern ASP solvers,
such as clingo’s @-terms or DLV’s external atoms. Finally,
there is potential for investigating further uses of set terms
in ASP for improving performance or readability. Candidate
applications can be found, e.g., in the area of abstract argu-
mentation, where ASP has been successfully applied [Gaggl
et al., 2015]. Our experiments with description logics (DLs)
also suggest the use of sets for a native integration of DLs and
ASP, e.g., in the style of dl-programs [Eiter et al., 2004].
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A Proofs for Section 3

The claimed finiteness of stable models of dlp(P) can be
obtained from Theorem 5 together with the correctness of the
Alpha algorithm. However, we prefer an alternative route that
avoids the dependency on the complicated Alpha approach
and its correctness.

Theorem 2. All stable models of dlpf(P) are finite.

Proof. Suppose for a contradiction that dlpf(P) has an in-
finite stable model Z. Then Z must contain infinitely many
distinct ground terms. Since f, is the only function symbol,
7 contains arbitrarily large terms using only f, and constants
from the input.

Rule (7) is the only rule that can be used to infer the exis-
tence of f,-terms in a minimal model. It is easy to verify that,
whenever (7) is applicable in a minimal model, variable X
is mapped to a constant: f,-terms can only occur in set posi-
tions, which are kept separate from other positions in all rules.
Hence, we conclude that 7 contains arbitrarily large terms of
the form f,(c1, fu(ca, ... fu(en, cp) - . .)). Since the number
of distinct constants ¢; is finite, there must be a term ¢ of this
form such that ¢; = ¢, for some k € {2,...,n}.

We show that this implies in(c1,t) € Z. Let t,11 = ¢y
and t; = fu(c,tip1) for all & € {1,...,n}. Since all
such terms are inferred by (7), we have su(c;,tiq11,t;) €
Z for all ¢ € {1,...,n}. For i = k, we can use rules
(8) and (10) (whose ground instances occur in any reduct
dipt(P)?), to get in(ck,tx) = in(ci,tx) € Z. Simi-
larly, from su(ck_1,tg, tk—1) € Z, we get in(cy,tr—1) =
in(ci,tx—1) € I by (9) and (10). Therefore, by induction,
we find in(cq,t2) € Z. But then, no ground instance of (7)
that has X + ¢; and S + t occurs in dlpf(P)Z, and there-
fore no rule in dlpf(P)% mentions ¢; in its head. This con-
tradicts the assumption that ¢; occurs in a minimal model of
dipf (P)Z. O

For establishing Theorem 3, we first establish the basic cor-
rectness of our set simulation using function symbols.

Lemma 8. Let J be a minimal model of some reduct
dlpf(P)?, and let 5, 51, 52,1 be ground terms.

(1) If J = in(t,s) thent € [s].

(2) If T k= su(t, s1, s2) then [sa] = [s1] U {t}.
(3) If J = u(s1, s2,8) then [s1] U [s2] = [s].
(4) If J |= sub(s1, s2) then [s1] C [sa].

(5) If J = eq(s1, 82) then [s1] = [sa].

Here we use the usual set operations and relations on canon-
ical set terms with the intuitive interpretation.

Proof. Since J is a minimal model of dlpf(P)I , all atoms
that are satisfied are entailed by some (ground) rule in
dlpf(P)%, and one can establish the claims by an easy in-
ductive argument that shows that the claims must hold true
for a rule head whenever they are true for its body.

For example, suppose that 7 = u(s1, s2, s) for item (3)
was entailed by rule (12), where so = f(u,s}) (hence
[s2] = [s5] U {u} by the definition of [-]) and the variable
S was grounded by a term $. Then, by the hypothesis and

the required body atoms, we find that [§] = [s1] U {u} and
[§] U [s5] = [s], from which [s1] U [s2] = [s1] U [s5] U {u} =
[$] U [s5] = [s] follows. The other cases are similar.

The converse of Lemma 8 also holds, though restricted to
function terms for which the respective relationships are rel-
evant in the program.

Lemma 9. Let J be a minimal model of some reduct
dlpf(P)%, and let s, 51, 52,1 be ground terms that occur in

(1) Ift € [s] then J = in(t, s).

(2) If T = get_su(t,s1) then J = sul(t, s1,5") for some s
with [s'] = [s1] U {t}.

(3) If T k= get_u(sy, s2) then T |= u(s1, s2,8") for some s
with [s1] U [s2] = [$'].

(4) If [s1] C [s2] then T = sub(s1, s2).
(5) If [s1] = [s2] then T = eq(s1, s2).

Proof. Item (1) follows by a similar argument as in the proof
of Theorem 2. Note that all relevant rules (8)—(10) are guar-
anteed to be in any reduct dlp’(P)Z.

Item (2) requires a case distinction. If ¢ € [s1], then we
can take s’ = s; and obtain J | su(t, 1, 1) from rule (8)
(since s1 must have been introduced as a term by some use
of rule (7)). If t ¢ [s1], then J [~ in(t,s) by Lemma 8,
and hence rule (7) is applicable to produce the required 7 =
su(t, s1,s"). The case for item (3) is similar.

For item (4), we show the claim by induction on the size of
[s1]. For [s1] = 0, the claim follows from rules (17) and (18).
If s; has the form f,(t, s}) for some u ¢ [s}], then it must
have been introduced by (7), and we have J | su(u, si, $1).
Since [s]] C [s2] and [s}] is smaller than [s1], we find
J [ sub(s}, s2) by induction. Moreover, u € [s1] C [s2]
implies J | in(u, s2) by item (1). Hence the claim follows
by applying rule (19).

Item (5) is immediate from item (4) and rule (20). ]

Theorem 3. The set of stable models of a DLP(S) program
P is exactly the set {[J] | J is a stable model of dlpf(P)}.

Proof. Let J be a stable model of dIpf(P). We show that [ 7]
is a minimal model of P71, Since .7 is a minimal model of
dlpf(P)Y, there is a sequence Jp, J1, ... of interpretations
such that Jy = 0 and, for every i > 0, J; = J;—1 U {«a}
where « is a ground atom that occurs in the head of a ground
rule H < B € dlpf(P)7 such that B C J; (this condition
always holds for rules that are facts).

An analogous sequence of rule applications from PLJ]
shows that [7] is a minimal model of P!, We construct a
sequence Zy,Zy, . .. that represents the derivations on PL7],
where we allow 7,1 = Z; in cases where ;1 differs from
J; in an atom that uses a predicate that is not of the form p,
to keep the indices synchronised for readability.

Initially, we have Zy = (). We proceed by induction to show
that, for all i > 0, p(t1,...,t,) € J; implies that we can
infer p([t1], ..., [t,]) by applying a rule in PIY) to Z;_;. In-
ference steps that produce atoms with predicate p must use (a
reduct of) a rule of the form (15) or an equality rule from the



second item of Definition 2. The latter can be ignored, since
its body contains an atom that is equal to p([t1], ..., [tn]),
where we apply Lemma 8 (5).

Therefore, let 7 = H' « B+ " A C be the ground rule in
dlpf(P)Y that was applied in step i, where B+ is a con-
junction of positive literals with predicates of the form ¢,
and C' is a conjunction of ground instantiations of atoms of
the form SB(v) as used in the definition of rule (15). Rule 7
was obtained as the reduct of a ground instantiation of a rule
1 = H' « B' AN, B(si) € dIp(P) of form (15). We
use B~ to denote the ground instance of the negative literals
in B’ that corresponds to the ground instantiation used for 7
(by safety, all variables in negative literals occur in positive
literals as well). Let r = H < B € P denote the rule r € P
that 7’ € dlpf(P) was based on.

By the induction hypothesis, for every atom
G(ut, ... ,um) € B+, there is an atom q(ua]s .-, Jum]) €
Z;—y. Since all variables of 7 occur in positive literals
of B, this induces a ground instance ¥ = H <+ B of r
with respect to P. Suppose for a contradiction that some

. . =/

negative literal not§(uy,...,u,) € B~ such that the
corresponding not ¢([u1],. .., [um]) € B occurs in positive
form in [J]. Then ¢([u1],...,[un]) € [J] implies that
G(uy,...,ul,) € J for some terms u; such that [u;] = [u;]
forall i € {1,...,m}. By Lemma 9 (5) and the equality
rules of Definition 2, we obtain §(u1,...,uy,) € J, which
implies that 7 ¢ dlp’(P)Y — contradiction.

Hence, negative literals of 7 do not occur in [ 7] and we find
the positive rule / <— B* in P71, Since the positive literals
BT occurin Z;_; by the hypothesis, the rule is applicable and
can be used to produce Z; such that p([t1],. .., [ts]) € Z; as
required.

This finishes a construction of a minimal sequence of in-
ferences Ty, 7, ... with | J,~,Z; = [J], where minimality
follows from the minimality of 7. It remains to show that
this is a model of P71, i.e., that all rules in PJ] whose
body is satisfied in [J] also have their heads satisfied. In-
deed, suppose that a rule 7 € P! is not satisfied in [7].
Then, using the same notation as before, we can find a rule
7 € dipf(P)7 of form (15). The sought after contradiction
follows if this rule is applicable, which hinges upon the truth
of the grounded version of the second part of the body of the
form /\f:1 B(s;). This can be obtained from the rules (16).
Indeed, for j = 0, the corresponding grounding of (16) is
applicable, since it only requires the positive body atoms to
be satisfied. For remaining values j € {1,...,k — 1}, the
rules become applicable since every entailment of the form
J E a(v) for some ground term v leads to the entailment of
the corresponding J = S(v) by Lemma 9 (2) and (3). We
therefore conclude that [ 7] is a stable model of P.

For the converse, let 7 be a stable model of P. We can
show that here is a suitable minimal model 7 of dlpf(P)%
such that [7] = Z. The proof proceeds as above by tracing
the derivation of Z in PZ, which allows us to select a suitable
representative term s for every set [s] that occurs in atoms of
Z. Importantly, not every representation of [s] may occur in
J . The remaining arguments are analogous to the above. [J

B Proofs for Section 4

We start by proving Proposition 4, for which we will also
need to recall some essential definitions regarding FG.

Definition 3. [Calimeri et al., 2008] Given a rule r and a set S
of ground atoms, an S-restricted instance of r is a ground in-
stance 7’ of r such that B+ (r") C S. The set of all S-restricted
instances of a program P is denoted as Instp(S).

Lemma 10. Let S = {p(0)} and P = {p(0); p(SU {a}) +
p(S)}. Then Inst g, (py(S) is infinite.

Proof. It is easy to see that the rules in dlp’(P) lead to infi-
nite S-restricted instances, as the following rule of dlp(P)

P(Vsugay) < D(Vs), su(a, cp, Viay), u(Vs, Viay, Vsugay)

together with the rules (7)—(12) would have infinitely many
ground rules with BT C S of the form

p(fula, ¢p)) < pep), sula, g, fu(a cp)),
’U,(Cg),fu(a, C@),fu((l, CV)))
ﬁ(fU(ava(aa C@))) A ﬁ(fu((l, C@))a SU(CL, C(viu(a7 C@))a
u(fula, cp), fula, cp), fula, fu(a, cp)))

O

Consider the SCCs of the dependency graph of P. The
component graph of P, denoted by QC(P), is a directed la-
belled graph having a node for each SCC of the dependency
graph and: (i) an edge (B, A), labelled “+”, if there is a rule
r in P s.t. there is a predicate ¢ € A occurring in the head
of r and a predicate p € B occurring in the positive body
of r; (ii) an edge (B, A), labelled “-”, if there is a rule r in
P s.t. there is a predicate ¢ € A occurring in the head of r
and a predicate p € B occurring in the negative body of r,
and there is no edge (B, A), with label “+”. Self-cycles are
not considered. A component ordering for a given program P
is a total ordering (C1,...C,,) of all components of P s.t.,
for any C;, C; with ¢ < j, both conditions hold: (i) there is
no path labelled with “+” in the component graph from C); to
C;; (i) if there is a path labelled with “-” in the component
graph from C; to C}, then there must also be a path labelled
with “-” in the component graph from C; to C;. The module
of a component C};, denoted by P(C;), is the set of all rules r
where some predicate p € C; appears in H (7).

Definition 4. [Calimeri et al., 2008] Given a program P,
a component ordering (C1,...C,,), a component C;, the
module M = P(C;), a set X of ground rules of M, and
a set R of ground rules belonging only to facts of P or
to modules of components C; with j < i, let @57 r(X)
be the transformation defined as follows: @ r(X) =
Simpl(Instpr(Heads(RU X)), R).

Where Simpl(S;, R) is a simplification of a set of ground
rules S; as defined in [Calimeri et al., 2008], which we omit
here, as due to Lemma 10 the S-restricted instances are in-
finite, which is a sufficient condition to show Proposition 4.
Heads(R U X) returns all head atoms in R U X. The least
fixed-point of @, g is denoted by ®37 1 (0).



Definition 5. [Calimeri et al., 2008] Given a program P
and a component ordering v = (C4,...C,,) for P, the
intelligent instantiation PY of P for ~ is the last element
S, of the sequence s.t. Sy contains all facts of P, S; =
Si—1U®3;. s, , (), where M; is the program module P(C;).

Definition 6. [Calimeri ef al., 2008] A program P is finitely-
ground (F@) if P is finite, for every component ordering ~y
for P.

Proposition 4. If P contains a fact p(@) and a rule p(S U
{a}) « p(9), then dIp*(P) ¢ FG.

Proof. To show that dlpf(P) ¢ FG we consider the program
P that only contains the fact p(@) and a rule p(S U {a}) «
p(S), and no further rules or facts. dlpf(P) is obtained as
given in Definition 2. The dependency graph of dlpf(P) con-
sists of a single SCC C, thus the component ordering is triv-
ially (C). As the definition of FG is based on the set of all
S-restricted instances of a program and some additional sim-
plifications, it follows from Lemma 10 that the intelligent in-
stantiation of dIpf(P) is not finite, thus dipf(P) ¢ FG. O

Theorem 5. The algorithm of Alpha terminates on every pro-
gram of the form dlpf (P).

Proof. We consider the Alpha algorithm as given
in [Weinzierl, 2017]. To show termination of Alpha for
any dIpf(P), we need to show that the rules that compute
the sets don’t lead to an infinite derivation of sets. The only
rules that actually perform the set computations are the rules
(7)-(14). The lazy grounder would always ground rule (7)
before the other rules (8)-(10), as the positive part of rule
(7) does not depend on rules (8)-(10), but they depend on
rule (7) (for a partial assignment ). Furthermore, only rule
(7) contains negation, thus this is the only rule that will
add choice nogoods in the lazy grounding step to the set
of nogoods. These choice nogoods are the only parts in the
Alpha algorithm where choices are performed. The rest of
the computation is only performed by a repeated iteration of
lazy grounding and unit-propagation.

In lazy grounding, a rule is grounded if the positive
part of the rule is already fulfilled by the current assign-
ment. Thus rule (7) will be grounded if there is a substitu-
tion o that makes the atom get_su(X,.S) true under o, i.e.
Tget_su(X, S)o is contained in the current assignment. The
necessary nogoods are added, in particular also the choice
nogoods. Then, unit propagation is applied. Let us inspect
the nogoods newly added for the assignment o and rule (7).
Either non of the choice nogoods is neither strongly- nor
weakly-unit, thus nothing is propagated, or there might be
Tin(X, S)o in the current assignment. Thus the respective
choice nogood {FcOff (r7,0), Tin(X, S)o} is weakly unit
and McOff (r7, o) is added to the assignment. This prevents
that the body atom of this rule is selected in the respective
choice part of the algorithm, thus the rule will not fire and the
head of the rule will not be derived. This means that there is
no way to add something to a set, that is already contained
in the set. In the first case, where nothing from the choice
nogoods was propagated, the respective body atom from the

nogoods is added to the active choice points, and will be se-
lected by the algorithm to be added to the assignment. Thus,
the algorithm chooses to make the body of rule (7) true under
the assignment o and the decision level is increased. In case
this choice leads to a conflict, Alpha would proceed as usual
to resolve this.

O

C Proofs for Section 5

Proposition 6. For any DLP(S) program P, grnd(P) is
a stratified Datalog(S) program. If T is the (unique) sta-
ble model of grnd(P), then the stable models of {r|c] |
rule,(c) € I} are exactly the stable models of P.

We prove the parts of this result in the following two lem-
mas.

Lemma 11. For any DLP(S) program P, grnd(P) is a strat-
ified Datalog(S) program.

Proof. Every rule r € grnd(P) is of the form (21) or (22)
for some corresponding rule H <+~ BT A B~ € P, which we
denote by r~. Now let s be a stratification of P*®. The claimed
stratification § of grnd(P) is obtained by setting:

e 5(r) = s(r™) for every rule r € grnd(P) with r~ €

P*, and
* 5(r) = m+1foreveryrule r € grnd(P) withr~ ¢ P*,
where m is the largest number that s assigns to any rule.
Then § is a stratification of grnd(P), which we can verify by
considering an arbitrary pair of rules r1, 79 of form r; : H; <
B;" A B; € P, and a predicate p € preds(Hz). We consider
conditions (1) and (2) of stratifications as given in Section 5.
Condition (1) Assume p € preds(B;"). If p = rule,.,, then
r] =1, , where r; is of form (21) and r2 of form (22). Thus
5(r1) = 8(r2) by definition.

If p is a predicate from P and r; € P\ P*, then p does
not occur in P*, hence p € preds(B;") implies r; € P\ P*
and therefore §(r1) = §(rs).

If p is a predicate from P and r, € P*, we consider two
cases: (a) if r; € P*, then §(r1) > §(rq) follows since s is
a stratification of P°®, and (b) if r; € P\ P*, then 5(r1) >
§(r2) by definition.

Condition (2) Assume p € preds(Bj ). Then p is a certain
predicate from P and therefore occurs only in heads of rules
ry € P*. Ifr; € P°®, then §(r;) > §(re) follows again since
s is a stratification. If r; € P\ P*, then §(r1) > §(r2) by
definition. O

Lemma 12. For any DLP(S) program P, if T is the (unique)
stable model of grnd(P), then the stable models of {r[c] |
rule,(c) € I} are exactly the stable models of P.

Proof. The fact that the stable model of grnd(P) is unique
follows from Lemma 11. Let G = {r[c] | rule.(c) € T},
and note that G = ground(G) C ground(P). Also note that
all rules in ground(P) are of the form r[c], even if they are
not in G. We write r[c]™ for the corresponding rule with all
negative body atoms removed, as it may occur in a reduct.



Property (x) Consider an arbitrary interpretation J for
atoms in G, such that 7’ is a minimal model of G . We find
that 7/ C Z. Indeed, since 7’ is a minimal model of G,
every fact in J’ is the consequence of a rule 7[c]™ € G7,
stemming from some rule r[c] € G. Now r[c] € G implies
that rule,(c) € Z, and therefore the head of r[c| is in Z by
rule (22).

Stable models of P agree with Z on certain predicates
Assume that 7 is a stable model of P. For every predicate
p that is certain, and every fact « = p(d), we have o € T
iff « € J. We proceed by induction over the strata P; of P*®
(and corresponding stratum grnd(P;) of grnd(P)). The claim
is immediate if « is a fact. Now assume that the claim holds
for all facts o’ that use a predicate that occurs only in facts or
in rule heads of a stratum < 1.

* Suppose for a contradiction that there is € Z\ J that is
derived in stratum ¢ and assume w.l.0.g. that « is the first
such fact in Z to be derived in a bottom-up construction
of the least model.® Then o was inferred by applying
some rule 75 of form (22) in grnd(P) for a body atom
rule,(c), which was inferred from a rule 4 of form (21).
We have r[c| € P, where this rule has the same body as
r1. By our assumption on «, all positive body atoms of
rq are in J, and by the induction hypothesis, all negative
body atoms (which must belong to a lower stratum) are
not. Hence, r[c]* € P7 is applicable in 7, and entails
«, contradicting our assumption.

* The case of & € J \ Z is analogous.

The induction covers all strata of P°®. The remaining rules
(and the top-most stratum of grnd(P)) cannot entail facts for
certain predicates, so the claim is shown.

Stable models of G agree with 7 on certain predicates
Consider a stable model 7 of G. By () above, it remains
to show that & = p(d) € Z for a certain predicate p, then
a € J. We proceed by induction over the derivation of « in
grnd(P). Clearly, if « is a fact, then & € J. Now let @ be
inferred by applying a rule ro of form (22) in grnd(P) for
a body atom rule,.(¢), which was inferred from a rule r; of
form (21). Since rule,.(c¢) € Z, we have r[c] € G, where
this rule has the same body as r;. Note that r[c| is free of
disjunctions since it contains a certain predicate in its head.
By stratification, all positive predicates in the body of r; are
certain, so by induction we find that the positive body is sat-
isfied in 7. Moreover, since J C Z (x), the negative body is
satisfied in 7 too, and we find r[c]t € G7 and a € J, as
claimed.

Finishing the proof Now consider a stable model Jp of
P. Since G C ground(P), we find GY7 C P77 Therefore,
there is a minimal model J& of G7P with Jo C Jp. We
show that Jo = Jp and that Jp therefore is a stable model
of G. Suppose for a contradiction that there is &« € Jp \ Jg-
Without loss of generality, we can chose « that occurs in the
head of a rule 7[c]™ € PJ7 such that:

SNote that a minimal model in this case is indeed the unique least
model, since the strata of P* do not contain disjunctions

(i) «is necessary to satisfy r[c|*, i.e., no other atom in the
head of r[c] ™ is satisfied in Jp, and

(ii) « is the “first” such atom in Jp \ Jg, i.e., all positive
body atoms of r[c]™ are in Jp N Jg.

Indeed, if no such « occurs, then Jp = Jg. By (ii) and (%),
the positive body of r[c] is satisfied by Z. No negative body
atoms of r[c] are in Jp, so in particular no negative body
atoms for certain predicates are in Z, since Jp and Z agree
on certain-predicate atoms. Using similar reasoning as before,
we find that rule,(c) € T and hence r[c]t € G7P must be
satisfied by Jg. By (i) and Jg C Jp, all head atoms other
than « are not in Jg, so this requires that a € Jg, which
yields the required contradiction o € Jg.

The argument for showing that every stable model Jg of G
is also a stable model for P is analogous, with the main dif-
ference in the initial quantifiers (for every stable model 75 of
G, we find some stable model Jp of P). Note that 7o C Jp
as above, so the remaining arguments are indeed the same,
with the exception that we now use that J agrees with Z on
certain-predicate atoms to show that 7[c]™ € P7¢ implies
rule,(c) € T. O

To prepare our proof of Theorem 7 below, we first establish
several lemmas below.

Lemma 13. If P is a stratified Datalog(S) program with
negation, then every stratified, Datalog-first chase I of
nex(P) is finite.

Proof. The claim follows from analogous arguments as given
for Theorem 2, using nulls instead of function terms. Instead
of arbitrarily large terms f(c1,fu(ca,...fu(cm,cp)-..)),
we now consider arbitrarily long chains of entailments
SU(Cm, Cp, nm)7 S’U,(Cm_h Ny nm—l), BERE) Su(cly na, nl)’

where n; are nulls. All other arguments are as before,
where the use of a Datalog-first strategy ensures that the
required (stratified copies of) rules (8)—(10) are applied
before considering the creation of further nulls in (7). O]

Lemma 14. If P is a stratified Datalog(S) program with
negation, then it has a unique stable model that can be ob-
tained applying rules bottom up and stratum-by-stratum, and
which is independent of the chosen stratification.

Proof. Indeed, similar results are well known for Datalog
with negation (but without sets). To transfer them to strati-
fied Datalog(S) with negation, it suffices to note that we can
simulate sets as follows:

* Introduce a fresh constant for every possible set (there
are only finitely many).

* Create all ground facts for predicates :n and sub that are
true for the given set-constants and normal constants.

* Add predicates to express unions, similar to our predi-
cate u, which are similarly populated.

* Replace all set unions and singletons that occur in rules
with fresh variables and add body atoms for u to ax-
iomatise their relationship to their subterms.



It is not hard to see that this transformation leads to an (expo-
nentially large) Datalog program with negation whose stable
models correspond to those of the original program P. More-
over, the transformed program admits the same stratifications
as the original, since there is a bijective correspondence be-
tween the non-fact rules. Hence the classical result that strat-
ified Datalog with negation leads to a unique, stratification-
independent stable model implies that the same is true for
Datalog(S). O

The next result draws concrete benefit from the fact that
nex(P) is very similar to dlpf(P).

Lemma 15. If P is a stratified Datalog(S) program with
negation, then for every stratified, Datalog-first chase T of
nex(P), we can define an interpretation dlp'(I), which is a
stable model of dlp (P).

Proof. First, we recursively associate a ground term ¢ of
dlpf(P) to every term ¢ in Z. For all constants ¢ (including
cp), we set ¢ := c. Every null n in Z must be introduced
by the unique existential quantifier of (a copy of) rule (23),
which produces some fact su;(t, s,n) where i is the stratum
that the rule was used in. We recursively define 7 := f,(, 5).
This definition is well since every null is only introduced ex-
actly once.

By definition, this mapping is compatible with the repre-
sentation of sets in the sense that [{] = [¢]. Moreover, ~ is
injective. Suppose for a contradiction that there are two dis-
tinct nulls n; and ns such that n; = ny. Then we have
two corresponding facts su;(t, s,n1), su;(t,s,n2) € Z. As-
sume w.l.o.g. that su;(t,s,n1) is the one that was derived
first in the chase, and hence ¢ < j. Using rules of the form
sup+1(X, S, U) « sup(X,S,U), we get su;(t,s,n1) € I,
which by the Datalog-first strategy must be inferred before
considering applications of rule (7) in stratum j. But then
su;(t, s,ng) cannot be inferred, since the rule is already sat-
isfied. The interpretation dIp(Z) will be defined over the ele-
ments {t | ¢ occurs in Z}, so that we obtain a bijection of the
two domains.

Now for every atom p(ty, ...
the following atom «:

,tn) € Z, dlpf(Z) contains

s If p is of the form ¢; for some ¢ € {in, su, u, sub, eq}
and number 4, then a = q(t1,...,1,).

o If p is any other predicate, then o = p(t1,...,Tn).

For readability, let 7 = dlpf (Z). We show that 7 is a stable
model of dlpf(P). We first show that every rule r € nex(P)
that was applied in the chase that produced Z is also repre-
sented in the reduct dlp(P)7 in the sense that there is a rule
r" € dipf(P)7 that is obtained from 7 by (i) instantiating
variables as in the application of r in the chase, (ii) removing
all negative literals, and (iii) replacing predicates g; for some
q € {in, su, u, sub, eq} by ¢. This is immediate from the def-
initions for all rules in dlp(P) without negative atoms.

If r is a rule of the form (15) (using the stratified set predi-
cates of nex(P)), then all predicates used in negative literals
of 7 occur in strictly lower strata of nex(P). Since the neg-
ative literals of (the respective instance of) r had not been
inferred in the chase when r was applied, they are therefore

never inferred in Z. Their images are therefore not in 7, and
hence we find a representation of r in dlp’(P)7.

The only remaining type of rule in nex(P) is (23) (resp.
its copies for each stratum). Whenever such a rule is ap-
plied to a fact get_su,(t,s) in the chase, we find that
inj(t,s) ¢ I for any j. Otherwise, if in;(t,s) were in-
ferred from su;(t,s,s) using (10), where su;(t,s,s) was
inferred using rules (8) or (9). Since s is necessarily ini-
tialised in a stratum ¢ < ¢, the same inferences are also pos-
sible to obtain su(t, s, s), and hence su; (¢, s, s) (using rules
sup+1(X, S, U) + sup(X,S,U)). In a Datalog-first chase,
su;(t, s, s) would therefore be inferred before applying the
rule r as assumed previously, contradicting the assumption
that this rule was applicable. Hence, Z contains no fact of the
form in;(t,s), and we find that the instance of r is repre-
sented by a ground instance of (7) in dlp! (P)”.

Therefore, every rule applied in the chase over nex(P) has
a corresponding rule in dlpf(P)7. By a simple induction, we
can verify that there is a sequence of applications of rules in
dlpf(P)Y that follows the chase over nex(P) and leads to 7.
Hence, J is contained in a minimal model of nex(P). Finally,
we can verify that 7 satisfies all rules of dlpf (P)7, so that 7
is a minimal model and hence a stable model of dlpf(P). O

Theorem 7. If P is a stratified Datalog(S) program
with negation, then every stratified, Datalog-first chase
Z of nex(P) is finite and [Z) = {p([t1], - ,[tn]) |
P(t1,- -+ ,tn) € I} is the unique stable model of P.

Proof. Consider P and Z as in the claim. Finiteness was es-
tablished in Lemma 13. By Lemma 15, we obtain a stable
model J = dlpf(Z) of dlp’(P). By Theorem 3, [7] is a sta-
ble model of P, and, by construction, [J] = [Z], so that [Z]
is a stable model of P. By Lemma 14, P has only one sta-
ble model, and therefore [Z] is this unique model for every
possible stratification and Datalog-first chase sequence. [



